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A CLASS OF KIRCHHOFF-TYPE PROBLEM IN HYPERBOLIC SPACE #¥ INVOLVING
CRITICAL SOBOLEV EXPONENT

P. C. CARRIAO!, A. C. R. COSTA2, O. H. MIYAGAKI3 & A. VICENTE*

!Universidade Federal de Minas Gerais, Departamento de Matematica, Belo Horizonte, Minas Gerais, Brazil,
pauloceca@gmail.com,
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aug@ufpa.br,
3Universidade Federal ds Sao Carlos, Departamento de Matematica, Sdo Carlos - SP - Brazil, ohmiyagaki@gmail.com,
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Abstract

In this work a class of the critical Kirchhoff-type problems in Hyperbolic space is studied. Because of the
Kirchhoff term the nonlinearity u? became “concave” for 2 < ¢ < 4, bringing some difficulty to prove the
boundedness of the Palais Smale sequence. To overcome this we used scaled functional which was employed
by Jeanjean [2] and Jeanjean and Le Coz [3], where the Pohozaev manifold is considered to be a constrained
manifold. See also [4] and [5]. In addition to the definition of the Pohozaev manifold, another difficulty is to

overcome the singularities on the unit sphere. The result is obtained by using variational methods.

1 Introduction

In this paper we are concerned with the following Kirchhoff-type problem
- (a + b/ VBzu|2dVBs> Apsu = MulT%u+ |[u/*u in H'(B?), (1)
B3

in Hyperbolic space B?, where a,b, \ are positive constants, 2 < ¢ < 4, H*(B?) is the usual Sobolev space on the
disc model of the Hyperbolic space B2, and Ags denotes the Laplace Beltrami operator on B3. This problems,
when the non-linearity behaves as a polynomial function of degree 2* = %, in RNY(N > 3), was studied in a
remarkable paper due to Brezis Nirenberg [1].

2 Main Result

Theorem 2.1. Suppose 2 < q < 4. Then, for A > 0 sufficiently large, the problem (1) has a nontrivial solution
u € H(B?).
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NONLOCAL KIRCHHOFF PROBLEMS WITH EXPONENTIAL CRITICAL NONLINEARITIES

OLIMPIO H. MIYAGAKI! & PATRIZIA PUCCI2

!Departamento de Matemética, UFSCar, Sao Carlos- SP, Brazil, ohmiyagaki@gmail.com,
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Abstract

The work deals with existence of solutions for a class of nonlinear elliptic equations, involving a nonlocal

Kirchhoff term and possibly Trudinger—Moser critical growth nonlinearities, of the type
— M(||u\|2) <LKu+ / V(w)\u|2dx> =P(x)f(u) in R, (1)
R

where

1/2
full = ([ Vol + [ o) - ut)Px - pasa)
R R2 (2)
1
Liu(w) = 5 [ [uw +y) + ulz ~ ) - 2u(@)] K (=~ 5)dy,
R

and K : R\ {0} — R" is a measurable positive kernel, which was used in [2], verifying
(K1) mK € L'(R) with m(z) = min {1, |z|*},
(Ks) There exists 0 > 0 such that K(z) > 0|z|~? for any x € R\ {0}.

Thus, when K reduces to the prototype K (z) = |z| =2, then —Lx becomes (—A)'/2.

The Kirchhoff function M : RT — R{ is assumed to be continuous in Ry and to satisfy
(M) there exists v € [1,00) such that tM(t) < YM(t) for any t € RY, where M(t) = f(f M(1)dr,
(Mz) for any T > 0 there exists m = m(7) > 0 such that M(t) > m for allt > 7. Condition (M>) first appears

in [3].

The lack of compactness of the associated energy functional due to the unboundedness of the domain and to the

Moser Trudinger embedding has to be overcome via new techniques.
The assumptions required on V and P are taken from [2] and can be summarized in these three conditions.

(I) (sign of V and P) The potentials V and P are continuous and strictly positive in R;
(II) (decay of P) If {An}n is a sequence of Borel sets of R, with |An| < R for alln € N and some R > 0, then
lim P(x)dx =0, wuniformly with respect to n € N, (3)
770 JA,NBE(0)

where B{(0) is the complement of the closed interval Br = [—R, R].
(III) (interrelation between V and P) The potential P is in L°°(R) and there exists Co > 0 such that V(z) > Co
for all x € R.

We will assume on f the following conditions.

(f1) (behavior at zero) f : R — R{ s differentiable, with f =0 on R~ and
O

toot t27-1

)

where v > 1 is the number given in condition (My).
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(f2) (critical growth) there ezists w € (0, 7] and ao € (0,w]
f(t)

tooo eat? _ 1

lim sup /(1)

2
t— o0 ext” — 1

=0 forall a > ao,

=00 forall a< ap.

(f3) (super—quadraticity) t' =27 f(t) is nondecreasing in RY and there are ¢ > 2y and Cy > 0 with
F(t) > Cyt? forallt € RY.
mbrosetti-Rabinowitz) there exists 60 > such that
AR) (Amb i—-Rabi i h ists 0 > 2v such th

OF(t) < tf(t) for allt € RY.

1 Main Results

Theorem 1.1. Assume that (I), (IT), (I1I), (My)—(M2), (f1), (f2), (f3) and (AR) hold. Then (1) has a nontrivial
nonnegative solution u € H‘1/7/I2( (R), provided that the constant Cy in condition (fs)' is sufficiently large.

Proof See [6].
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Abstract

In this talk we consider a quasilinear Schréodinger-Poisson system with a subcritical nonlinearity f, depending

on the two parameters A\, > 0. We prove existence and behaviour of the solutions with respect to the parameters.

1 Introduction

In the mathematical literature many papers deal with the nonlinear Schrédinger equation coupled with the
electrostatic field. These equations are variational in nature, hence the system which describes the phenomenon
appear as the Euler-Lagrange equation of some Lagrangian.

The best way to describe the electromagnetic field seems to be by using the Born-Infeld Lagrangian, introduced
in the seminal paper [2]. The advantage of working with such a Lagrangian is that it is relativistic invariant which

is natural when dealing with electromagnetic phenomena. Explicitly the Lagrangian is

1
= 4 2 2
LB.1 ey (1 \/1 2¢ (|V¢+6‘tA| W XA‘ ))

where ¢, A are the gauge potentials.
Of course dealing with such a Lagrangian implies some mathematical difficulties: in the simplest case, the

equation of the electrostatic field generated by a density charge p is

vo(—YC )_, wr
V1=Vl
which is not easy to work with.

Note that the first order approximation in ¢ of Lg_1 is exactly the familiar Maxwell Lagrangian
1
Lntax = o (Vo + 0 A> — |V x A?)

which gives rise to the classical Maxwell equations and, in the electrostatic case, to the well known and more
accessible Poisson equation
—Ap=p inR3

Here we are interested instead in considering the second order approximation in € of Lg.1, namely

1 et
L=—(IVé+AP— |V xAP) +— (Vo + AP — |V x A]?)?.
8w 167
Now the equation for the electrostatic field is the quasilinear equation

—A¢p—*Agp=p inR3,

13
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and the coupling (according to the Abelian Gauge Theories) with the Schrédinger equation led to the system

—Au+u+ ¢u=g(z,u) in R3 (P)
P)\,E
—A¢p —e*Ayp = u? in R3.

The main difficulty is to deal with the second equation, which although has a unique solution for every u,
an explicit formula and nice properties are not known. To overcome this fact we use a truncation in the energy
functional in front of this “bad term” which permits to apply Mountain Pass arguments and prove the existence of

solutions.

2 Our result

Let A > 0 and ¢ > 0 parameters, 2* = 6 the critical Sobolev exponent, f : R?* x R — R continuous and such that
1. f(z,t)=0fort <0,

f(z,t)
t

= 0, uniformly on = € R3,

f(z,1)

ta—1

2. hmt_)o

3. there exists ¢ € (2,2*) verifying lim = 0 uniformly on x € R3,
t—+oo

4. there exists 0 € (4,2*) such that 0 < 0F(x,t) = Hfg f(z,s)ds < tf(z,t) for all z € R® and ¢ > 0.
Theorem 2.1. Under the above assumptions, there exists \* > 0, such that for all A\ > \* and € > 0, problem
—Au+u+ ou=\f(z,u)+ [u> 2u in R,

(PA,e)
—A¢ —e*Ayp = u? in R3,

admits nonnegative solutions (uy ¢, ¢xc) € H(R?) x (D1’2(R3) N D1*4(R3)).
For every fized € > 0 we have:

lim ”UA,EHHl = 0, lim ||¢A,E||D1’QHD1~4 = 0, lim |¢)\7§‘Loo =0.
A——+o0 A— 400 A—~+o00
For every fixzed X\ > \* we have:

i Jlux, — ux gl =0, léx.. — dxollprs =0,

lim
e—0t
where (uy o, ¢ o) € H'(R?) x DV2(R?) is a positive solution of the Schridinger-Poisson system
—Au+u+ dpu=Af(z,u) + [ul* 2u in R,
~A¢ = u? in R3.
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THE BIFURCATION DIAGRAM OF A KIRCHHOFF-TYPE EQUATION
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Abstract

We study a superlinear and subcritical Kirchhoff type equation which is variational and depends upon a real
parameter A. The nonlocal term forces some of the fiber maps associated with the energy functional to have
two critical points. This suggest multiplicity of solutions and indeed we show the existence of a local minimum
and a mountain pass type solution. We characterize the first parameter \j for which the local minimum has
non-negative energy when A\ > Aj. Moreover we characterize the extremal parameter \* for which if A > \*,
then the only solution to the Kirchhoff equation is the zero function. In fact, A* can be characterized in terms

of the best constant of Sobolev embeddings. We also study the asymptotic behavior of the solutions when A | 0.

1 Introduction

In this work we study the following Kirchhoff type equation

- (a—|—)\/ Vu|2) Au=|ul"?u in Q,
u=20 on 0f,

where a@ > 0, A > 0 is a parameter, A is the Laplacian operator and  C R? is a bounded regular domain.

Kirchhoff type equations have been extensively studied in the literature. It was proposed by Kirchhoff as an
model to study some physical problems related to elastic string vibrations and since then it has been studied by
many author, see for example the works of Lions [1], Alves et al. [1], Wu et al. [2], Zhang and Perera [5] and
the references therein. Physically speaking if one wants to study string or membrane vibrations, one is led to the
equation (2.3), where u represents the displacement of the membrane, |u|P~2u is an external force, a and \ are
related to some intrinsic properties of the membrane. In particular, A is related to the Young modulus of the
material and it measures its stiffness.

Our main interest here is to analyze equation (2.3) with respect to the parameter A (stiffness) and provide a
description of the bifurcation diagram. To this end, we will use the fibering method of Pohozaev to analyse how
the Nehari set change with respect to the parameter A and then apply this analysis to study bifurcation properties
of the problem (2.3) (see also Chen et al. [2] and Zhang et al. [6]).

2 Main Results

Let HZ(€) denote the standard Sobolev space and ®y : H} () — R the energy functional associated with (2.3),

that is
B (1) = g/wu\? +% (/w?)Q - %/W. (1)

We observe that ®, is a C! functional. By definition a solution to equation (2.3) is a critical point of ®y. Our

main result is:

Theorem 2.1. Suppose v € (2,4). Then there exist parameters 0 < \§ < A* and € > 0 such that:

15
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1) For each A € (0,\*] problem (2.3) has a positive solution uy which is a global minimizer for ®) when

A € (0,A8], while uy is a local minimizer for ®5 when A € (Aj,A*). Moreover ®§(uy)(ux,ur) > 0 for
)\ € (07>\*) and @/)i* (U)\*)(’U,)\*’U,)\*) = 0

2) For each A € (0, \§ + €) problem (2.3) has a positive solution wy which is a mountain pass critical point for

D,.

8) If A€ (0,)5) then @x(ux) < 0 while ®x:(unz) =0 and if X € (A5, \*] then ®x(ux) > 0.

4) ®x(wy) >0 and Py(wy) > Px(uy) for each A € (0, A +¢).

5) If X\ > \* then the only solution u € H}(Q) to the problem (2.3) is the zero function u = 0.

Proof See [4].

Concerning the asymptotic behavior of the solutions when A | 0 we prove the following

Theorem 2.2. There holds

i) Pr(ur) = —o0 and ||ur|| = oo as A 0.

i) wy — wo in HF(Q) where wyg € HF(Q) is a mountain pass critical point associated to the equation

—alAw = |w|P~2w.

Proof See [4].
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CONTRIBUTIONS TO THE STUDY OF ASYMMETRIC SEMILINEAR ELLIPTIC PROBLEMS
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Abstract

We are here concerned with the critical semilinear elliptic problem

{ —Au = —plu|?2u+ Au+ 02 "t in Q, (1)

u = 0 on 0,

where Q C R is a smooth bounded domain, p > 0, 1 < ¢ < 2, 2* = 2N/(N — 2), and X is a real parameter.
Since the problem (1) has appeared in the works [1, 2, 3, 4, 4], many others have investigated it in more general
situations.

We provide new contributions to the problem above by either allowing A to lie between two consecutive
eigenvalues of the Laplacian operator or even to be an eigenvalue for p small enough. The main results are

contained in the references [5, 3].

1 The main results

In these notes we study the semilinear elliptic problem

—Au = —pluli%u + M+ (ut)PLin Q,
{ (P)

u =0 on 01,

where Q C RY is a bounded domain with regular boundary 9Q, N > 3,1 < ¢ <2 <p <2* XA € R, i is a positive
parameter and u = max {u,0}.

The above problem is the combination of three well-known ones. The concave-convex problem introduced by
Ambrosetti, Brezis and Cerami in [1], which has resulted in a large number of related ones as by replacing the
superlinear term by a function g,

— Au = plu|"*u+ g(u) in Q. (2)

Many authors have been considering it for asymmetric and asymptotically linear g or asymmetric g that is
superlinear at infinity, g+ = lim;, o g(t)/t = 00, combining the concave-convex problems with the asymmetric
ones. Here asymmetric means that g satisfies an Ambrosetti-Prodi type condition (i.e. lim; o g(¢)/t < A <
lim; s 100 g(t)/t). Tt is worth mentioning that crossing eigenvalues, in particular the first one, is closely related to
existence and multiplicity of solutions. Notice that the nonlinearity g(t) = M+ (¢7)P~!, with A > )\, has not taken
in account so far the Ambrosetti-Prodi problem studied by Ruf and Srikanth in [4] and De Figueiredo and Yang in
2],

—Au=Xu+ (ut)? + f(x) in Q, (3)

which assumes an important role in our study.
For the critical case, the main motivation is the pioneering Brezis-Nirenberg work [2], where the following was

considered
—Au =M+ |u[? 2w in Q,
u =0 on 01,

17
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where A < A\;. They noticed that it had a breaking point for the convergence of PS-sequences at the value %/2, SO

that they constructed minimax levels for the energy functional below this value. Such ideas have been permeating
many later works as well as ours. One of them was the Capozzi, Fortunato and Palmieri work [3]. They basically
allow A to be between two eigenvalues. They showed that the problem above has a nontrivial solution for all A > 0
when N > 5 and for A different from eigenvalues of the Laplacian when N = 4.

We are denoting by 0 < A\; < A < -+ < \; < - the eigenvalues of (—A, Hj(£2)). In what follows, we state
the results obtained.

Theorem 1.1. Let N > 3 and Ay, < A < Agq1. If 2 < p < 2%, then, for A\ small enough, (P) has at least three
nontrivial solutions.

Theorem 1.2. Let N > 4 and Ay < A < Agg1. If p = 2%, for X small enough, (P) has at least three nontrivial

solutions.

The positive and negative solutions of the above theorems are derived from the Mountain-Pass theorem. In
order to apply the linking theorem to obtain the third one, we resort to a trick of modifying the eigenfunctions via
cut-off functions. To handle the resonant case, we have developed in the most our recent work [4] an appropriate

linking theorem which reassures again the existence of solutions.

