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pUWpo Re Og ﬂxe&e lectwres -
WEormsl  deseription of some approsches To the
solufion of Plstesn's probem  and umder(gfwg Tools

%LLW\VV\&W{Y
1. Plsleaw’s pmlolm and the minima| swface e_qu_aﬂpm
2. The poramelric approach (Douglag , Radd)
3. Infegal Curredfe (Fedever + Fleming)
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Plaleau’s pm\olm

and the minimal swface €,C1u.a_upl'\



Plateauw’s ]avob\ em

d—dimensiongl d- dime. vdume
Find fie  Surfece T with mimsl sres swmong
Those  which Spaus & given bow\dav\xj M —d-1 dimeus.
m R" (ow ancther given awlbieil gpace>.

Remarks
o O]glV\c\,/ = //PToVe the exislence of,/
o T¢ suvfaces are mdt swocth The meaning  of "aves,

and “spaus a gen lOOLu\dav\tj , <houd le davified



“The. minimal curface equsbicm

Let 2. be = sobuu'cm of TPlateaw's prabew .
Then T csticfes e Suwer —L&gva@e eq. associsted
to the ares funeiiona) :

mean cuvusve

fecovpidd) @ 5 [ Hy = O

A cuvface 2 Lot HZ:O 1S ealled 2 minimal surface.



Ldes of proof (cvevythiug is smost)

Let m be veclorfield on R" mull on 97

sd P (x) = x+ tyaw) VYreR" VteR

st Tpo=@(2) YEeR; Zyis a swface Lo swell T and 97,=05.
We con compule The devisstive of tisaves(sy) at t=0:

N d- dim. volwne
Cirst varistion _ )
the ores of 21— <L 3 = f : %
K in jr‘eeﬁ:i 2] dt 2 (Z't) ‘t-—-o s /Vl(%) HZ(X) |7(' ( )
d-dim. yolume
T€ 7 solves Hatesw/'s problem Theu /measure on S

t > avea(S4) hss & mipimumn in t=o and then

O=%3Vea(7—t)‘c:(-—) fzfvl-Hz \/’VL —> Hjy=0



Froof of @). Rewll the ores formuls
avea(St) = fZJT@C dx

where J—TCE: is The (Tsmgcvxtl'a\) Jacakian of @t:

T80 1= | 92 [(%:8,00) (7 B,(0)]

. Taylor expsnsion wt
_ 2\ | '%Y re
,ﬂ/_\ew = 1+ t CJ‘WT/VICX') +00 ) (how is i done )

avea(St) = area(i) +T fZ divrn, + O@Y

FI‘V\aM divergemce theovem ou 2.
@)
Gomaiz)| = [dum L[ aobe Torbe,
t -fs  + Y
| o ( )tzo 2 ™ | Zﬂ/l 2

wesk form of the firelT vavistlon D
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Exisfence proofs
Model probem : minimize the Dirichler funclional
Ew= | 4Ivul®dr
=] 4w
with boundary condiion U=Ug on UL

STeP 4. Exislence of mimmizer wm The Solbdev Space H;(R)
AL =0 w SL

TeP 2. Requlav w —> Ms\ve&{
STe eqularity of o ot on O

PTC)OQ O? STGID 4 . Take 3 /Vw'lw‘lmi{)v\ts seq. (’lku) for F(w) in Hrto
(Q_) (W) ts boumded n Hfuo = W ne H{‘]Ao up to su,bgeq‘ [Gompac)rmessj
(k) uf %\F@‘“) P e Htluoi = A Flw) 2 F@ = W i nmizes F(w) on H/luo

m— 6o |

[Sevwi contit V\u;,@]



PaSS\'\/B To Plsteau s l:)\fdolelmm

the gcheme is The Soame bid there 2ve Pro\o\@ms coth
IOO‘ﬁ/L SJFepS (regavd\ess of the a’PPVoaC‘/lB.

Regu,larj@ fals in genersl.  Theve exist E s 1. evevy /minimizing
secr, (ZM) wmvevge To a U;,\Md' suvface, Z colwel, 1S s{mgq,lav.