Theorem 1.3. Let N >4 and Ay < . If p= 2%, for A small enough, (P) has at least three nontrivial solutions.
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POSITIVE SOLUTIONS FOR WEAKLY COUPLED NONLINEAR SCHRODINGER SYSTEMS
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Abstract

This article is concerned with the application of variational methods in the study of positive solutions for a
system of weakly coupled nonlinear Schrédinger equations in the Euclidian space. The results on multiplicity of
positive solutions are established under the hypothesis that the coupling is either sublinear or superlinear with
respect to one of the variables. Conditions for the existence or non existence of a positive least energy solution

are also considered.

1 Introduction

In this work we apply variational methods to study the existence of positive solutions for the following weakly

coupled nonlinear Schrédinger system

—Au+Mu = |ulP72u+ %|u|°‘*2u|v|“, in RV, 1)
—Av+dv = |v]i7 v+ %|v|“’2v|u\°‘, in RV,

with N >2, 8, A\, Ma>0,a,u>1,2<p, q, a+p <2 where 2* = o0 if N =2 and 2* = 2N/(N —2) if N > 3.

Existence of positive least energy solution will also be established. To establish such results we used variational
methods, more specifically, we consider the associated functional restricted to nehari manifold and apply local and
global minimization arguments combined with minimax methods. Our primary motivation to study System (1)

were the articles [1, 2, 3, 4]. In particular, we emphasize the articles due to Ambrosetti-Colorado [1, 2].

2 Main Results

In our first result the existence of a positive solution is obtained independently of the coupling being sublinear,

linear or superlinear with respect to any one of the variables.

Theorem 2.1. There exist 3y, 81 > 0 such that System (1) has a positive solution for every B € [0,8) and a

positive least energy solution for every B € (81, +00).

In the case where the coupling is doubly partially sublinear, we are able to verify that System (1) has a positive
least energy solution for every S > 0. Furthermore we may establish the existence of a third positive solutions for

System (1) whenever 8 > 0 is sufficiently small.

Theorem 2.2. Suppose the coupling is doubly partially sublinear. Then System (1) has a positive least energy
solution for every § > 0. Furthermore there is By > 0 such that System (1) has at least three positive solutions for
every 0 < B < Bo.
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Abstract

A free boundary optimization problem involving the ®-Laplacian in Orlicz-Sobolev spaces is considered for
the case where ® does not satisfy the natural conditions introduced by Lieberman. A minimizer us having non-
degeneracy at the free boundary is proved to exist and some important consequences are established, namely,
the Lipschitz regularity of ue along the free boundary, the locally uniform positive density of positivity set of

us and that the free boundary is porous with porosity § > 0 and has finite (N — §)-Hausdorff measure.

1 Introduction

In the present work, we are interested in a degenerate case. For a given smooth bounded domain Q in RN, N > 2,

and a positive real parameter A, we consider the minimization problem
min {J(u) : u € WH*(Q),|Vu| € Ko(Q),u= f on 00}, (1)
for a prescribed function f € C(Q) with |V f| € Ko(2) and f > 0, where
T = [ [B(19u) + Axguso] da,

®(t) = exp(t?) — 1 and Kg(R) is the Orlicz class. We observe that ®(t) = exp(t?) — 1 satisfies

¢'(t)t
1< o) Vit >0,
where ¢(t) = ®'(t). However,
o't _ n
— = +o0,

im

t—+oo ¢(t)
enabling us to call (1) as a degenerate minimization problem. We observe that the fact that ®(t) = exp(t?) — 1
does not satisfy As-condition implies that the Banach space W (Q) is neither reflexive nor separable, as a result,
the use of minimizing sequences to find solutions to (1) breaks down. To overcome this difficulty, for each k € N,

we consider the truncated function Gy defined for ¢t € R by

k

Gult) = 3 I, )

n=1

with the purpose of transferring the information obtained with regard to Gy to ®. Set gx(t) = G).(t), t > 0. The

function gj satisfies

dp <

< 90, t> Oa (3)
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for 5o = 1 and gy = 2k — 1. Since f € WH®(Q), with |Vf| € K$(Q), and the immersion W®(Q) is continuous
in WHG(Q) for every k, which in turn is embedding in C%%(Q) for some o € (0,1) for k sufficiently large, the
function f € WhHG(Q) N C%*(Q) for k sufficiently large. By [2], there is a minimizer uj of the problem

min {/Q(Gk (IVul) + AXuso0y)de = u € WG (Q), u= f on 89} ) (4)

We begin by proving that this sequence of minimizers u; converges (passing to a subsequence if necessary) to a

solution for the problem
min {J(u) : w € WH*(Q), u= f on 9, |Vu| € Ko(Q)}, (5)

where

7w = [ (@(19u) + Moo da.

2 Main Results

The first result in this paper is about the existence of a minimizer, which somehow resembles [3] in having a limiting

free boundary problem involving the infinity Laplacian operator after taking k — oc.

Theorem 2.1. Let uy, € WHC5(Q) be a minimizer of (4). Then, there is a subsequence (still denoted by uy) such
that uy, — ug, as k — oo, uniformly on Q, where ug € WH®(Q) is a solution to problem (5). The function ug is a

weak solution, and also in the viscosity sense, to the equation Aug + 2Asue =0 in {ue > 0}.

Motivated by the the above-mentioned results of [2], the question naturally arises whether some these properties

are satisfied by minimizer ug. We begin by proving some geometric properties of ug along the free boundary.

Theorem 2.2. Let ug € WL®(Q) be the solution to (5) given Theorem 2.1, D CC § be any set and
B (z) C DN {ug > 0} be a ball touching the free boundary 0{ue > 0} for r > 0 is sufficiently small. Then,

1. Non-degeneracy. There are positive constants ¢ and C depending only on N, X and f such that

cr <ug(x) <Cr.

2. Harnack inequality in a touching ball. There is a positive constant C depending only on r and
M := supg f such that

sup uep < C inf ug,
Bn‘r(x) BGT(JE)

for any o € (0,1).
In order to proof Theorem 2.2, we revisit the Lieberman’s proof in [1] of a Harnack inequality for Gx-harmonic

functions for Gy given by (2). The point that requires extra care is the verification of the independence of the

respective constants from k, which constituted much of the work.
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Abstract

In this paper, we are concerned with a Kirchhoff problem in the presence of a strongly-singular term perturbed
by a discontinuous nonlinearity of the Heaviside type in the setting of Orlicz-Sobolev space. The presence of both
strongly-singular and non-continuous terms bring up difficulties in associating a differentiable functional to the
problem with finite energy in the whole space WO1 ’q)(Q). To overcome this obstacle, we established an optimal
condition for the existence of WO1 ’(I)(Q)—solutions to a strongly-singular problem, which allows us to constrain
the energy functional to a subset of WO1 ’é(Q) to apply techniques of convex analysis and generalized gradient in

Clarke sense.

1 Introduction

In this work, we are concerned in presenting equivalent conditions for the existence of three solutions for the
quasilinear problem

-M </ <I>(Vu|)dx) Agu = pb(x)u=? + \f(z,u) in Q,
(Q)\,[L)
u>01in 2, v =0 on 012,

which are linked to an optimal compatibility condition between (b, d) for existence of solution to the strongly-singular

problem

(9) —Agu = b(x)u"? in Q,
u>0in 2, u=0 on 9N

with the boundary condition still in the sense of the trace.
We suppose that ®(t) = Oltl a(s)sds, s € R;

(¢0): a € C((0,00),(0,00)) and ¢(t) := a(t)t is an increasing odd homeomorphisms from R onto R;

1 (1) tg'(t) o 1h.(1) R
: _ = < = ; . = - .
(p1): 0<a %I>1£ o) = 31;18 o) ay <oojand ay +1< t1r>1£ XOR where ® o s ds
(M): M :[0,00) — [0,00) is a continuous function satisfying
D, (71)

M (t) > mot®~! for all t > 0 and for some a > 0 such that ®, << ®,, that is, tlim =0 forall 7 > 0,
—00

where @, (t) := ®(t).

o, (1)

(fo): f(z,) € C(R—{a}) for some & > 0 where —oco < lim, ,5- f(x,s) < lim, ,5+ f(z,8) < 00, z € Q,
(f1): there exist constants aj, ag and az such that

In| < ay +agH o H(aslt]), ¥ n € dF (x,t), teR, z €,
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where H(t) = O‘tl h(s)ds is a N-function satisfying H € Ay, H << &, and % < hy forall t > ¢y with 1 <
hy < %41,
i supg F(z,t) 0 d y supg F(x,t) 0
B g e =0 d e =0

2 Main Results

Theorem 2.1. Assume f satisfies (fo), (f1) and 0 < b € L*(2) holds. If u € WOI’(I)(Q) is such that:

i) w is either a local minimum or a local mazimum of I, then |[u = a]| =0,

ii) w is a critical point of I and b € L% (), then |[Vu = 0]| = 0. In particular, |[u = c]| = 0 for each ¢ > 0.
Moreover, if u satisfies i) or ii) above, then:

(44i) w is a solution of Problem (Qx..),

(iv) there exists C > 0 such that u(z) > Cd(x) for x € Q, where d stands for the distance function to the boundary
o9,

(v) u solves (Qx,,) almost everywhere in §) if in addition bd=° € LH(Q)
Theorem 2.2. Assume § > 1, be LY Q)N LE (Q), (¢o) — (¢2), (fo) — (f2) and (M) hold. They are equivalents:

i) 30<up € Wol"I)(Q) such that / bup ~°dx < oo;
Q

ii) (S) has a (unique) weak solution u € W'*(Q) such that
u(z) > Cd(.) a.e. Q,
where C' > 0 independent of u;

i13) for each A > X*, 3 px > 0 such that for p € (0, pr], (Qx,.) has at least three solutions (two local minima and
one a MPCP of the functional I), where

o [ 20w

/QF(x,u)dx

Moreover, for each of such solutions the |[u = al| = 0. Besides this, u is a almost every solution of (Qx, ). If
in addition bd—° € L*(Q) and if either

A* = inf Cue Wit(Q), / F(z,u)dz >0 p . (1)

Q

a) M is non-decreasing and f(z,t) = f(x), 0 <t <1, x €,
b) or M is such that a Comparison Principle holds to Problem (Qo ) and ap— > 1,

then there exists a* > 0 such that for each a € (0,a*) we have

Hz € Q@ : u(z) > a and u is a solution of (Qx,.)} > 0.
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Abstract

Our goal is to study the following class of Hénon type problems

—Au Az u+ |z|*u|?*> 2w in B,
u = 0 on 0By,

where B is the ball centered at the origin of RY (N >3) and p > « > 0. Under appropriate hypotheses on the

constant A, we prove existence of at least one radial solution for this problem using variational methods.

1 Introduction

We search for one non-trivial radially symmetric solutions of the Dirichlet problem involving a Hénon-type equation
of the form

~Au = MNa|fu+|z|*u?a"2u in By, 1)
u = 0 on 0Bj,
where A > 0, 4 > « > 0, B; is a unity ball centered at the origin of RY (N > 3), where 2} = N_3

When a = o = 0, the pioneiring work is due to Brézis and Nirenberg in [2], where they got positive solutions
when A < A;. When a,u > 0, these classes of problems are called in the literature by Hénon type problems.
Actually, Hénon in [4] introduced the problem (1) with A = 0, as a model of clusters of stars for the case that
N = 1. Since then, many authors have been worked with this type of the equation in several point of view.
The pioneeiring paper is due to Ni [7], where he established a compact embedding result, namely, the embedding
Hj aa(B1) C LP(By, |x]*) is compact for all p € [1,2},), where 2, = Q(ij;), in order to get radial solutions. Here
H§ oa(B1) = {u € Hj,q(B1) : uis radial, that is, u(z) = u(|z]),Vz € B1}.

For Hénon problem involving usual Sobolev exponents we would like to cite [6, 5, 8, 9], and in their references.

Up to our knowledgement, there are few works treating problem (1) with A # 0 involving the Sobolev critical
exponent given by Ni, that is, 2%. In [1] is studied by a nonhomegeneous perturbations, when A > 0 is smaller than
the first eigenvalue, while in [3] is studied some concentration phenomena for linear perturbation, when A is small
enough. In [6], Long and Yang established an existence of nontrivial solution result for problema (1) with u = 0,
when X\ # Xy, for all k, and N > 7. Also, they proved that (A, 0) is a bifurcation point for problem (1), for all k.
The aim here is to complement or extend above results, for instance, treating all A positive.

2 Main Results

We divide our results in three theorems. The first one deals with the non-trivial solution of the problem when A > 0
and N > 4 + p. The second also concerns the non-trivial solution, when the dimension in which we are working is
equal to 4 + 1, in this case we need to consider A # A7 for all j € N = {1,2,3,...}. In the third, for N < 4+ p, we
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also look for a non-trivial solution. For this matter, in order to recover the compactness of the functional associated
with Problem (1), we need to have X large, with A # A;.

Theorem 2.1. For 0 < XA < A} or A\ < A < Aj,,, the problem (1) possesses a non-trivial radial solution when
N >4+ p.

Theorem 2.2. For 0 < A < A} or A\ < A < Aj,,, the problem (1) possesses a non-trivial radial solution when
N =4+ pu.

Theorem 2.3. For A\ > 0 sufficiently large and A # X} for all j € N, (1) possesses a non-trivial radial solution

when N < 4+ p.
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Abstract

Inspired by [1] and [2] we study the asymptotic behavior, as p — oo, of positive least energy solutions of a

problem involving the fractional operator (—Ap)* + (—Aq(p))ﬁ and the Dirac delta distribution.

1 Introduction

In the first part of this work we prove the existence of a positive least energy solution for the problem

[(-20)7 + (~80)"] u = el w(w)sr, €
w=0 in RV\Q (1)

u(z)| = lJull

where: €2 is a bounded, smooth domain of RV, 6, is the Dirac delta distribution supported at z,,, the parameters

a, B, p, q satisty one of the following conditions
0<a<f<1l and N/a<p<gq) or (0<f<a<1l and N/B<q<p), (2)

and

[ull%

B> Agp i= inf{ e, tu € Wit (Q)\ {0}} .

Here, W3 () denotes the Sobolev space of fractional order s € (0,1) and exponent m > 1 endowed with the
Gagliardo (semi)norm [.]_ . That is,

W) =Que L™"RY):u=0nRY\Q and [u],,, = / / %dxdy < 00
’ RV JRY o — g7
The energy functional associated with (1) is defined by
1 1 "
A%W)ZEWEm+gWEH—jWM& Vue X(Q),

where

X(Q) = W(Jﬁ’q(Q)a[‘]@q) if 0<a<pf<1l and N/a<p<gqg
- W(?’P(Q),[.]a,p) if 0<p<a<l and N/B<qg<np.

Assuming the above conditions on «, 8, p,q and p we show the existence of at least one positive weak solution
u, that minimizes the energy functional either on W 9(Q) \ {0}, when the first condition in (2) holds, or on the
following Nehari-type set

N = {u e WP @)\ {0}« [, + ]}, = w2}
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when the second condition in (2) holds. Both type of minimizers are referred in this work as least energy solutions

of (1).
In the second part of this work, we study the asymptotic behavior, as p — oo, of the positive least energy solution

u,, obtained when ¢ and p are assumed to be functions of p (i.e. ¢ = ¢(p) and p = p,) satisfying, respectively,

1 if 1
lim@:Qe (0,1) 1 0<f<ax and  lim ¢/, > R™°, (3)
p—oo P (IL,oo) if O<a<pf<l1 p—>00

with R denoting the inradius of Q (i.e. the radius of the largest ball inscribed in ).
Our main result is stated as follows, where

o8 Q) = {u € Co(@) : July < oo},

with |-[; denoting the S-Holder seminorm, defined by

|ul 4 ::sup{W:x,yEQ and a:;éy}
T—y

Theorem 1.1. Suppose (3) and take p, — oo. There exist Too € 2 and U € Cg’ﬁ(ﬁ) such that, up to a

subsequence, Ty, — Too and Up, — Use uniformly in §2. Moreover:

(i) 0 < uoo() < (ARﬂ)ﬁ (dist(z,00))° VazeQ,

Uoo (To0) = ||um||oo=Rﬁ<ARﬁ>Qil,

(iii

)

(i) dist(ze0, Q) =
)
)

() Jusels = (ARF) @

v 2ls _pes { Vs e cor@ >\{0}}

(A [0]] oo

(vi) ueo is a viscosity solution of

max {L;ru, (cgu)Q} = max {—ca% (—ﬁﬁu)Q} inQ\ {za}.

In the above equation the operators are defined according to the following notation, where 0 < s < 1:

Tu) ()=  su M an “) (z) := in M
(Ldu) (x): I d (L) @)=l e
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Abstract

This work presents results on the existence and multiplicity of solutions for quasilinear problems in bounded
domains involving the p-Laplacian operator under local versions of the Landesman-Lazer condition. The main
results do not require any growth restriction at infinity on the nonlinear term which may change sign. The
existence of solutions is established by combining variational methods, truncation arguments and approximation
techniques based on a compactness result for the inverse of the p-Laplacian operator. These results also establish
the intervals of the projection of the solution on the direction of the first eigenfunction of the p-Laplacian operator.
This fact is used to provide the existence of multiple solutions when the local Landesman-Lazer condition is
satisfied on disjoint intervals.

1 Introduction

This work deals with the study of weak solutions for a class of nonlinear problems involving the p-Laplacian operator.
More specifically, we are concerned with the quasilinear problem

{—Apu = NulP~2u 4 phy,,(z,u) in Q, W

u =0 on 0f2,

where (2 is a bounded regular domain in RV, p > 1, A,u = div(|Vu[P72Vu), X > 0, p # 0 are real parameters and
hy : QxR —= Ris a family of Carathéodory functions depending on .

Our main objective is to provide local hypotheses on the family of functions h, that guarantee the existence
and multiplicity of solutions for problem (1) when the parameters p and A are close, respectively, to zero and Ay,
the principal eigenvalue of the operator —A,, with zero boundary conditions.

2 Main Results

We say that the family of functions h, satisfies the local Landesman-Lazer condition (H;[), respectively (H, ),
on the interval (t,t2) if there exists a Carathéodory function hg :  x R — R such that h,(x,s) = ho(z,so), as
(1, 8) — (0, 80), for every so € R, a.e. in £, and

(LL+) /ho(ﬂj‘,tlwl)gﬁldl‘>0>/ho(x,tggal)goldl’,
Q Q

respectively

(LL7) /ho(x,tlcpl)goldx<0</ho(x7t2g01)901dx.
Q Q

We suppose that the family of functions h,, is uniformly locally L7 (€2)-bounded:
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(Hy) Given S > 0, there are 1 > 0 and ng € L7(Q2), 0 > max{N/p, 1}, such that

|hu(x,s)| < ng(x), for every |s| < S, a.e. in Q, for every pu € (0, p11).

Taking X = {v € W} "P(Q); Jo IV1|P~2V @1 - Voda = 0}, our first result provide the existence of a solution for
problem (1) which is a local minimum of a functional associated with an appropriate truncated problem.

Theorem 2.1. If hy, satisfies (H1) and (H,") on the interval (t1,t2), then there exist positive constants u* and v*
such that, for every p € (0, *) and X — A\ < pv*, problem (1) has a weak solution u, = te1 + v, with t € (t1,t2)
andv € X.

As a direct consequence of Theorem 2.1, we may establish a multiplicity result for (1) when (Hj) is satisfied
on disjoint open intervals (fg;-1,%2;),1 < j < k. Note that this implies (H, ) is satisfied on each interval
(taj,t25+1),1 < j < k — 1. Tt is worthwhile mentioning that when dealing with the hypothesis (H) for p # 2,
unlike in [4], we may not rely on the Lyapunov-Schmidt reduction method since problem (1) involves the quasilinear
p-Laplacian operator. In the next result, we obtain the existence of another solution of problem (1) applying the
Mountain Pass Theorem. We note that one of the most important difficulties we face when applying minimax

methods is exactly to establish the region where the minimax critical point is located.

Theorem 2.2. If h, satisfies h,,(x,0) >0 a.e. inQ, (Hy), (H, ) on the interval (t1,t2), with t; >0, and (H,") on
the interval (t2,t3), then there exist positive constants p*, v* such that, for every u € (0,u*) and |A — A\| < pv*,
problem (1) has two nonnegative nonzero weak solutions uL = 1701 + v, with v; € X,1 = 1,2, and 71 € (t1,t3),
Ty € (ta,13).

As an application of the above result we may establish the existence of k& nonnegative nontrivial solutions
for problem (1) when the hypotheses (H, ) and (H,') are satisfied on consecutive open intervals. For example,

supposing

(H,)k hy satisfies hy(z,s) — ho(z, s0), as (i, s) = (0, s0), for every so € R, a.e. in £, and there exist £ € N and
0<t) <ty <--- <t <tggy such that

[/ hO(Ivthol)‘Pldx] [/ h0($7tj+1801)501d$} <0,1<j<k, and /hO(xvtk+1901)§01d$ <0,
Q Q Q

we may state:

Corollary 2.1. If h, satisfies h,(z,0) > 0, a.e. in ), (Hy) and (H,)k, then there exist positive constants p* and v*

such that, for every u € (0,u*) and |A — A\1| < pv*, problem (1) has k nonnegative nonzero solutions {u}t, e ,u/’i .
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Abstract

In this work we prove a result on the existence of weak solutions for a elliptic problem

i=2
ZM’(/ [VulPt dz)Ap,uxo, = f(x,u)\u|i<(i)), withi=1,2, pr =2,po =pand Q= UQQ.
i=1 24

We establish that this problem shows a convex concave nature for certain exponent « of the nonlocal source
with 1 < < p— 1. We obtain our result by applying Galerkin’s approximation and the theory of the variable

exponent Sobolev spaces.

1 Introduction

We are concerned with the existence of solutions to the following system of nonlinear elliptic system

—Ml(/ Vul do)Au = F@)ll'S) i o
Qo

_MQ(/ IVul? de)Apu = f@)]ulT) in 0
Qo

ou ou
2dp) == = p 7. _
M1(/Ql |Vul dﬂC)aV M2(/92 [Vul dm)ay . ulg, =vlg, on T
u=0 on O

where 2 is a bounded domain in R® , N > 1, which is split into two subdomains Q = m , U N2 =0 (we
assume that Q; and )y are Lipschitz), s, ¢, f € C(Q) for any z € Q, p > 2; M; : [0, +o0[— [mg;, +ool, i = 1,2
are continuous functions. We confine ourselves to the case where M; = My = M with mg; = mga = mg > 0 for
simplicity. Notice that the results of this work remain valid for M; # M.
For the case My = My =1, f(s) = Au?, 2 < ¢+ 1 <pand t(z) =0 the problem (1) can be rewritten involving
the p(z)-Laplacian, that is

— div(|Vu[P®)=2Vu) = f(u) xz €,

u=20 on 0f).

with a discontinuous exponent
2 if xeQy,

p(z) = , :
p>2 if zeQs.

Problems that involve the p(x)-Laplacian with a discontinuous variable exponent, which is assumed to be constant
in disjoint pieces of the domain (2, are recently used to model organic semiconductors (i.e., carbon-based materials
conducting an electrical current). In these models p(x) describes a jump function that characterizes Ohmic and non-

Ohmic contacts of the device material,see [2]. The study of Kirchhoff type problems has been receiving considerable
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attention in more recent years, see [1] and references therein. This work is devoted to the study of operators with
a power nonlinearity on the right hand side that has a concave-convex nature with respect to the Kirchhoff type
operators. That is, convex (superlinear) for the Laplacian and concave (sublinear) for the p-Laplacian, see [3].

Motivated by the above works and especially [3], we consider (1) to study the existence of weak solutions.

2 Main Results

We are ready to state and prove the main result of the present paper
Theorem 2.1. Suppose that the following conditions hold
M) M : [0, +oo[— [mo, +00[ , is a continuous function .
(fo) f: QxR —= R is a continuous function satisfying the following condition
[f(s)] < erls|*™7), VaeQseR,

for some a € C(Q) such that 1 < at < p forz € Q, a™ = maxa(z) and c; >0 .
zeQ)

(fi) f)t <alt|]*®, Y(x,t) € Q x R, where a > 0

(h) t e C(Q), s € CL(Q) with
tt+at <p, tT =maxt(z), sT <p.
zeQ
Then (1) has a weak solution.

Proof: We apply the Galerkin method and a well known variant of Brouwer’s fixed point theorem., in the setting
of the Sobolev spaces with variable exponents.
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Abstract

In this paper we deal with the following class of Hamiltonian systems given by —Au = ¥, —Av =
f(z,u) in Q@ and u = v = 0 on 09, where Q@ C RY with N > 3 is bounded with smooth boundary, p = 2/(N —2)
and f has either subcritical or critical behavior of Trudinger-Moser type. We prove existence of nontrivial solution

for this system using variational methods on an equivalent higher order elliptic problem.

1 Introduction
In this work, we use reduction by inversion to study a hamiltonian system of the form

—Au =P in €,
—Av = f(x,u) in €, (1)
u =uv=0 on 01,

where 2 C RY with N > 3 is bounded with smooth boundary, p = 2/(N — 2) and f has a critical or subcritical

behavior of Trudinger-Moser type. We detail the assumptions on f in the next section. Here and throughout this
paper, s* = |s|Fsgn(s), which are the odd extensions of the power functions.
Putting v = (fAu)l/ P we apply variational methods to prove existence of a nontrivial solution for a class of

elliptic problems of fourth-order given by:

—A [(—Au)l/p} = f(z,u) in £,
u =Au= 0 on aQ,

(2)

which is equivalent to system (1). This problem has been object of study of many researchers in the last decades.
Supose that f(x,s) ~ s? uniformly in = € Q, where f ~ g means that |f(s)| = O(|g(s)|) as |s| — oo. Then, it is
well known since the 90’ that one can treat these systems with variational methods if (p, q) lies below the so-called
critical hyperbola given by 1/(p+1)+1/(¢+ 1) =1 — 2/N with p,q > 0. For more details, see [1] and [4].

The novelty here is that we treat the case p = 2/(IN —2) which lies in an asymptote of this celebrated hyperbola.
Notice that in case 0 < p < 2/(N — 2), ¢ is free to assume any positive value, so a natural question arises: what
is the maximum growth condition allowed to f(z,s) in order to treat this problem variationally? In 2004, de
Figueiredo and Ruf [2] studied the case 0 < p < 2/(IN —2) and were able to prove that there is a nontrivial solution
to this system where no growth condition, other than the famous Ambrosetti-Rabinowitz assumption, is required
to f(z,s). Ruf [5], in 2006, proved that in this limiting case p = 2/(N — 2), exponential growth is necessary
to the nonlinearity f(z,s) and treated the case N = 3 using direct variational framework in a product space of
appropriated Lorentz-Sobolev settings, but only for f(x,s) having subcritical growth related to this exponential

behavior. We aim to study the limiting case with f(x,s) lying in the critical or subcritical range and with N > 3,
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which completes both mentioned results. We apply the reduction by inversion method and consider problem (2),
which can be treated variationally in a proper second order Sobolev Space with Navier boundary conditions.

2 Main Results
Suppose that f is a continuous functional in © x R satisfying:

(f1) subcritical: For all « > 0, we have lim f(@,u)

u—r+00 eaUN/N72

.. . . T,u 0, ifa<a
or critical: There exists o such that lim % = T 0
u—-o00 QU 400 if a > ag

= 0, uniformly in 2 € Q.

, uniformly in z € Q.

N—2

(f2) f(z,t) =o0(t 2z ) as t — 0 uniformly in x € Q.

(f3) 3R> 0and M > 0 such that V|t| > R,Yz € Q, 0 < F(z,t) = [5 f(a,7)dr < M|f(z,1)|

2 (/30
dNLUN(N—2) ap

d = sup{k > 0; Jz¢ € Q such that B(zo, k) C Q}.

) (N—2)/2
(f4) t_l}iinoo tf(z, t)e_aotN/N ’ > v > ) , uniformly in € Q, where d > 0 is given by

Our main results are the following
Theorem 2.1. Under the hypothesis (fo), (f1 subcritical ), (f2) and (f3), Problem (2) has a nontrivial solution.

Theorem 2.2. Suppose that conditions (fo), (f1 critical ), (f2), (fs) and (fa) hold. Then, Problem (2) has a

nontrivial solution.

In the subcritical case, the problem is easier to handle and we give full proofs of existence of solution. For that,
we rely on an Adams’ inequality developed by Tarsi [6] for the case of homogeneous Navier boundary conditions.
For the critical case, we use the results of Concentrarion Compacteness Principle obtained in [3] and follow their

techniques to ensure that there exists also a nontrivial solution for the problem.
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Abstract

In this work we establish the existence of weak solution to the following class of fractional elliptic systems

(—=A)u+a(z)u = Fu(z,u,v), =€RY,
(—A)*v + b(x)v = Fy(z,u,v), xRN,

where s € (0,1), the potentials a, b are bounded from below and may change sign. The nonlinear term
F € C*(RY x R%* R) can be asymptotically linear or superlinear at infinity. It interacts with the eigenvalues of

the linearized problem.

1 Introduction

Recently, great attention has been paid on the study of fractional and non-local operators of elliptic type, both
for the pure mathematical research and in view of concrete applications, since these operators arise in a quite
natural way in many different contexts, such as the thin obstacle problem, optimization, finance, phase transitions,
anomalous diffusion, crystal dislocation, semipermeable membranes, conservation laws, ultra-relativistic limits of
quantum mechanics, see for instance [1, 2] and references therein.

In this work we deal with the following class of fractional elliptic systems of gradient type

(—=A)*u+ a(z)u = Fy(x,u,v), xRN,
v+ b(z)v = Fy(z,u,v), xR,

where s € (0,1), N > 2s, (—A)*® denotes the fractional Laplace operator which may be defined as

: u(x) — u(y)
(=A)’u(zx) := C(N,s) lim RESF dy,
e—0t RN\ B, (x) |.’L‘ — yl
where C(N, s) > 0 is a normalizing constant which we omit for simplicity. Such class of systems arise in various
branches of Mathematical Physics and nonlinear optics (see for instance [3]). Solutions of System (1) are related
to standing wave solutions of the following two-component system of nonlinear equations.

We suppose that the potentials a and b satisfy:

(Hy) there exist ag,byp > 0 such that a(x) > —ag,b(z) > —by for all z € RY. Moreover, a(z)b(x) > 0, for all
xz € RN;

(Hs) p({z €
mathbbRY : a(z)b(x) < M}) < oo, for every M > 0, where p denotes the Lebesgue measure in RY;

(Hj3) there hold

2 2d 2 b 2d
g (U A g g (PR
a RN b RN
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The basic assumptions on the nonlinearity F' are the following:
(Fy) F € C*RYN x R2R);
(Fy) there exist ¢j,c2 > 0,2 < o < 2 and v € LY(RY), for some ¢ € [2N/(N + 2s),2] such that

IVF(z,2)| < c1]2]77 + eolz| +9(z), V (2,2) € RY x R?;

(F3) there exist functions a, 8 € L>(RY) and c3 > 0 such that

1Pl 0)] < csfulle] + g+ 2 e

5 Yz eRY, (u,v) € R?

where «, 3 satisfy

limsup a(x) = aoo < Ka, limsup f(z) = foo < Kp.
|z|—o00 |z|—o00

We also consider the following hypotheses:
(Fy) there exists Ao, € LY(RYN) N L2(RY), § > N/(2s), such that

F(z,u,v) — Aso(x)uv

m
|(w,0) | =400 |(u, v)]?

=0, uniformly for a.e. z € RY;

(NQ) there exists I' € L' (R") such that

I1|im VE(z,u,v) - (u,v) — 2F(x,u,v) = 00, for a.e. z € RV,
vl -0

VF(x,2) 2z —2F(x,z) > T'(2), V(z,2) € RN x R%

where w - z denotes the usual inner product between w, z € R2.

2 The Main Result

The first result of this work can be stated as follows:

Theorem 2.1. Suppose that (Hy) — (Hs) hold. If F' satisfies (F1) — (F3), (Fs) and (NQ), then System (P) has
at least one solution.
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Abstract

The purpose of this article is to obtain weak solutions for p(x)-fractional kirchhoff problem with a nonlocal
source. Our result is obtained using a Fredholm-type result for a couple of nonlinear operators and the theory

of the fractional Sobolev spaces with variable exponent and the fractional p(z)-Laplacian.