67&81/\/\}0\6. Tn R @ let Mbe parametrized log & %i% *

where vy (2):= (Zz)zsj, Then A
untt disk in@  Siugusr 8T the origin

5 = E(ZL,ZS): ze% E C ‘S:éweﬂ:z: wf—wjzof

Let 2 be o /)PfSCB// o@ 3 Comp\ﬁx Suvtace (poss'\'o\g s‘mgwlar).
Then 2 <clves Platea’'s Pm\o\ew\ with [1:=92 .



The parswelric approsch e

Let Z hbe a suwfsce pavemetrized by w: D— R". Then

| det (V] (vu0)]

srea () = f Ju(x) ch

FW

l_e]" Ng - oD — Rﬂ IDa\PcSW\eT\riZS I_l . —W\evx M=y OV oL = BZ=F

W"P(D; RY)
4
Now T is well-defined and WeaKly lec. on W' Vp>1 (CfOO:D NqusI_)

However , Cc:vn]aacj’ness does ot hold for 3ny p>1, thst s,
(/ULM) minimizing seq. for F on W;i %é (/ULM) is bounded in WP

(BAD News!)



gxa\m[a\e
Fix a:B=B01) — R" smocth paramelrizalion of some Y .

Veso Take &, : B —B diffec st Gex)=x V¥xedB, &¢(B(, 1-€))= B(o,¢)

ARSI
N\ -

Set ALy = Moy . Then W, pavswetrizes 2., then F(ug) = area(Z).

fov exaw\pe Ss(x) = (m)l?d

(,()lﬁ/\ 1-

T t
1-¢ 1

Hove,ovev (\kg—% Un©0) on B but MéléE:kuaB %@M(O).

\COWSTSVW ma
SOV\AQ'HM\A\? IS Ouvomg P



Go{vxﬁ arownd sk of comPaej’heSS

Reminder : geode&cs Conmecttlkﬂ Two IDOIIATS on > Riemannian
mamfeld are obltained bﬂ anlvnlzmg E(Z) f W(
whle lengtie 1s Fy) = fllz’l . How comes 7

A cimilar Triekl works in dimension d=2.

Lot E(w)::f ol . Then
Py = [l - [ |2

= holds IJGC f
o g [ < gl J3E] <

8&‘7“ 1|owl|% _ EWw
2; ox, 2; Xy

= holds I:ﬁf

97(4‘_‘



8\1 4 ou. st lS

Lemma 4. Fw) L EM) and = helds F ™ 8761& ‘axl
Vix) is a conformsl matrix Yae®, Thst 1s, W is & cowforma wap .

avc1

Theorem l(L'nch‘femsteiV\). Given ® B—=R thee exsts 6 BB
diﬁ[eo st UW=Ue6 1Ig wm]@ormal. In pavtéwbr F (@)= E(TZ).

Corollary 3. Let W minimize E(W) with W Ag, reparam. of WUy
Then W minimizes F (W) and is conformal .

Troof . M. Fw)=Fa@) =E® >E®@>F@ .

F invariont  Theor. 2 Lemmad
undelr repsram.

And for u=T we gt F@)2 E@) 2F@ = W conformal. [ ]




s
Dguglsg B Eado &PPV‘OQCJA arel funch;onal Dirichler func’u;onal
|

You find 2 wminimizer of F(u) by Mninimiging E®) on
H (B Rh) with the consgtraint Wig, Veparauk. of U

The minimizer W exisfs, I1s conformal ond Thew harmonic .

~
Rewmarks J
¢ U is NoT necve —— < N

. ' ‘ U
* WU Is NOT an eV\Al()edCJIV\ﬁ. Ex.: a(z)::(zl,EB))zeBcai

¢ Acccsrc\iuguj the suface 211’\_&(@ is mat Vegm(a\f.



* Tms spprosch wovks ouly f d=2 avd the
paromcTinzalion domain is the disk .