1 Introduction

In this paper we discuss the existence of weak solutions for the following nonlinear elliptic problem involving the
the fractional p(z)-Laplacian

Ju(x) — u(y) Py i .
//MP z,y) |N+sp(:1:,y) dy)Lu = f(x, U)‘UF;((I) in Q,
u=0 on 99, )

where Q is a bounded domain in R™ with a smooth boundary 9, and N > 1, p,s,t € C(Q) for any = € Q, p > 0;

M :RT — R* is a continuous function, f is a Caratheodory function, the operator £ is given by

pv/'“ —uly |p<w> *(u(s) ~ uly) ,

y|N+€p(T Y)

where is P.V. is a commonly used abbreviation in the principal value sense , 0 < s < 1 and p: Q x Q —]1,00[ is a
continuous function with s.p(z,y) < N for any (z,y) € Q x Q .

The study of differential and partial differential equations with variable exponent has been received considerable
attention in recent years. This importance reflects directly into various range of applications. There are applications
concerning elastic mechanics, thermorheological and electrorheological fluids, image restoration and mathematical
biology, see [1]. Also, problems involving fractional Laplace operator has become an interesting topic since they are
arises in many fields of sciences, notably the fields of physics, probability, and finance, see for instance [3]. Recently,
the existence and multiplicity results of weak solutions for nonlocal fractional p(.,.)-Laplacian problem have been
studied in [4] . Motivated by the above works and [4], we consider (1) to study the existence of weak solutions; we
note that this problem has no variational structure and to solved it, our method is topological and it is based on a

result of the Fredholm alternative type for a couple of nonlinear operator [2].

2 Main Results

We are ready to state and prove the main result of the present paper
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Theorem 2.1. Suppose that the following conditions hold

M) the function M : RT — RY is a continuous function and there is a constant mg > 0 such that

M(t) > mo for all t>0.
(F) f: QxR —= R is a Caratheodory function satisfying the following conditions
|f(z,8)] < 1 +eals|®®Y), VeeQseR,

for some a € C4(Q) such that 1 < a(z) < pi(z) for x € Q and c1,ca are positive constants. Then (1) has a

weak solution.

Proof: We apply theorem 2.1 of [2], in the setting of the fractional Sobolev spaces with variable exponents.
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Abstract

In this work, we consider z € RY, s € (0,1), p € (1, —|—oo) N > sp, a € (0,sp), and p < pm. The
Gagliardo seminorm is defined by u — [ulsp = (fon [an [u(@) — u()|?/|z —y|/N TP dxdy)l/p, and the best
Hardy constant is defined by pup := inf, ¢ pe.p @y oy [U ]sp/||u|\’s'yp > 0; finally, the Sobolev space is denoted by
D*P(RY) = {u € LPS (RN): [u)sp < co}. Our main goal is to prove that the best Hardy-Sobolev inequality,

P
: . x s . .
defined by m = inf, ¢ psrrny ([u]g’p - MfRN [ul? /| 2z|P? d:r) + (fRN [P (@) /|| dw) Pt is attained by
u#0
a nontrivial function v € D*P(RY). To do this, we use a refined version of the concentration-compactness

principle.

1 Introduction and main result

The fractional p-Laplacian operator is a non-linear and non-local operator defined for differentiable functions
uw: RV — R by

A el 9 L ju() — u(y) P~ (u(zx) - u(y))
oyt =2 Jim S dy,

where 2 € RY, p € (1,+00), s € (0,1) and N > sp.

Non-local problems involving the fractional p-Laplacian operator (—A,)® have received the attention of several
authors in the last decade, mainly in the case p = 2 and in the cases where the nonlinearities have pure polynomial
growth involving subcritical exponents (in the sense of the Sobolev embeddings). For example, consider the problem
with multiple critical nonlinearities in the sense of the Sobolev embeddings and also a nonlinearity of the Hardy

type, which consistently appears on the side of the nonlocal operator,
[ulP~2u  |u pe(@)=2y,

|[Ps

p:(ﬁ)fzu |u
x|B

(—Ap)*u - (z € RY) (1)

x‘(x

where s € (0,1), P € (1,400), N > sp, a € (0,sp), 5 € (0,sp) with 8 # «, p < py (the constant py is defined
below) and p*(a) = (p(N — «)/(N — ps); in particular, if &« = 0 then p%*(0) = p* = Np/(N — p).

The choice of the space function where we look for the solutions to problems with variational structure such
as problem (1) is an important step in its study. Let Q@ C RY be an open, bounded subset with differentiable
boundary. We consider tacitly that all the functions are Lebesgue integrable and we introduce the fractional Sobolev
space Wy P(Q) := {u € LL (RY): [uls,, < +00; u =0 a.e. RV\Q} and the fractional homogeneous Sobolev space
D*P(RN) = {u € LP*(RY): [u]s,, < 0o} D WiP(Q). In these definitions, the symbol [u]s , stands for the Gagliardo

seminorm, defined by
)|p dxd v € C, RN
R e (\/Rl /RN |x |N P ! y) (u 0 ( ))'
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For p € (1,+400), the function spaces WP (2) and D*P(RY) are separable, reflexive Banach spaces with respect
to the Gagliardo seminorm [- | .

The variational structure of problem (1) can be established with the help of the following version of the Hardy-
Sobolev inequality, which can be found in the paper by Chen, Mosconi and Squassina [5]. Let s € (0,1), p € (1,400)
and « € [0, sp) with sp < N. Then there exists a positive constant C' € Ry such that

p:‘ /Z)a )|p l/p
dx dx d
( e ) (/ / |a:—y|N+ps y)

for every u € W;P(Q). The parameter p*(«) is the critical fractional exponent of the Hardy-Sobolev embeddings
D=P(RN) — LP(RN;|x|~*P) where the Lebesgue space L? (R™; || ~*7) is equipped with the norm |[u| 1o &~ |z —sr) =

P 1/p
(f]RN ‘lmu‘lsp dx) . Indeed, the embeddings W;*(Q2) — L%(;]z|*) are continuous for 0 < a < ps and for
1 € ¢ < p*(«a); and these embeddings are compact for 1 < ¢ < p%(a). Moreover, the best constants of these

embeddings are positive numbers, that is, pg = inf ¢ pes gy [u ]s7p/||u||Lp(RN_‘m|,Sp) > 0.
u#0
A crucial step to prove the existence of solution to problem (1) is to show that the following result, which has

an independent interest.

Theorem 1.1. The best Hardy-Sobolev constant, defined by

uf?
P d

1 - / o

P 9

= inf

K(p, ) wepsP@®Y)
u#0
(L

is attained by a nontrivial function u € D%P(RY).

To prove Theorem 2.2 we use a refined version of the concentration-compactness principle.
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Abstract
Neste trabalho, estabelecemos existéncia e propriedades qualitativas de solugoes to tipo ondas estaciondrias
para uma classe de equacbes de Schrédinger quaselineares em R?. Tais equactes envolvem néo linearidades com
crescimento critico exponencial e um parametro positivo. Apds uma mudanca de variaveis, obtemos uma solugao
no espago de Sobolev usual, quando o parametro é pequeno. Os resultados sdao obtidos por meio de métodos

variacionais, combinados com estimativas do tipo Nash-Moser.

1 Introducao

Neste trabalho, estamos interessados em solucoes positivas para equagoes de Schrodinger quaselineares da forma
— Au+ V(z)u+ g[A(UQ)]u =h(u) em RZ 1)

onde k é um parametro positivo, h : R — R é uma funcao localmente Holder continua tendo crescimento critico
exponencial e o potencial V : R? — R é uma funcdo continua, com infimo positivo e que converge a uma constante
no infinito.

H4 poucos resultados conhecidos na literatura sobre existéncia de solugoes para (1) quando xk > 0. Ambrosetti
e Wang em [1] consideraram perturbacgoes da equacao quaselinear —u' + V (z)u + x(u?)"u = Au? em R onde ¢ > 1,
A > 0 e k é um parametro real. Usando métodos variacionais os autores provaram que existe kg > 0 tal que para
K < Ko esta equacdo tem uma solugao positiva u € H!(R). Recentemente, Alves, Wang e Shen em [3] usaram uma
mudanga de varidveis, diferente da que vem sendo usada para k negativo, para lidar com o problema (1) quando
k> 0e N > 3. Considerando nao linearidades do tipo h(s) = [s|P72s, 2 <p <2* e h(s) = [1 = 1/(1 4 s?)?] 5, eles
provaram a existéncia de solugdes nao triviais para (1) desde que x > 0 seja pequeno. Usando esta mudanca de
varidveis hé alguns resultados posteriores, ainda considerando dimensées N > 3 (veja [2, 6, 5]). Em [2], os autores
consideraram potenciais que podem se anular no infinito e trataram de néao lineraridades no caso superlinear. Em
[6], o autor tratou de ndo linearidades da forma h(s) = A|s[P72s + |s]972%s com p > 2%, 2 < ¢ < 2* e provou a
existéncia de solugbes positivas para (1) quando &, A > 0 sdo pequenos. Em [5], os autores estudaram (1) com uma
nao linearidade h(s) assintoticamente linear ou superlinear no infinito. Além disso, eles provaram uma identidade
de Pohozaev e obtiveram um resultado de nao existéncia de solugao.

No presente trabalho, para k > 0 e N = 2, assumiremos as seguintes hipéteses sobre o potencial V € C(R?%, R):

(V1) Vo :=inf,epe V(z) > 0;
(V) existe uma constante Vo > 0 tal que V(z) < Vi para todo z € R? e lim|g| o0 V(2) = Vio.

- - . 0, . .
Com relacao ao termo nao linear h € C;”7(R*,R), assumiremos que este satisfaz:

loc

(caq) (crescimento critico exponencial) existe ag > 0 tal que

. h(s) 0 if o> ag,
lim —% = i
s—+oo ¥ +o00 if a<ag.
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Além disso, assumiremos as seguintes condigoes:

(h1) lim h(s)/s = 0;

s—0t

(h2) (Ambrosetti-Rabinowitz) existe p > 2 tal que 0 < pH(s) := ,ufot h(s) s < sh(s) para todo s > 0.

(hs) existem p > 2 e £ > 0 tais que H(s) > £sP para todo s > 0, onde

3aou(p — 2)]@—2)/1’ {4(1 + vc,o)r/2
¢ [ p—2 p '

2 Resultado Principal

Teorema 2.1. Suponha que (V1) — (Va), (Cay), (1) — (h3) sdo satisfeitas. Entao existe ko > 0 tal que (1) admite
uma solugdo positiva u, € H*(R?) N L>(R?) para todo k € (0, k).

Prova: Consideramos um problema auxiliar:
— div (¢*(u)Vu) + g(u)g'(w)|Vul* + V(z)u = h(u) em R? (1)

com ¢(t) = V1 — kt? para |t| < 1/v/3k. Buscamos uma solugdo para a equacao (1) satisfazendo |lullco < 1/V3k,
de modo que u, é uma solugdo para (1). Para garantir que (1) tem uma soluc¢do néo trivial com esta estimativa
em L, usamos uma mudanga de varidveis, apresentada em [3], e aplicamos técnicas minimax juntamente com o

método de iteracao de Nash-Moser ao problema semilinear

G ') _ h(G )
(G0~ 9GTW)

onde G ¢é primitiva de g. Para detalhes da prova, nos referimos a [4].

—Av+V(x) em R?
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Abstract
We study the following class of Kirchhoff-Schrédinger-Poisson systems

m([u)2)(=A)*u + V (x)u + k(z)pu = f(z,u), = €R3,
(—=A)P ¢ = k(z)u?, z € R,

where [ - ]o denotes the Gagliardo semi-norm, (—A)® denotes the fractional Laplacian operator with «, 8 € (0, 1],
4o+ 26 > 3 and m : [0, +00) — [0, 4+00) is a Kirchhoff function satisfying suitable assumptions. The functions
V(x) and k(x) are nonnegative and the nonlinear term f(x,s) satisfies certain local conditions. By using a
variational approach, we use a Kajikiya’s version of the symmetric mountain pass lemma and Moser iteration

method to prove the existence of infinitely many small solutions.

1 Introduction

In recent years, systems of the form

(1)

—Au+V(z)u + ¢u = f(z,u), z€R3,
—A¢p =u?, r € R3,

have been studied by many researchers. In (1), the first equation is a nonlinear Schrédinger equation in which
the potential ¢ satisfies a nonlinear Poisson equation. We call attention to the work of G. Bao [1], where it was
studied the existence of infinitely many small solutions. There are some works concerned with the following class

of nonlinear fractional Schrodinger-Poisson systems

{ (—A)u+ V(x)u + k(z)pu = f(z,u), z € R3, @)

(—A)7¢ = k(z)u?, z € R%,

where «, 8 € (0, 1]. For instance, in [4], W. Liu has studied the case when a, 3 € (0,1), V(z) = 1, f(x,u) = |ul[P~ u,
kE(x) =V (|z]) and 1 < p < (3 + 2a)/(3 — 2c¢). By considering a general nonlinear term, K. Li [3], studied the case
when k(x),V(z) =1 and «, 8 € (0,1] with 4o + 28 > 3. In a similar fashion, R. C. Duarte et al. [2] studied (2)
under more general conditions, where it is assumed a positive potential V' (z) which is bounded away from zero, and
an autonomous nonlinearity with 4-superlinear growth. To the best of our knowledge, there are few works concerned
with this class of fractional Schrédinger-Poisson equations with the presence of Kirchhoff term and o € (0, 1].
Motivated by the above discussion, we study the following class of fractional Kirchhoff-Schrodinger-Poisson
equations
{ m((l2)(~2)%u+ V(@) + k(@)gu = f(z,u), @ R, -
(—A)P¢ = k(z)u?, x € R3,
where «, 8 € (0,1] such that 4o + 28 > 3. We suppose that k(x) and V(x) are nonnegative functions, where the
potential V(x) is locally integrable. In addition, we assume the following hypotheses:
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(K) ke L"(R3) U L>*(R3) such that

T>T*:=ﬁ7 1f40{+2/8>3,
r=7T, = 00, if 4o + 28 = 3.

(V1) There exists 6y > 0 such that for the level set G5, := {z € R®: V(z) < &p}, we have 0 < |Gs,| < oo.

(V2) For each § > 0 and level set Gs := {z € R3: V(z) < §}, we have 0 < |Gs| < oo.

We suppose that the Kirchhoff function m € C(R, Ry ) satisfies the following assumption:

(M) m(t) > mg > 0, for all ¢ € [0, +00) and there exist constants ay,az > 0 and ¢ty > 0 such that for some o >0
¢ a
M(t) := / m(r) dr < art + ?2#’*2, for all ¢ < to.
0

On the nonlinear term f(x, s), we suppose the following local conditions:

(f1) f € C(R3 x [-d1,61],R) for some §; > 0 and there exist v € (1,2), u € (3/(2c),2/(2 — v)) and a nonnegative
function ¢ € L#(R3) such that

|f(z,8)] < vé(x)|s]t, forall (z,s) € R®x [~d1,6,].

(f2) There exist 2o € R? and a constant 79 > 0 such that

liminf< inf F(m,s)) > —oo and limsup< inf F(ac,s)) = +4o0.

s=0 \@€By(z0) 2 s—0 \@€By (x0) S

(f3) There exists §2 > 0 such that f(z, —s) = —f(z, s), for all (z,s) € R® x [z, 2]

2 Main Result

Theorem 2.1. Suppose (K), (V1), (V2), (M), (f1)-(f3) hold. Then, System (1) has infinitely many non-trivial
solutions (Un, Op)nen such that u, — 0 as n — 400 and

1 1 1
“M([un)?2)+ = | V(@)udde+ = | k(z)py,u? de — / F(z,up,)dz <0.
2 2 Jes 4 Jgs " s
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Abstract

In this talk we give a self-contained and simple approach to prove the existence and uniqueness of a weak
solution to a linear elliptic boundary value problem with drift in divergence form. Taking advantage of the
method of continuity, we also deal with the relative dual problem. The complete results and proofs can be found
in [3].

1 Introduction

In this talk we present existence and uniqueness result of solution to the following boundary value problem

—div(M (2)Vu) = —=div(u E(z)) + F, in €,
u =0, on O,

where ) is a bounded, open subset of RY with N > 2, M(x) is a measurable matrix such that

AP < Mz)E-€ |M(z)|<B, aezecQ, VEERY, (2)
FeWw13Q) (3)

and
E e (LN (). (4)

If the || E| L~ (q) is not too large with respect to a or div(E) = 0, the existence of a unique weak solution of (2.3),
that is

weWs@): | M)Vuvi= / wE(x)Ve + (F, o), (5)

for any V ¢ € WO1 -2 (), is an easy consequence of the Lax-Milgram theorem.
If no assumptions on the size of || E|| LN () are required, the problem is studied in [5], even for nonlinear principal

part, by using the theory of rearrangements and in [1]. The key point in the approach used in [1] is the estimate

[/Qllog(1+IUI)l2Ta < 821a2/Q|E|2+%/Q|F(x)|, 6)

where S is the Sobolev constant.

Here we propose an alternative approach to solve (5) based on the classical a priori estimate

[ullwiz) < CollFllw—12(0), (7)
0 (@)

where the constant Cy does not depend on u neither on F.
The estimate (7) is obtained by contradiction, with a shorter proof than the ones given in [5] and in [1].
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Moreover, due to the simple form of the inequality (7), it is natural to study the existence of a weak solution of
the dual problem
—div(M*(z)Vv) =Vv-E(z)+G, in Q,
v =0, on 01,

(8)

that is

v e Wol’Q(Q) : M*(z)VuVe = E(z) -Vve+ (G, ¢), (9)
Q Q

for any ¢ € W2(Q). Here M*(z) denotes the transpose matrix of M (z), E(z) satisfies (4) and
GeWw Q). (10)

We point out that due to the noncoercivity of the differential operators, the duality method is not so straightforward.
Neverthelees, the estimate (7) and the duality between the two drifts terms

/ uE(x)Vy and / E(x)-Vvy with o € W 12(Q)
Q Q

allow us to obtain an a priori estimate for any solution of (9) and, as a consequence, using also the method of
continuity, we will prove the existence and uniqueness of solution of the dual problem (9).

For other existence and regularity results we refer to [4], [6] .

2 Main Results

Theorem 2.1. Let the assumptions (2), (3) and (4) be satisfied. Then, there exists a unique solution u € Wy (Q)
of the problem (5).

Moreover, assuming (10), there exists a unique solution v € Wy> () of the dual problem (8).
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1 Introdction

A question was proposed in the CR geometry context by Jerison and Lee in [4]. Precisely:

The CR Yamabe Problem. Given a closed CR manifold (M, 6) of dimension 2n + 1 > 3, find a contact form

conformal to 6 with positive orientation and constant Webster scalar curvature.

The CR Yamabe problem was partially solved by Jerison and Lee, in the deep works [3], [4], [6], [5], for a
closed CR manifold of dimension greater than 3 and non-locally CR-equivalent to the CR sphere. In short, given
a compact CR manifold M of dimension 2n + 1 > 3, they proved the existence of a geometric invariant A(M),

analogous to the Yamabe invariant in the Riemannian geometry context, satisfying:
(a) A(M) depends only on the CR structure on M;
(b

(c
(d

)\(M) < )\(SQn—H)7 where §27t1 denotes the CR, sphere in Cn-i-l;

)
)
) if M is not CR-equivalent to S?"*! and n > 1, then A\(M) < A\(S?"T1);

) if (M) < A(S?"*1), then M admits a conformal pseudo-hermitian structure with constant Webster scalar

curvature.

The remaining cases n = 1 or CR manifolds locally CR~equivalent to the CR sphere in any dimension 2n+1 > 3
were completed by Gamara and Yacoub in the works [1] and [2].

Let (M,6) be a closed, connected, pseudo-hermitian CR manifold. We defined the Second CR Yamabe
Invariant as .

p2(M,0) = inf A (0)V5""",
0elo]

where )\2(9~) is the second eigenvalue of the CR Yamabe operator. We obtained the following result in the CR
geometry context ([8]).

Teorema 1.1. Let (M,0) be a closed, connected, strictly pseudo-convex pseudo-hermitian CR manifold, with
dimension 2n + 1 > 3 and py(M,0) = A(M) > 0. Then uz(M,0) < pz(S*>**1)). Furthermore, equality occurs
if and only if (M, ) is locally CR equivalent to the CR sphere S*"T1.

W establish some properties of the eigenvalues of the CR Yamabe operator. We extend their definition to what
we call generalized pseudo-Hermitian structure when possible and prove that sign is conformal invariant. Our main
results are the following theorems

Teorema 1.2. Suppose (M, 0) is a compact, strictly pseudoconvezx, 2n + 1-dimensional CR manilfold. If n > 3 and
w(M.0) <0, then
/1'2(M70) < N(SQTL-H)v

where u(S?"*1) is realized by ”standard” pseudo-Hermitian form 0.
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Teorema 1.3. Let (M, 0) be a compact, strictly pseudoconvez, 2n+ 1-dimensional CR manifold such that Ao(6) > 0
and py(M,0) < 0 with ps(M,0) < p(S**1). Suppose also that there is Bo(M,0) > 0 such that

Jar (Pl V rrul[§ + Bo(M, 0)u®)dVy
(fM updVO)%

with w € SF(M)\{0}. Then there exists a non-negative function u € LP(M) that we normalize by [,, uPdVy =1

and a function w which verifies in the sense of distribution the following equation

N(S2n+1) S

(1)

Low = MQ(M,9)|u|p_2w (2)
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Abstract

Neste trabalho, estudamos resultados de existéncia de solugao positiva para a seguinte classe de problemas
elipticos :
—div(a(|Vul)|[VulP>Vu) = f(u) em Q, u=0 sobre 99,

onde € é um dominio limitado do RY com N >3 e 1 < p < N. As hipéteses sobre a funcio a nos permitem
estender o nosso resultado para uma grande classe de problemas e a fungdo f possui crescimento critico expo-
nencial. As principais ferramentas utilizadas sdo Métodos Variacionais, Lema de Deformacao e Desigualdade de

Trundinger-Moser.

Palavras-chave: Crescimento critico exponencial, Métodos Variacionais, Desigualdade de Trudinger-Moser.

1 Introducao

Neste trabalho estudamos existéncia de solugoes positivas de energia minima para o problema

) { —div(a(|VulP)|Vul[P~2Vu) flu) em @,

u = 0, sobre 01,

onde Q C RY é um dominio limitado e 1 < p < N. As hipéteses sobre a funcio a sdo:

a1) A funcdo a é de classe C" e existem constantes ki, ks, ks > 0 e ko > 0 tais que

ki1 + k2t¥ <a(t) <ks+ k4t¥, para todo t > 0.

1 1 ‘
az) As fungoes t — a(tP)tP, ];A(tp) - Na(tp)tp sao convexas em (0, 00), onde A(t) = / a(s)ds.
0

a(tP)
t(N—p)
E existe uma constante real v > % tal que

as) A funcio t+— é nao crescente para todo ¢t > 0.

A(t) > —a(t)t, para t>0.

=~

As hipéteses sobre a fungdo f: R — R continua sio:
f1) Existe ag > 0 tal que

t t
L)N:O para a > ag e lim L)N:—Foo para a < ag;
t—+o00 exp(a|t‘7N—1) t—+o0 eXp(am—Nﬂ)
t
f2) A fungao f verifica o limite lim & =0.
t—0+ tP—1
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f3) Existe 0 > py tal que 0 < 0F(t) < f(t)t, V t > 0 em que v é a mesma constante que aparece como
consequéncia de ag) e F(s) = / f(t)dt.
0
£1) A funca RIONY t (0, 00)
4 ungdo =gy ¢ crescente em (0, 00).

f5) Existem r > N, 7> 7% e § > 0 tais que f(t) > 7t""!, V ¢ >0, onde

N—-1 o N—-1 ;
7% :=max{ 1, l2 Opye, Nr(r = p)(ao +9) ] )

ka(0 — py)(r — N)pray

¢ = inf I,
N
k k 1
Ir(u):f/ \Vu|de+N4/ |Vu|Ndx—;/ |u|"da
Q Q Q
€

N, = {u eWyNQ) e u#0: I(u)u = O} .
2 Resultados Principais

Teorema 2.1. (Subcritico) Assumindo as condi¢oes (a1) — (as), (fi) com ag =0 e (f2) — (f1), o problema (Py)
tem solugao positiva com energia minima.

Teorema 2.2. (Critico) Assumindo as condigées (a1) — (asz), (f1) com ag >0 e (f2) — (f5), o problema (Py) tem
solugdo positiva com energia minima.
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Abstract
This talk is based on [2] where we prove the existence of coexistence states for a nonlocal singular elliptic
system that arises from the interaction between amoeba and bacteria populations. For this, we use fixed point
arguments and a version of the Bolzano’s Theorem, for which we will first analyze a local system by bifurcation
theory. Moreover, we study the behavior of the coexistence region obtained and we interpret our results according

to the growth rate of both species.

1 Introduction

In this work, we deal with the existence of coexistence states of the following nonlocal singular elliptic system:

—Au = M —u? — buw in Q,
d
—Av =6v Jo u(z)v(z) de _ Wy Q, (1)
Jov(z) dx 14w
u=v=0 on 01,

where X, d,7,b > 0 and Q is a bounded and regular domain of RV, N > 1. This system is the stationary counterpart
of a reaction-diffusion-chemotaxis predator-prey mathematical model proposed in [3] to understand the interaction
of two populations, one of amoebae and one of virulent bacteria. The main characteristic of the model is that
predation of the amoeboid population on bacteria is governed by a nonlocal law through the integral term, this is
due to fact that amoebae behave like a sole organism when food supply is low, in order to redistribute the food
among all cells (see [3] and [5] for more details).

Observe that system (1) possesses a singular term, which makes our study even more complex. In fact, due to
the presence of the singular term, we can not apply directly classical bifurcation results for systems, as in [4], for
instance. Thus, to solve (1), we will follow the ideas contained in [1], which consist of transforming the nonlocal
and singular system (1) into a local and nonsingular system. More precisely, note that to obtain a coexistence state

(u,v) for (1) is equivalent to obtain the coexistence state (u,v) of the local system:

—Au=X u—u®>—buv in Q,

~Av=0Rv- 1 i Q 2)
14w
u=0v=0 on 01,

with
fQ u(z)v(z) dr
Jov(x)de

Hence, by Bolzano’s Theorem (see Section 3), it suffices to find a suitable continuum % (i.e. a closed and connected

R=

subset) of coexistence states of (2) for which the function

 Jqu(@)v(z) da:.

h(R,u,v) =R T o(e) da

ol
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is well defined, it is continuous and changes sign over 3. We want to emphasize that the argument above requires
the continuity of h just in ¥y. This will be very important, because we can not define h, for example, over whole
set Cp(Q), once that h has a singularity. Thus, we will apply the classical results of bifurcation for systems (more
precisely, the theory presented in [4]) to obtain a continuum of coexistence states of (2) for which the function h is

well defined, it is continuous and changes sign over such continuum.

2 Main Results
For m € L>(Q), we will denote by A\ (—A + m(z)) the principal eigenvalue of the problem:
{ —Au+m(x)u=I in Q
u=0 on 0.
We obtain the following result for local system (2):

Theorem 2.1. For each A > M\ (—A), there exists a point (R, ux,0) such that from this point emanates a bounded

continuum C* of coezistence states of (2). Moreover, there erists at least one coezistence state of (2) if, and only

if;

A (=4) A(=A +yua(z))
—5— <R< 5 :

With the help of this result, we can define h over whole continuum C™, prove that h is continuous and changes

sign over C*. Consequently, using the Bolzano’s Theorem, we show the following result for nonlocal system (1):

Theorem 2.2. For each A > A\ (—A), there exists a point F(X) > 0 such that, if
0> F(N),

then (1) has at least one coexistence state.
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1 Introduction

We prove a Pohozaev-type identity for both the problem (—A +m?)*u = f(u) in RY and its harmonic extension to
Rf 1 when 0 < s < 1. So, our setting includes the pseudo-relativistic operator v/—A + m?2 and the results showed
here are original, to the best of our knowledge. The identity is first obtained in the extension setting and then
“translated” into the original problem. In order to do that, we develop a specific Fourier transform theory for the
fractionary operator (—A + m?)*, which lead us to define a weak solution u to the original problem if the identity

/ (=A 4+ m?)*2u(=A +m?)*?vdz = (u)vdz (S)
RN RN

is satisfied by all v € H*(RY).
Comparison between the operators (—A)* and (—A +m?)%. At first sight, one supposes that the treatment

of both operators might be similar. In fact, there are huge differences between them.
(a) (—A)® satisfies (—A)*u(Ax) = A\?*(=A)%u(x), while such a property is not valid for (—A + m?)s.

(b) As will see, (—A +m?)*® generates a norm in H*(R™) and this is not the case for (—A)*. In consequence, the

adequate spaces to handle both operators are quite different.
(c) Some results about fractionary Laplacian spaces are now standard, but not so easy to find for (—A + m?)®.

Why to handle (—A + m?)* instead of v—A + m2.
In this paper we deal with a generalized version of the operator v—A + m?, namely the operator T'(u) =
(—A +m?)%u, 0 < s < 1. We study the problem

(A 4+m?su= f(u), zcRV. (1)

2 Main Results

Theorem 2.1. A solution u € H*(RY) of problem (1) satisfies

N —2s
2

XY, 2 [a@)Pde
/RN ‘(m2 A) Qu(m)‘ dz + sm? o o 1 4 =N . F(u)dz.

Theorem 2.2. The problem
(A +m?su=[uf?u in RY

has no non-trivial solution if p > 2%, where
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Theorem 2.3. The problem

(~A+m?)u=f(u) in R, (1)

when [ satisfies

(f1) f: R—=TRisaC! function such that f(t)/t is increasing if t > 0 and decreasing if t < 0;

(f2) lim@ =0 and lim

I®

=k € (m*,00];
t—0 ¢t t—oo t

(f3) lim tf(t) —2F(t) = oo, where F(t) = [y f(r)dr,

[t]—o0

has a ground state solution w € H*(RY).

Theorem 2.4. Let f: [0,00) — R be a continuous function that satisfies

(s1) f'(t) >0 and f"(t) >0 for all t € [0, 00).

(s2) Forany B € (1,25—1), there exists q € [2,2%] with ¢ > max{/, %:1)} such that f'(w) € LY B=D(RN), Yw €

H(RN).

For any 0 < s <1, N >2s and m € R\ {0}, if u(x) is a positive solution of

(A +m?)u=f(u) in RY,

then u s radially symmetric and decreasing with respect to the origin.
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Abstract

We study the existence and nonexistence results for the linearly coupled Choquard system in critical cases.

—Autu=(To*|ul?) [uf2u4+ v, —Av+v= (I *|v|")|v|7%v+ Au, xRV, (Sa)
where 0 < a < N, 0 < A <1,

1 Main Results

We consider existence and nonexistence of Ground State (GS) solutions for linearly Choquard coupled System (S,)
where N >3, a € (0, N), A € (0,1) and I, : RM\{0} — R is the Riesz potential defined by

In(7) == Aa/|z|¥ =, where A, :=T((N—a)/2)/ [l" (a/2) 7> 2"

where I' is the Gamma function.
A positive GS solution is a solution such that v > 0 and v > 0 which has minimal energy among all nontrivial
solutions. If A =0 and p = ¢, then System (S,,) reduces to the scalar Choquard equation

—Au+u= (I, |uP) |ufu, zcRY, (1)

Physical motivations arise from the case N = 3 and a = 2. In 1954, Pekar[11] described a polaron at rest in
the quantum theory. In 1976, to model an electron trapped in its own hole, Choquard[6] considered equation
(1) as an approximation to Hartree-Fock theory of one-component plasma. In particular cases, Penrose [12]
investigated the selfgravitational collapse of a quantum mechanical wave function. The system of weakly coupled
equations has been widely considered in recent years and it has applications especially in nonlinear optics [9, 10].
Furthermore, nonlocal nonlinearities have attracted considerable interest as a means of eliminating collapse and
stabilizing multidimensional solitary waves. It appears naturally in optical systems [8] and is known to influence
the propagation of electromagnetic waves in plasmas [1]. In [1] is studied the semiclassical limit problem for the
singularly perturbed Choquard equation in RY and characterized the concentration behavior. In [4, 5], under a
perturbation method and for a bounded domain €2, it is established existence, multiplicity and nonexistence of
solutions for following Brézis-Nirenberg type problem

—Au = (T * [u(y)] ) ul*Nu+ M in Q.