Whal 1= l/mss'ma m the other cageg ie (ehfenstein Theorem

Tu dimension d>2 conforms| maps are scavcel
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(What do we need /want 7
We start from the Space X, ng regular d-dimensionsl surfaces in R”

The Key To existence s e conghrucion of a culable
COVV\IDQGU-?]@KOV\ % 016 X FH/\CB_\' OU)“ Pl;\.\g the role oﬁ the

Sebolev Sjeace Hi in the Paréme'f'ric aPp\fOQd/L.

"Swtable , means thst the follewing  properlies hold

4 ”Comp&é(vxess,/ Given 3 seq. () c X such tha
° aZM: I—I f\xea

e Area (Zw) < C <+ —%ares,, = “d-dimen. volume ,

Then (ZV\) convevges Up te subseq. To some SeX and
¢ 57 =T



" Semicontinl , T€ 2,—>2 in X then
* Ciminf avres (Z_V\) > area(Z)

MN—>

3 "Devxs'xtﬁ of %, VY SeX (@) X st

e J2y,—>2  and avres (Ju)—> area(S).

Wafeh out| (e need o coustruct % bul also extend o X
the mdiows of aves and loow/\da\fj H

Loy ] 7



The space Id(TRn) O)e d -dimensions| il/\T%\ra\ CUVIPeV\Ts In ]Rl?

salisfies all these vequiremenls. AL MoOsST

e M) is 3 C,ovaacu?\'cauom of oriested surfaces .

e tis not clear if VQSUL\SV orierfed surfaces sre dense .

Rud at leagh POI&\A@&V&I com]alexes e

Construction ]Dlan
o Hausdorff measuve
Recdliable sels

Redliable currenls
Ecsw/\cla\rﬂ and 'lvﬂ“eg\el cuvvenis

Ststements  of msin resulls



Hé%SCJOVﬁ medsure or X melric space

even nat ivﬁ“ege_r l

Cliven d>o/ the d-dimensionsl Haugdovﬁf measwe of EcR"is

HAE) = sup HE(E)

wheve

d _ X4 : _ d {Ei} countable cover of E
HS(E) . 24 SQP{% (dlaYV‘(EL)) ’ with dism(E;) €& Vn

and g:= Volume of wnit ball in RY

RQVV\SVKS

d - d
e HY is an oumr meauwe , Borvel sés are X< measusble

° ﬂ\e f&c-ror O?(fj— -lmp\ies Jﬂ/\a‘f 7‘(&: ULSLLal valume measuve

own evevy d-dimensionsl surface > in R



e The cet E n the covevf@ can be Taken oPev\/doseA/convex
and even balls 1§ E < d-dm. surfsce

The Hausdorff dimension of £ = dimy(E) s the unique
number st

HE) = %

+toa I d<dimy(E)

O ll‘F d> dIW\H(E) digjoint umon|
—Ii

o let E be c,owxpacfr and <elf - similar, cg., E= UE
with E¢ = copy of E scaled by A, rofsted snd Tra\/\slafecl.
Then

di= dimy(E) = l;%';’m

HinT. E=UE = HE) = ZH(E) = NXHE) = 1=NX -

Meore Prease(ﬂ Q< HA(E) <+00 .



o Let K, be the stondsvd Carlor set. Then climH(K) :i_z.;% )
o et KL be the jzolkow{baﬂ sef of Cavitor @Fe

y 1 O O O
M 1 []
yTC(x) ) )
\ /
A L il\/l:
u 0 N N

Then C“W\H(Kl)Zfl_ and 0 < M (Ky) <+ 00 -
However Hi(KzﬂF)=O for e\/er curve [ < R? F class E*

(Thus K5 15 an example of 1 -purely unvectfiable sej".>

Foof. Let M = graph(f) and let R be the proj. on X 3xis.
Tl/\eV\ ]L[i(KZﬂr') — /‘Mﬁ(f’)l‘ dx =0 I:I