In order to use a variational approach, in the range p,q € {%, th

exponents, X ;“ and %, for the well defined even nonlocal terms

] , limited by the lower and upper critical

Dy (u) := / (Lo * [ul?) [u[P dz and  Dg(v) = / (Lo * [v]9) [v]? de,
RN RN

we need to use the HLS inequality:
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Theorem 1.1 (HLS inequality [7]). Lett,r >1 and 0 < oo < N with 1+ 1 =1+ %, f € L'(RY) and h € L"(R").
There exists a sharp constant C(t, N,c,r) > 0, independent of f and h, such that

[ [ @)l - o= dsdy < €N, el

where || - ||s denotes the standard L*(RY)-norm for s > 1.

In [3] the existence of GS solutions for (S, ) in the subcritical case is studied, precisely, when p = ¢ lies between
the lower and upper critical exponents. Hence, a natural question arises: What occurs if p # ¢ lie in critical ranges?
Motivated by this question, our goal is to establish existence and nonexistence of GS Solutions results for (S,) in

all critical cases. We establish our results under the cases

“half-critical” case 1, (N+a)/N <p<(N+a)/(N—-2) and ¢g=(N-+a)/(N-2), (HC1)
“half-critical” case 2, p=(N+a)/N and (N+a«a)/N <qg<(N+a)/(N-2), (HC2)
“doubly critical” case, p=(N+a)/N and q=(N+a)/(N-2), (DC)

“inferior or superior supercritical” cases, p,q < (N+a)/N or p,q>(N+a)/(N—2). (SC)

Theorem 1.2 (Existence). If p,q satisfy (2.1), (5) or (6), then there exists ag > 0 such that System (So) has at

least one positive radial GS solution for ayg < a < N.
Theorem 1.3 (Nonexistence). If p,q satisfy (7), then System (S,) has no nontrivial solution.

Remark 1.1. [t is usual introduce a parameter on critical nonlinearities in order to overcome the “lack of

compactness”. However, we handle with this by using the behavior of the I, when « is close to N.

Remark 1.2. For A >0, u # 0 and v # 0, the System (S,) does not admit semitrivial solutions (u,0) and (0,v).
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Abstract

In this work we show existence and multiplicity of positive solutions using the sub-supersolution method in
a general singular elliptic problem which the operator is not homogeneous neither linear. More precisely, using

the sub-supersolution method, we study this general class of problem
— div(a(|Vul?)|Vul’"*Vu) = h(z)u™ " + f(z,u), u >0 in Q, u = 0 on I, (1)

where v > 0, Q is a bounded domain in RY, N >3, a, h and f are functions that the hypotheses we give later
and 1 <p < N.

1 Introduction

Consider the semilinear problem given by
— Au=m(z,u), u>0in Q, u =0 on 9. (2)

The classical method of sub-supersolution asserts that if we can find sub-supersolution vi,vs € HE}(Q) with
v1(z) < va(x) a.e in Q, then there exists a solution v € H}(Q) such that vi(z) < v(z) < va(z) a.e in Q. In
general, a candidate to subsolution of problem (2) is given by v; = e¢1, where ¢ is a eigenfunction associated
with A;, the first eigenvalue of operator (—A, H}(2)). A candidate to supersolution, in general, is the unique
positive solution of the problem —Au = M, u > 0in Q, u = 0 on 9. The sizes of ¢ and the constant M together
with Comparison Principle to operator (—A, H}(€)) allow to show that the sub-supersolution are ordered. If the
operator is not linear and nonhomogeneous, in general we do not have eigenvalues and eigenfunctions. However,
we show in this work that the sub-supersolution method still can be applied.

The hypotheses on the C'-function a : Rt — R, the nontrivial mensurable function h > 0 and the Caracthéo-
dory function f are the following:

(h) There exists 0 < ¢o € C4(Q) such that he, € L®(Q).

(f1) There exists 0 < § < % such that —h(z) < f(z,t) <0, for every 0 <t < 6, a.e in Q.

(f2) There exists g <1 < g* = (¢* = oo if ¢ > N) such that

N
(N—q)

fx,t) < h(z)(t™ + 1), for every ¢t > 0, a.e in Q.

(f3) There exists tg > 0 such that 0 < F(x,t) < tf(x,t), for every t > tg, a.e in €, where 6 appeared in (ay).
(a1) There exist constants ki, ka, ks, k4 > 0 and 1 < p < ¢ < N such that

kit? + kot? < a(tp)tp < k3tP + k4at?, for all t > 0.

o7
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(az) The function ¢ — A(tP) is strictly convex and the function t — a(t?)t?~2 is increasing.

(as4) There exist constants p and 6 such that 8 € (g,¢*) and ia(t)t fo ) ds, for all t > 0, with
l<i<p< g

2 Main Results

Theorem 2.1. Assume that conditions (h), (f1) and (a1) — (a2) hold. If ||h||s is small, then problem (1) has a

weak solution.

Proof Firstly, we use [2], [1, Lemma 2.1 and Lemma 2.2] to show that 0 < u(x) < @(x) a.e in €2, where u is a

subsolution and @ is a supersolution for (1). Then, considering the function

h(z)u(z)™ + f(z,u(z)), u(x)
9(@,t) = Q h@)t™7 + f(x,1), ( ) <t <u(x)
h(@)u(z)™" + f(z,u(z)), u(x)
and the auxiliary problem —div(a(|VulP)|Vu[P72Vu) = g(x,u) v > 0in Q, u = 0 on 9, we obtain that the

functional ® : W, %(Q) — R associated with auxiliary problem is bounded from below in M = {u € W, %(Q);u <
u <@ a.e in 2} and attains its infimum at a point u € M. So, u is a weak solution of auxiliary auxiliary problem

\ :

and hence, since g(z,t) = h(z)t™7 + f(z,t), for every ¢ € [u,u], problem (1) has a positive weak solution.

Theorem 2.2. Assume that conditions (h), (f1) — (f3) and (a1) — (aq4) hold. If |h||eo is small, then problem (1)

has two weak solutions.
Proof Now, consider the auxiliary problem —div(a(|Vu[?)|Vu|P~2Vu) = g(z,u) in Q, u = 0 on 92, where

R h(z)t™ + f(x,t), t > u(z),
x,t) = 1)
00 =\ hoyute) + o))y ¢ < al). (

Note that g(z,t) = §(z,t), for all t € [0,7], then ®(u) = ®(w), for all u € [0,7]. Therefore, @(w) = infp; @, where
M is given in the proof of Theorem 2.1 and w is a weak solution of (1). Thus, there exists a local minimizer
w € Bpg(0) such that <’I\>(w) < infueppo) d(u) < (/I\)(Q) < «. Furthermore, by the Mountain Pass Theorem, there
exists v € W,9(Q) such that § < ®(v) = ¢, where ¢ is the minimax value of ®. So, the auxiliary problem has two
positive weak solutions w,v € W,9(Q) such that d(w) < P(u) <a<pB<d) =c

Finally, since u < v it follows from (1) that §(z,v) = h(z)v~7 + f(x,v) in Q, which implies that v,w € Wy9(Q)

are two weak solutions for problem (1).
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Abstract

In this work, we study the following class of nonlinear equations:
— Au+V(z)u = [|z] "+ (Q@)F(w))] Q) f(u), = eR?, (1)

where V' and @ are continuous, unbounded or decaying to zero radial potentials in R? | f(s) is a continuous
function, F(s) is the primitive of f(s), * is the convolution operator and 0 < g < 2. Assuming that the
nonlinearity f(s) has exponential critical growth in the sense of Trudinger-Moser, we establish the existence of

solutions by using variational methods.

1 Introduction

The study of Eq. (1) is in part motivated by works concerning the equation
—Au+V(z)u= (|z| "= [uff) [uf?u, zeRY, (2)

where N >3, 0< pu < N,V :RY = R is a continuous potential function, and « : RY — R, which is is generally
named as Choquard equation or Hartree type equation and appear in various physical contexts. For example, in the
case N =3, V(x) =1, p=2and p = 2, the Eq. (2) first appeared in the seminal work by S. I. Pekar [4] describing
the quantum mechanics of a polaron at rest. As mentioned by Lieb [3], in 1976 and under same case, Ph. Choquard
used Eq. (2) to model an electron trapped in its own hole, as a certain approximation to Hartree-Fock theory of
one-component plasma. The nonlocal Choquard type equation with critical exponential growth in the planar case
was first considered in [1, 2]. In these works, the authors considered the existence of nontrivial ground state solution
for the following critical nonlocal equation with periodic potential —Au + W (z)u = (|z|=* x F(u)) f(u), » € R2
Under a set of assumptions on potential W and nonlinear term f, they obtained the existence of nontrivial ground
state solution in H'(IR?). The goal of the present work is to continue the study of the critical nonlocal equation,
that is, it is not a pointwise identity with the appearance of the term |z| ™" * (Q(z)F (u)), when the nonlinear term
f behaves at infinity like " for some a > 0.

In this work, we impose the following hypotheses on the potential V' and the weight @:

(V0) V € C(0,00), V(r) > 0 and there exists ag > —2 and a > —2 such that

lim sup Vir) < oo and liminf v(r)
root T rotoo 7@

> 0;

Q0) Q € C(0,00), Q(r) > 0 and there exist by > —I=£ and b < 4= guch that
p) 1

lim sup @ < oo and limsup %:) < 00.
r—o+ T r—+o0
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Hereafter, we say that (V,Q) € K if (V0) and (Q0) hold. The following hypotheses on f(s) will be imposed:
(f1) f: Ry — R is continuous and lim,_,q+ f(s)/s%T“ =0;

(f2) there exists 6 > 1 such that 0 [ f(t)dt = 6F(s) < f(s)s, Vs > 0;

(f3) there exist ¢ > 1 and £ > 0 such that F(s) > £s? for all s € [0, 1].

In order to state our main results, we need to introduce some notations. We define the functional space
Y :={ue L (R?):|Vu| € L*(R?) and [;, V(|z|)u?dz < co} endowed with the norm [|ul := y/(u,u) induced by

loc

the scalar product (u,v) := [z (V- Vo + V(|2|)uv) dz, which we prove that is a Hilbert space. Furthermore, the
subspace Yiaq := {u € Y : u is radial} is closed in Y and thus it is a Hilbert space itself.

2 Main Results

Let C§°(R?) be the set of smooth functions with compact support. We say that u : R? — R is a weak solution for
(1) if w € Y and it holds the equality [p.(Vu - Vo + V(|z|)ug) dz — [p. [lz[~* * (Q(|z])F(u))] Q(|z]) f(u)¢ dz = 0,
for all ¢ € C§°(R?). Our main results read as follow.

Theorem 2.1. Assume that 0 < p < 2 and (V,Q) € K. If f(s) has exponential critical growth and satisfies
HQllle(B ) €2 q/(a—1) (a=1)/2
| o . — 26 (5)
(f1) — (f3) with & > 0, given in (f3), verifying & > max< &, Tk (14 20 ) 20T , where
ag

i—pu 26

Nl

VI sy)]

&1 =

, then Eq. (1) has a nontrivial weak solution in Yiaq.
‘|Q||L1(51/2)

Theorem 2.2. Under the conditions of Theorem 2.1 and supposing that f(s)/s is increasing for s > 0, then the
solution obtained in Theorem 2.1 is a ground state.

For our second existence result, we replace condition (f3) by the following conditions:

(f1) there exist s > 0, My > 0 and ¥ € (0,1] such that 0 < s”F(s) < Mof(s), Vs > so;

F(s)

(f5) liminf

2
s—+oo oS

= 50 > 0.

Theorem 2.3. Assume that 0 < p < 2, (V,Q) € K, f(s) has exponential critical growth and satisfies
(f1), (f2), (fa) and (f5). If we also assume that lim(i)rlf Q(r)/r% >0, then Eq. (1) has a nontrivial weak solution
r—

n Yiad-
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Abstract
Solugoes de um de sistema algébrico ndo linear resultante da simplificagdo do modelo de dguas rasas com
orografia sdo obtidas. Anadlise de propriedades das solugdes em funcdo de contantes que ocorrem nas equagoes
também sdo realizadas. Este trabalho estd associado a pesquisas de modelos simplificados de Aguas Rasas
com orografia que por sua vez tém utilidade na pequisa de métodos numéricos precisos e eficientes em previsao
numérica de tempo.

1 Introducao

A partir das equagoes de dguas rasas em 2 dimensdes espaciais ([1]),

du dp  0¢° B

@ vt sty =0

dv oo 0¢° B

E+f0u+@+7—0,

d¢ | (9¢u)  (0dv) _

dt + Oz oy 0, (1)

em que (u,v) representa o vetor velocidade horizontal, fo = 2Qsinfy a forca de Coriolis na latitude 6y, ¢° o
geopotencial da superficie da terra, ¢ a diferencga entre o geopotencial da superficie livre e o da superficie da terra,
e % = % + u% + v(% a derivada material, com algumas condigoes podemos obter o seguinte modelo simplificado

de dguas rasas em uma dimensao espacial ([2],[3]):

Up + utty — fov + ¢y + ¢35 =0, (2)
v + wvg + fou = foU, (3)
ot + (du), =0 em (¢,2) € (0,400) x [0, L]. (4)

Se assumirmos que a segunda equacao do sistema acima seja satisfeita, por exemplo pela introdugao de um gradiente
adequado de pressao, e procurando solugoes estacionarias do mesmo, obtemos o seguinte sistema nao-linear algébrico
nas incdgnitas u e ¢ para cada z fixado ([4],[2]):
B2
¢u = BC. (5)

sendo A = ¢g(x), B = u(0), C = ¢(0) e ¢s(0) = 0, com A, B e C constantes e incégnitas que satisfazem as
seguintes condigoes:

u>0, ¢>0, AeB>0, C>0. (6)

Neste trabalho estabelecemos condigbes para a existéncia e unicidade do sistema (5) e condiges (6) acima,

o qual é importante no estudo de modelos simplificados de dguas rasas.
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2 Resultados Principais

Teorema 2.1. Sejam u,¢ € R C>A>0 e k= %2+6’7A
1. Se B =0 entao o sistema (5)-(6) possui uma dnica solugao dada por u=0, ¢=C — A.

2. Se B> 0 ek <0 entdo o sistema (5)-(6) nao possui solugao.

3. Se B> 0 ek >0 entdo uma condigao suficiente e necessdria para o sistema (5)-(6) possuir solu¢ao € que
3
k> §(13(3)2/3. (1)

Teorema 2.2. Sejam as hipdteses do caso 3) do teorema (2.1) acima.

Se ocorrer a igualdade na condi¢ao (1) entdo a solugdo do sistema (5)-(6) € unica, dada por

(u.0) = (VBC, {/(BCP).
Caso contrdrio, ocorrer a desiguadade estrita em (1), entdo existem duas solugoes.

Teorema 2.3. Sejam as condigoes do teorema (2.2) no caso de haver duas solugées do sistema (5)-(6).