F,’C(Kzn M ¢«<—has measuve 0



Rectifiable sefe
A set EcR" with HE<roo is doredifisble £ E = UE;
where Hd(Eo):O and for L>o0, E(CS; d-dimen. swrj;a:;&
of dass €. E is O-recdifisble f it is finte.
Remavks

e Not the uswal definition, buf equivslent (n R

« The set K, i prev. slide is N finte but not 1~ recifiable

o Reclifisble sefe can bhe quife "masty,, even dense in RE. Take
fo\f exemple E:= _CG' S, where S s a2 d-dimen. disk withy

radius v;:= 2° and center x; st 37((} s dense in R

* Do we need such ‘awful, objects 7



Tangent planes
Let E be d-rectifisble . Then for Hlae x €E there exists

an aP]arox'nmaTe d-dimensiona| Tavxg@vfl' plane IxE .

That IS, Yevo
H(E NBGNNEE) ~ oyrd: %A(EnB(x,v)ﬂ(g(a))c) «vd 32 r—0
where €€ s the covne

€E)=Cx, HE,¢ ) = X+ { he R : dist(n, TE) < Ikl sihg}

Ee) = o, e ) E ;{/ — _
\‘\/M/ -~ IE
_T;E /;C\ _— ) x ,

Moveover TE =TxSi  for Hese xe ENS; and 1=1,2,...




Orienfalion  of planes
Let V be a d-plane n R and let (QiJ-..,QQ, (ei)_._)ec’g
be orthonermal lbaces of V.

We say that (eij...}ed) and (eij...}eg) nduce the <ame
dxd

ovientsion on V if the cl/\émge—of—basis matrik M e K

satisPies detM >0 . We write (eij...}ed)/r(eij.._)e@

eqmvalemce relation

7%

gxa\/n\ole: Lei Nezj /><' eijl

Fquialence clasces are (represeufeb by) Simple d-vecfors
with norm i/ and  dendled loy NN



Covedors & differential forms Yo

. . K—_—A_—_\
A d-—CoVecTor own RM 1S 3 flihC’IA,Olfl X [Rmxn-x‘KM — R sue ﬂna"['

() 18 linesr n each variabe ;

(W) % 1S aﬁe\rhaﬁmaz VL%J VU’i/.../w)’dé [Rd Swapping Ut and \91‘0@&

oy ) = =)
ImPorTavﬂL: fY‘OW\ () and (u,) it fo((ooos That

(ei)...)ed) r(er,.,8) = x(ey,...,ed) =X(e1,..., &)

Thwe we s\'W\p\ﬂ write (¢ eqn-negy for o(es, ..., ed) -

A d-form on R'is a mp w:xeR —> W) d-covetor on R”



Ovievitalion C)JC Ve&gﬁiable Sets (avxcl Swm%ces)
let E be d—ree@ﬁable. An orientstion OF E s a map

T xcb = e A -ANeg®) orientalion of TX,E

e EIs a vegu(av surfoce , Z 18 sually \requxved To be coitnuous
e We can im’l'egva’fe d-forms of orierfed d- dimen. surfses:

f W = f (WE); 7w dHw)
N orientation of S

e TC's the ”tht tf/le\gl) to do becsusze of Sokes' Theovem:

fyo =L %

wheve dw is the differentisl of w [w =2 Wiy = szzzz_%aé_c dyndx |
4 L) ox




Rectifiable cwrrents

A d-dimensions| vedifisle cumedt w R is a Trige T = [E,C,VV\J wheve
* E is a d-rectifiable set)
® T =EiA A& is an oriewtalion of E)
* m e L:i(E,'}(d) is & mulliplicity funetion .

° (A)‘/\S do we need /YhumPlithg 7

T has integral multiplicty i m takes values in Z. sertially disoint

T s polahed\ra(. ¥ E is a finlle wnon of d—dim./s,implews Si
and T and m ave conslant on each S .




InTegration of forms on ewvrents

Given a bounded d-form w on R", the m‘l’egml of won T is

Tw) = | <, 20y meo dHw)
E

In the background: definituon of abstracl cwredls ac
linear funélionsls own forms (of class es).