1. Se B < /C entio as solugées u satisfazem

—B++VB2+8C
2

B<u<

2. Se B> +/C entio as solucdes u satisfazem

-B B2
+\/2 +80<U<B

3. Se B=+/C entio A =0 e as solugdes serdo
1
u=DB e u:§(—B+\/BQ+SC)

Teorema 2.4. O maior valor possivel da constante A para que o sistema (5)-(6) possua solugdo ocorre justamente
quando a solugdo € unica, ou seja, quando ocorre a igualdade na condigio (1) acima.
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Abstract

The Feynman-Kac formula is a classic subject that brings together Probability theory and Partial Differential
Equations. In a nutshell a Feynman-Kac formula is a way of expressing the solution of the heat equation in terms
of an average of a functional of the Brownian motion, a stochastic process that is closely linked to the Laplace
operator. This type of formulas extends to a much wider class of probabilistic objects (in general Markovian) that
are connected to certain but generic differential operators. It is our intention to show the natural link between a
class of stochastic differential equations called forward-backward stochastic differential equations (FBSDEs for
short) and the associated terminal value problems for certain quasilinear evolution PDEs. Within this connection
we formulate a multi-scale system of stochastic differential equations related with a class of quasilinear viscous
conservation laws and we study the homogenization problem in the small noise regime under this association.
The work that we present generalizes to the gasilinear case the results obtained [2] for homogenization problem

under the small noise regime that is not treated there.

1 Introduction

Lévy flights is a popular term in Physics for random walks in which the step lenghts U have a heavy-tailed
distribution, i.e. P(U > u) = O(u™%) for some « € (1,2). They are appropriate models that capture non Gaussian
effects and where diffusive behavior is not adequate. Their use is well-known in climate modeling, animal hunting
patterns and in the modeling of molecular gases in non-homogeneous media. Let us fix a terminal time 7" > 0. If
we consider a system of particles whose motion is governed by Lévy flights and perform the hydrodynamic limit,

in the presence of some additional assumptions, we end up with the so-called fractal Burgers Equations,

o” (t,m) = —v(=A)2v¥ (t, ) — (v (¢, z), Vou¥'(t,z)) + F¥(t,x) = 0,
v (0,z) = g(x), te€l[0,T], zeR™L

The solution v” of the fractal Burgers equations models the velocity of a compressible fluid with nonlocal viscosity
parameter v > 0 that shows a fractional (nonlocal) diffusive behavior captured by the presence of the fractional
Laplacian (—A)%, a € (0,2), and affected by a force F that captures local and non-local sources of interaction
depending eventually on the velocity of the fluid itself. We stress that this semilinear term F" is not stochastic.
The initial condition ¢ is the initial configuration of the velocity field in all space R%. The fractional Laplacian is
an integral-differential operator defined by

(8 f0) =canting [ LU

b
e—0

ly—z[>e
for all the measurable functions f whenever the limit above exists and is well-defined. The constant cq, , is defined
by

ar(d;a)
Cd,a =

- 21-omd=2r(1-5)
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where I' is Euler’s Gamma function.

The presence of (—A)?% in the structure of the equations is not surprising since, via the Kolmogorov functional
limit theorem, the distance from the origin of the Lévy flights converges, after a large number of steps, to an a-stable

law and (—A)? is the infinitesimal generator of an a-stable process.

We do not enter in details for the functional study of this operator and refer the reader to [5]. The fractal Burg-
ers equations form an example of a system of partial-integral differential equations (PIDEs for short). PIDEs are a
preeminent topic of active research in mathematics with the growing demand of the use of differential equations that
take into account nonlocal effects of interaction and non-isotropic propagation of energy. Fractal Burgers equations
increased interest in models involving fractional dissipation, in particular in Navier-Stokes equations, combustion
models and the surface geostrophic equation. These equations have been studied in [10]. In [12] the author studies
probabilistically the fractal Navier Stokes equation which turns as an example in favor of probabilistic approaches
to the study of nonlocal hydrodynamic models, as was made before to the Navier Stokes systems. We refer the
reader to [5] and [6] as examples of probabilistic studies of Navier-Stokes equations. We will associate a certain class
of partial-integral differential equations, including the fractal Burgers equation, with a certain system of stochastic
differential equations and via this probabilistic object we will address the problem of the vanishing viscosity limit

v — 0 linked to a related mean field game.
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Abstract

We study the well-posedness of the initial value problem for a strongly coupled fractional reaction-diffusion
system in Marcinkiewicz spaces L(pl"x’)(R") X L<p2’°°)(R”), The exponents p1,p2 of the initial value space are
chosen to allow the existence of self-similar solutions. The result strongly depends on a fractional version of the
Yamazaki’s estimate [3].

1 Introduction

Here, we are interested in the following Cauchy problem

U :at fgga(t—s)AU(S)—Fgl(U,’U), Z‘ER", t>07
ve = 0y [ ga(t — 5)Av(s) + ga(u,v), zeR", t>0,
u(0,2) = ug, v(0,2) = vy, x €R"™,

where g, (t) = %, 0<a<1l,and

g1(u,v) = |u|("1_1)u|v|(”2_1)v and go(u,v) = \u|(7'1_1)u|v|(T2_1)v,

(2)

for 1 < p;,7; < 00, i = 1,2. We study the well-posedness of (1) in Marcinkiewicz spaces L(F1:°°) (R™) x L(P2:%°)(R").

The exponents py, po of the initial value space are chosen to allow the existence of self-similar solutions.
The system (1) has the following scalling: (u,v) — (ux,vy) where

ux(t, x) = N u(\2t, Az) and vy (t, ) = A*20(\%t, \x)
and

1 2 — 1 1 2 — 1
kl = (p2 T2 + ) and kg = — (Tl P1 + ) s
aripz — (p1—1)(r2 — 1)

arips—(pr—1)(ra — 1)
provided that
ripz = (p1 — 1)(r2 — 1) #0.

Definition 1.1. Let k; be given by (3), and p; = kﬂ > 1. We define the following Banach space
E = BC((0,00), LP0>) x [P0}

with respective norm given by

I, )l = max {sup T ||v||<p2,oo>} |
t>0 t>0
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Next, according to Duhamel’s principle, we introduce the notion of a solution we use here for the initial value
problem (1).

Definition 1.2. A global mild solution of the initial value problem (1) in E is a pair (u(t),v(t)) satisfying

(u(t), v(t)) = (Ga(t)uo, Ga(t)vo) + B(u, v)(t). (6)
In (6),
B(u,v)(t) = (/o Go(t — 8)|ul " tulv|P?tvds | /0 Gao(t— s)|ur11u|v|T21vds)

and oo
Golant) = [ Mo ()Gl e, 7)
where G(z,t) is given by G(z,t) = (47rt)_%e_%, and M, is a Wright-type function.
The case a = 1 was studied by Ferreira and Mateus [2], whereas fractional reaction—diffusion equations with
power-type nonlinearities have been studied recently in [1, 4], where local and global well-posedness is addressed,
as well as the nonexistence of global bounded positive solutions and existence of self-similar solutions. Therefore,

the results we present here generalizes the global existence results in both [2] and [1].

2 Main Results

Next, we state the most important results fo the work.

Lemma 2.1 (Fractional Yamazaki’s estimate). Let 1 < p < ¢ < oo be such that 5 (% — %) < 1. There ezxists a

constant C' > 0 such that,
o0
nocl 1y_
|Gl ds < Clelly &

for all ¢ € LD (R™).

Theorem 2.1. Let n > %, 1 < ripi < pi < o0 and p; > 225 ¢ = 1,2. Assume that (ug,vy) €

= noa—2’

L(P1:20) x [(P2:°) There exist ¢ > 0 and § = 5() > 0 such that if w0l (pr,00) < 6 l[voll(ps,00) < O, then the
initial value problem (1) has a global mild solution (u(t,z),v(t,x)) € E, with initial data (ug,vo), which is the

unique one satisfying ||(u,v)|| g < 2e
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Abstract

We consider a fractional porous medium equation that extends the classical porous medium and fractional
heat equations. The flow is studied in the space of periodic probability measures endowed with a non-local
transportation distance constructed in the spirit of the Benamou-Brenier formula. For initial periodic probability
measures, we show the existence of absolutely continuous curves that are generalized minimizing movements

associated to Rényi entropy.

1 Introduction

We consider a fractional porous medium equation

(1)

Op+ (=A)7p™ =0, (z,t) € T? x (0, 00)
p(ovx) = p(](x)a T e Td .

whered>1,0<o0<1,0<m<2and T is the d-dimensional torus.
Due to the conservation of mass and positiveness for solutions, we can formally consider the solution p(¢,x) of
(1) as a curve t — p(t,.) € P(T?) in the set of probability measures on the d-dimensional torus. This curve satisfies

a gradient flow problem of the type
p==Vwlhn(p) (2)

where Vyy is a gradient induced by a metric W defined on P(T%) and U,,, Rényi entropy

Unm(p) = % /Td p"(x)dx, for m#1 and Ui(p) = /Td p(z)log p(x) du.

In this work, we study the problem (1) by moving in the opposite direction of the above arguments. We defined
on P(T?) a pseudo-metric W that incorporates the fractional nonlocal character of the operator (—A)? and use it
to construct a solution to the gradient flow equation. This is done using a steepest descent minimizing movement
described in the next section.

2 Main Results

For a fixed initial periodic probability measure py € P(T%) and a 7 > 0 we define the functional

1€ P(T) s B(r, po: 1) 1= %WZ(,)O,M) + Unn(p) 3)

The next result show a coerciveness property for the entropy functional U,,:
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Theorem 2.1. For any T > 0 and py € P(T?), the function ®(7, ju.; .) is bounded from below in P(T?). Moreover,
there exists a unique p* € P(TY) (depending on T and pgy) such that

O(7, po; p*) < O(7, pos 1) , ¥ p € P(TY).

We may inductively apply the previous result to define the following sequence: given a initial periodic probability
measure pg and a 7 > 0, let (p"),, the sequence given by

0._
p'r = Po
P2 := argmin { (T, pgfl; ,u)| uwe P(Td)} , VneN.
Now let p, : [0,00) — P(T) the piecewise constant curve given by
pr(t):=pr for tenr,(n+1)7), and ne NU{0}. (4)
The main result of this work is the following:

Theorem 2.2. Given py € P(T%) such that U,,(py) < 0o we can define the net of piecewise constant curves
(pr)r>0 € P(T?). Then, there exists a curve p € ACoc([0,00), P(T?)) such that (up to a subsequence)

pr(t) = p(t), as 7 =0 ViE=0.

Furthermore, the curve p satisfies the gradient flow equation (2).
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Abstract

We present results concerning the existence and uniqueness of solutions for a reaction-diffusion ultra-slow
equation. We also show that they can be extended up a maximal time and are stable as long as they exist, and

we give conditions to obtain symmetric and positive solutions. These results are published in the paper [9].

1 Introduction

Define the distributed-order fractional derivative D) by

t
DM (t) = / k(t — )¢/ (T)dr,
0
where
1 —a
s
k(s) = - da. 1
0= [ =gy 1)
Several diffusion equations may appear in the form of the distributed-order fractional diffusion equation

Dy = Au, (t,z) € (0,T) x RV, (2)

See e.g [1, 2, 3, 4, 5, 7]. Kochubei [5] called (2) the ultra-slow diffusion equation and gave an adequate physical
interpretation and has done a detailed mathematical analysis of the fundamental solution of this equation under
the initial condition

(0, z) = up(x),

for x € RN, provided that it is Holder continuous. Nevertheless, even though semilinear problems are of great
interest in evolution equations, we can cite only a few papers where (3) is perturbed by f depending on u, see e.g.
6, §].

Therefore, we are motivated to study the local well-posedness theory for the nonlinear distributed-order fractional
diffusion equation

3)

D = Au+ f(u), (t,z)€ (0,T) xRV
u(0,x) = uo(x), r € RY,

where, p > 1, A denotes the Laplace operator and the initial data are in L>°(RY). Also, we shall consider
w € C3[0,1], u(1) # 0, with either u(a) = aa”, for some v > 0, or u(0) # 0, in a such way that it complies some
key lemmas from [5]. The nonlinearity f we consider behaves like f(u) = |u|?~tu. Besides the local well-posedness,
we prove the existence of the maximal solution and its blow-up alternative, which can be also useful to prove global
existence. A stability result is also established. Some additional qualitative aspects of the solutions are also studied,

namely, we show the existence of symmetric and positive solutions.
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2 Main Results

Theorem 2.1. If vg € L=(RY), there exists 0 < T < & and r > 0 such that, for each ug € Br(vo,r) there exists
a unique local mild solution u : [0,T] — L>(RY) for the Cauchy problem (3) and

[u(t,-) = uollpe — 0
as t — 0%. Furthermore, for any ug, wo € Br=(vo,r), there exists M > 0 such that
Ju—w|x < Mllug —wo e, (1)

where u and w are the solutions starting at ug and wq, respectively. The solution found can be uniquely continued

up a mazximal time Tipar > 0 and, if Tipar < 00, it satisfies

limsup ||u(t, )| L= = oc. (2)

t—=Trmax

Moreover, if u and w are the mazimal solutions of (3) starting at uy and wy, respectively. Then, for each
T € (T, min{Tynaz (o), Tmaz(wo)}), there exists K(T) = K such that

[u(t, ) —w(t, )L < Klluo — woll L, (3)
for every t € [0,T).

Theorem 2.2. Let the hypotheses of Theorem 2.1 be satisfied . The solution u(t,-) is symmetric for all t > 0,
whenever ug is symmetric under the action of A. In particular, if ug is a radial function, then the solution u(t,-)
is also a radial function, for allt € [0, Tmaz). If in addition ug is a non-negative function that is not identically

null, then the solution u(t,-) is positive for all t € [0, Traz)-
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Abstract

Neste trabalho consideramos a equacao de Klein Gordon semilinear em uma variedade Riemanniana M de
dimenséo trés com ou sem bordo, e analisamos o comportamento das normas H™ (M) x H™(M), m € N,
da solugdo desta equacdo. A partir de um argumento de indugdo, combinado com as estimativas de Strichartz

provamos que estas normas podem ser limitadas por fungées polinomiais.

1 Introdugao

Consideramos, neste trabalho, o seguinte modelo

Ofu— Agu+ Bu+y(@)0u+ f(u) =0 em Ry x M, (1)
u=0 sobre Ry x OM, sedM #10, (2)
U(O) = Uo, ﬁtu(O) = Ui, (3)

onde (M,g) é uma variedade Riemanniana compacta de dimensdo 3 com fronteira M e A, é o operador de
Laplace-Beltrami com a condi¢ao de Dirichlet no bordo, se M # (). Estamos interessados em estimar a taxa de
crescimento da norma da solugao (u, dyu) de (1) — (3) em espagos de Sobolev H™ (M) x H™(M), m € N.

Assumimos 3 > 0 tal que, para alguma constante C' > 0 seja vélida a desigualdade de Poincaré [ M |Vgu|2dx +
B [y lulPde > C [, |ul*dz, onde dz = dvoly é o elemento de volume induzido por g. Em particular § > 0 se
OM = (). Assumimos a nao linearidade f sendo suficientemente regular e tal que existe uma constante C' > 0 para
a qual é vélido, para todo s € R,

F0)=0, sf(s)=0, [f(s)l<CA+IshP, |f'(s)l < C+][shP™" (4)

com 1 < p < 5. Consideramos v € C*°(M) uma funcao a valores reais ndo negativa.
Nas condigoes acima, dado (ug,u;) € HE(M) x L?(M), existe uma tnica solugio u € C(Ry;Hi(M)) N
CY(R,; L?(M)) para o problema (1) — (3). Além disso, o funcional de energia definido por

1
E<t>=§(||atu<t>u%2<M>+||vgu<t>\|Lz<M>+ﬁuu Wisan) + [ Vee.tds, te® (5)

com V(u) = [ f(s)ds, é bem definido, tendo em vista a imersao de Sobolev H} (M) < L°(M). Veja que, o funcional
(5) é decrescente7 desta forma, devido a hipdtese (4) temos que, para todo t € Ry, ||(u,Opu)(t )||H1(M wr2(v) =
CE(t) < CE(0), com C > 0 uma constante. Isto é, a norma Hg (M) x L?(M) de (u, yu) é uniformemente limitada,
com respeito a t € Ry. Nos propomos a responder a questao: Quais estimativas podemos obter acerca das normas
de (u, dyu) nos espagos H™ (M) x H™(M)?