COV\\/ersemce, of currevils
We say thal Ty mT F Ta(w)—Tw VYV of dass E

. Basicak&j Convergence in the sense of dishibutions

* There ave other nolions of convergence bt ---



Boundary
Civen 3 d-dim. cuwreit T and 2 (d-1)-dim. awrrent U, we
say sl U is the boundayy of T, U=dl, f

Uw)=T@Ew) Vo of class €&

S ovienled \reﬁular uwface = a[SICS)i]:[aS) Cas,i] bﬂ Stokes' Thm.
Th—=T = Jly, =l (shility of boundary)

Queston : whal is a[E,t,i] if Eg@ 7

e (Je need orientstion To ]nTegra’l’e Forms , which we need 1

define the bouundavg Il , and convergence .



Mass
The mass of T is
M) = [Imldn = sup T(w)
E

ol <4

M(T) = HE) 1€ Mm=x4 ae
M(T) s lower <emicontinuous n 1.
M(T) can be defined also for abstracl T.

Mass is the desired extension of the ares fuuclonal ||



IV\Tegral cuwrrenls
A recifisble d-cumedt T=[E,z,m] is 'w\Te,gwal i

* Theve exisle a recif. d-4)-cuvedt U= [E'z/m'] <t 8T=U/‘
e both T and U have .ll/\—l’egral ’YV\lkujPUCiT\lj.

Compacluess Theorem [Federer +Fieming]

Let (Ta) be 3 sequence of d-dim. infegrsl cwrredls in R s T
(1) M(M) € C<4)
() M@ € C <+,

Then (Th) converge up To subseg. o some nfegral current T

Co\/o“a“f\(j. Existence of an ivﬂ'egval cwrvert T that mimmizes
M@ under the constraint 3T =[".



Kemarks

o Proofs of F&F Thm. are NOT based on resuls from Fundionsl Analysis.

* Given a sequence (Tu) of vectifisble cuwrerts with vectfiable
boundavies gt (©), (W) hold, then The UWmit of Ty, may be NOT
redifiable . (Iu, F2F Tam i is importert Thst Tn ave infegral )

Consider indeed The following 4- awverts w R :

Ty = [En,e,m] with Ehé__Q and e= —>
N Lam
k— 1—

Then M(Th):ij M(3T,) =2 Vn and

J <0J(x), e,> L) — j <0J(9o), e,> 4L

|
/VtoT 2 redifisble current]




* Given 3 sequence (Tn) of nfegral cwrverts ST only (¢) holds,
then the Lmit of Ty may be NOT rechifisble .

Concider indeed the folowing 4-auveuls n R>:

AR
NE

and e= —>

Ty\ = |:Er\ ,‘\’,1/’“] with E,

1

1

Then M(T,) = 1, M(3T,) =2n* Vn, and
Tow = [ (ow; e M@ == | {ww; & €
’ ng ? IIQ

same 3z before
mdt a redifisbe current|




Some refevences

5.G. Krantz , HR. Parks. Geomelnc iitegrslion Theoyy. Birkhauser 20g.
Introdudiion to GHT fowsed on the theory of curvets.
L. Simon. Lectires on Geomelvic Measure Theory . Austrslian National Univ. 1983

Introduclion To GMT covering the theory of curenls and vorifolds .
Less detailed than Krantz g Ruks

H. Federer. Geomelvic Messure Theory. S]ovimger 1996 (veprint of 15ed.)
Reference work on GMT and the ﬁ\eovg of ecwrrents. Nota fextbook, not for beginmers.

F. Morgan. Ceomeltvic Messure "Theory . A beginrer's gmiée. Academic Ress 206,
A gedtle infroduction o Fedevers bock. Not fully detsiled, but explsins many idess.

Other well Kuown textbooks and reference works on GMT such as those
authored loy K Talemer and P Hstes sy Covev The ﬂ/\eovg of

veclifisble gets (in Some  cases guife e)(\‘emsi\/elg) bt wét cwrredde.