O problema de descrever o crescimento das normas da solu¢ao de uma EDP em espaco de Sobolev de ordem alta
possui grande interesse fisico, uma vez que descreve a velocidade em que o sistema considerado transfere energia
de baixas frequéncias para altas frequéncias.
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2 Resultado Principal

Teorema 2.1. Sejam € N, v € C*°(M) uma fungdo nao negativa, f € C*(M) satisfazendo (4) com 1 <p <5 e
(u, Opu) € C(Ry; H™ (M) x H™(M)) a solugio de (1) — (3). Entdo existe uma constante C > 0 tal que,

4
sup || (w, dw) (t) |2 (aryxcrrr (ary < C(1+T)5°7 (1)
te[0,T]
e, sem > 1,
sup ||(u;atu)(t)||Hm+l(M)><Hm(M) < C(1+T) (2)
te[0,T]

com C' = C(HUOHHl(M)a HU1||L2(M), s ‘|7||Wmv°°(M)7M) > 0.

Proof. (Ideia) Inspirados no trabalho pioneiro [2] de Bourgain almejamos provar

1ty B50) (8) | Fpmss (ary s s 2y < Cl (s Oet) (O Frmss (agysrm (nr) + ||(U75tu)(0)||?{_nf+1(M)me(M) (3)

para todo t € (0,T), onde T € (0,1) é convenientemente escolhido, m = 0,1,2,... ¢ § > 0 dependendo de m. A
desigualdade (1) nos leva entao a (2.2) e (2.3). A prova de (1) é baseada em um argumento de indugao sobre m € N
combinado com as estimativas de Strichartz provadas em [1] e com uma adaptagdo do método desenvolvido em
(3] O
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Abstract

Consideramos o problema que descreve o movimento de um fluido micropolar, viscoso e incompressivel com
convecgao térmica em um dominio limitado © C R3. Estamos interessados nas estimativas de erro no tempo das

aproximacgoes de Galerkin.

1 Introducao

No presente trabalho, aplicamos o método de Galerkin espectral ao sistema (1)-(2) que descreve o movimento de um
fluido micropolar com convecgao térmica, a fim de estimar o erro por poténcias do inverso dos autovalores Ag11, Vk+1
e Yg+1 dos operadores de Stokes, Laplace e Lamé, respectivamente, considerando-se aproximagoes nos subespagos
Vi, Hy e H ,. Estas estimativas de erro para o método de Galerkin sao importantes pela ampla aplicagao de tais
métodos em experimentos numéricos. Em 1980, Rautmann [2] sistematizou as estimativas de erro para o método
de Galerkin espectral aplicado as equagdes de Navier-Stokes classicas. O caso para fluidos magneto-micropolares
foi tratado por Ortega-Torres, Rojas-Medar e Cabrales em [1]. Inspirados nestas ideias, obtemos, no Teorema 2.1,
estimativas na norma L2(2) para o erro que se comete ao aproximar (u,w,#) por (u¥,w* 0F), suas respectivas
aproximacoes de Galerkin. No Teorema 2.2, fizemos o mesmo para u e w na norma H*(£2). Por fim, tratamos de

outras normas no Teorema 2.3. O sistema que estudamos na regiao Qr = Q2 x (0,7 é o seguinte:

up = (4 pr)Au+ (u-Vyu+ Vp = 2p,rot w+ f(6),

wi — (cq + ca)Aw + (u- V)w +4p,w = —(co + ¢g — ¢q)Vdiv w + 2p,rot u + g(0), (1)
Oy +u-VO0—rAl = d(u,w)+h,
divu =0,

junto com as seguintes condicbes de fronteira e iniciais

{uzO, w=0, 6=0em Sr, @)

u(+,0) = ug, w(-,0) =wp, 6(-,0) =6y, em Q,

onde Sy = 092 x (0,T). As fungdes vetoriais u = (u1,u2,us) e w = (wq,ws,ws3) e as fungdes escalares p e # sao
as incégnitas, e denotam, respectivamente, a velocidade linear, a velocidade angular de rotacao das particulas, a
pressao e a temperatura do fluido. Por outro lado, as fungoes vetoriais f e g, e a funcao escalar h sao conhecidas
e denotam, respectivamente, as fontes externas de momento linear, angular e a entrada de calor. As constantes

positivas p, -, cq, cq € ¢o sdo coeficientes dos tipo viscosidade satisfazendo a seguinte desigualdade ¢y + ¢4 > ¢, €
5

a constante positiva k é a condutividade de calor. A funcao real ® é dada por ® := Z ®,, onde
i=1

W i ou;  Ou;\> 1 2
= — i J = —_ —
D4 (u) = 5 g (axj + 8%) , o DPo(u,w) = 4, (2r0t u w) ,
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3 2 3
ow; ow; Ow;
— 3 2 — v o ? J
P3(w) := co(div w)”,  Pa(w) := (ca + ca) izjzl (5‘%') o O5(w) = (ca— ca)i;:1 o, Ors”
Além disso, supomos que as fungoes f, g e h satisfazem
|f(s) = f(E)] < Myt — s, l9(s) — g(t)| < Mgt — s, (3)

para s,t € R e constantes My, My > 0, f(0) = g(0) =0 e h € L*(0,T; L*(2)).

2 Resultados Principais

Proposicao 2.1. Suponha que f, g, fi e g verificam a condi¢do (3), para constantes positivas My, My, My, e

Mg, respectivamente. Existe To > 0 e uma tnica solu¢ao do problema (1)-(2) no intervalo [0,T5]. Ademais,
u € L>(0,Ty; D(A)), w e L*(0,Ty; D(B)), 0 € L>(0,Ty; Hi()).
O mesmo resultado vale para a solugio (u*,w",0%) do sistema com as aprovimacées de Galerkin.
Em nosso primeiro resultado estabelecemos a estimativa na norma L?(£2) do erro da aproximacio de Galerkin.

Teorema 2.1. Sob as hipdteses da Proposicio 2.1, as aprovimacoes (u*, w”, 0%) satisfazem

c C C C
+ =+ +

w(t) = uF )7 + Jw(t) — w*@)|]? + |0(t) — 05 ()|? < ,
[Ju(t) O + [lw(?) O+ 16) @l ot T T

+ (1)

2
)‘k+1

para todo t > 0 e C > 0 uma constante genérica que nao depende de k € N.
De maneira anéloga estabelecemos para u e w na norma H'(Q) o seguinte

Teorema 2.2. Sob as hipdteses da Proposicdo 2.1, as aprozimagées (uF,w*) satisfazem

IV (u— a*) O + |22 (w — ) O < 2+ & 4 ©

< — , Vit>0,
V1 Akl Vel

onde C' > 0 € uma constante independente de k.
Obtemos também

Teorema 2.3. Sob as hipdteses da proposicdo 2.1, as aprovimagies (uF wk, 0F) satisfazem

2 2 K 2 C C C
Hut(t) — uf(t)HV* + Hwt(t) — w,{“(t)HH_1 +/0 H@t(T) — Hf(T)HH_l dr < o + et + ER Vit >0,

onde C > 0 € uma constante que ndo depende de k.
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Abstract
In this manuscript, we consider the nonlinear beam equation with internal damping and source term
uee + A%u+ M(|Vul?)(—Au) +up = [u] " u

where r > 1 is a constant, M(s) is a continuous function on [0, +00). The global solutions are constructed
by using the Faedo-Galerkin approximations, taking into account that the initial data is in appropriate set of
stability created from the Nehari manifold. The asymptotic behavior is obtained by the Nakao method.

1 Introduction

Let © be a bounded domain in R™ with smooth boundary 0€2. In this paper, we study the existence and the energy
decay estimate of global solutions for the initial boundary value problem of the following equation with internal
damping and source terms

gy + A%u+ M(|Vu|*) (= Au) + vy = |u|" " u in Q x (0,7), (1)
w(z,0) = up(x), u(z,0) =ui(x), x € Q, (2)
u(z,t) = %(x’t) =0, x €00t >0, (3)

where r > 1 is a constant, M (s) is a continuous function on [0, 4+00). In (3), v = 0 is the homogeneous Dirichlet
boundary condition and the normal derivative du/9n = 0 is the homogeneous Neumann boundary condition where
7 is the unit outward normal on 9f2. The equation (1) without source terms was studied by several authors in
different contexts. In this work we use the potential well theory.

2 The Potencial Well

It is well-known that the energy of a PDE system, in some sense, splits into the kinetic and the potential energy.
By following the idea of Y. Ye [2], we are able to construct a set of stability. We will prove that there is a valley or
a well of the depth d created in the potential energy. If d is strictly positive, then we find that, for solutions with
the initial data in the good part of the potential well, the potential energy of the solution can never escape the
potential well. In general, it is possible that the energy from the source term to cause the blow-up in a finite time.
However, in the good part of the potential well, it remains bounded. As a result, the total energy of the solution

remains finite on any time interval [0; T), providing the global existence of the solution.

()
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3 Existence of Global Solutions
We consider the following hypothesis

(H) M e C(]0,00]) with M(A\) > —=8,¥Y A > 0,0 < 8 < A,
A1 is the first eigenvalue of the problem A%y — A(—Au) = 0.

Remark 3.1. Let \; the first eigenvalue of A*u — A(—Au) = 0 then (see Miklin [1])

. |AU|2 2 1 2
A = f >0 d |V < —|Aul*.
L7 em ) |Vul? and [Vul” < >\1| ul

Theorem 3.1. Let us take ug € Wy, E(0) < d, uy € L*(Q), 1 < r < 5 and let suppose the hyphotesis (H) holds

then there exists a function u : [0,T] — L*(Q) in the class

u € L>®(0,T; H3(Q)) N L>(0,T; L"T(Q))
uy € [L°°(0,T; L*(Q))

such that, for all w € H3(Q)

%(ut(t% w) + (Au(t), Aw) + M(|Vul*) (= Au, w) + (ur(t), w) = ()" u(t), w) =0,

u(0) = ug, ut(0) = uq,

in D'(0,T)

Proof. We use the Faedo-Galerkin’s method and potencial well to prove the global existence of solutions.

4 Asymptotic Behavior
Theorem 4.1. Under the hypotheses of Theorem 3.1, the solution of problem (1)-(3) satisfies:

1|u t)]? + 1 1-— s |Au(t)|? — L|u(t) by /Hl lug(s)[?ds < Ce™t
2! 2 M r+1 e ¢ = ’
V t >0, where C and « are positive constants.

Proof. See [3].
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Abstract

We prove the global existence of strong solutions to the nonhomogeneous incompressible Magnetohydrody-

namic equations in a thin domain Q C R3.

1 Introduction

The governing equations of nonhomogeneous incompressible MHD are (see [2])
puy + p(u-V)u — pAu+V (P + §|b|?) = (b- V)b,
bi+ (u-V)b—nAb=(b-V)u,
pr+u-Vp=0,

divu =divb = 0.
These equations are considered in the set Q x (0,7), where Q LR « (0,¢€). Here, € € (0,1] is a parameter and
T > 0. In system (1), the unknowns are p(x,t) € R, u(x,t) € R3, P(x,t) € R and b(x,t) € R3. They represent,
respectively, the density, the incompressible velocity field, the hydrostatic pressure and the magnetic field of the
fluid as functions of the position & € £ and of the time ¢ > 0. The function |b|?/2 is the magnetic pressure. So, we
denote by p e p + %|b|2 the total pressure of the fluid. The positive constants p and n represent, respectively, the
viscosity and the resistivity coefficient which is inversely proportional to the electrical conductivity constant and

acts as the magnetic diffusivity of magnetic field. We supplement the system (1) with given initial conditions
p(x,0) = po(x), wu(x,0)=wug(x) and b(x,0)=bo(x) in Q, (2)
and homogeneous Dirichlet boundary conditions
u(x,t) =0, blx,t)=0 on IN x (0,00), (3)

where 9Q = {(x1,22,23) / (z1,22) € R* 25 =0 or 3 = €}.

2 Main Result

From now on, we denote by V' the closure of V(Q2) €of {v e C§(Q); dive =0in Q} in H}(Q). Our main result is
the following [1]
Theorem 2.1. Assume that the initial data pg, wg and by satisfy

0<a<p(z)<B<ooinQ, witha, f€RT,

ug, by €'V,

3 (IVuoll L2y + [ VbollL2()) < co,

(i
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for some positive constant co small enough depending solely on « and 3. Then the problem (1)—(3) has a unique

global in time strong solution (p,w,p,b) such that, for any T > 0,

plx,t) € [a, 8] a.e. t€]0,T], x € 9,

(x
[ (u, )||L°° o,m:r2(0)) t II(VE Vu, \/ﬁvb)H%?(O,T;L’z @) sC (||u0||2LZ(Q) + |1bol|3.2 Q)) ,
(V2 V0) . 7z00 + 000 0 AB) 0, g < M (190l + VB0l )
I ) 0, 7:122(0) < C (”“0\\1:2(9) + ||bo||L2<m) e

(

— 62
[(Vu, Vb)||L°°(O TiL2(Q) = M (||V“0HL2(Q + HVbOHL? Q)) 7Tl

where C = B) >0, M = M(a, B, 1,1, co) > 0, ~ = min{u/B,n} and 7 & mln{% %}, with

Cla,
ol 4 min {”—; "—6} Furthermore, if ug, by € V.0 H?(R2), then

(e, be, VP, V26, V)7 oo 0, 72 (2)) + (Ve VO 720, 70200 < M (||V2U0||2L2(Q) + ||V2bo||i2(9)) :

—0 62
1722, 920) |3 0, 20y < M (I1V200 )30y + [92B0 32y ) €777/,

where o % min {v,7}. In particular, for any t. € (0,00), one concludes that

lim (u,b) = (0,0) uniformly in C ([t.,00); H*()) .

e—0t

Remark 2.1. The global existence for strong solutions of the nonhomogeneous Navier-Stokes equations in a thin
3D domain was studied by Xian Liao in the paper [3].
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Abstract

In this paper we investigate the unilateral problem for a plate equation with memory terms and lower order
t

perturbation of p-Laplacian type u” + A%u — Apu + / gt — s)Au(s)ds + Au' + f(u) = 0in Q x RT, where
0

Q is a bounded domain of R, g > 0 is a memory kernel and f(u) is a nonlinear perturbation. Making use of

the penalty method an Faedo-Galerkin’s approximation, we establish our result on existence and uniqueness of

strong solutions.

1 Introduction

In [1] the authors establish existence of global solution to the problem

t
U+ A% — Ayu Jr/ g(t — s)Au(s)ds—Au'+f(u) = 0,u = Au=0on ¥ x RT, u(.,0) = ug,u(.,0) = uy in Q, (1)
0

where 2 is a bounded domain of R® and A,u = div (\Vu\p_Q Vu) is the p-Laplacian operator.
t
Problem (1), with its memory term [ g(t — s)Au(s)ds, can be regarded as a fourth order viscoelastic plate
0
equation with a lower order perturbation of the p-Laplacian type. It can be also regarded as an elastoplastic flow

equation with some kind of memory effect.
t

We observe that for viscoelastic plate equation, it is usual consider a memory of the form / g(t — s)A%u(s)ds

0
(e. g. [2, 3]). However, because the main dissipation of the system (1) is given by strong damping —A’u, here we
consider a weaker memory, acting only on Au. There is a large literature about stability in viscoelasticity. We refer

the reader to, for example [4, 5].
¢

A nonlinear perturbation of problem (1) is given by u” + A%u — Aju + / g(t — s)Au(s)ds — Au' + f(u) > 0.

In the present work we investigated the unilateral problem associated Witﬁ this perturbation, (see [10]). Making
use of the penalty method and Galerkin’s approximations, we establish existence and uniqueness of strong solutions.

Unilateral problem is very interesting too, because in general, dynamic contact problems are characterized by
nonlinear hyperbolic variational inequalities. For contact problem on elasticity and finite element method see
Kikuchi-Oden [6] and reference there in. For contact problems on viscoelastic materials see [3]. For contact
problems on Klein-Gordon operator see [7]. For contact problems on Oldroyd Model of Viscoelastic fluids see [9].

For contact problems on Navier-stokes Operator with variable viscosity see [8].
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2 Main Results

Theorem 2.1. Consider space HE(Q2) = {u € H*(Q)|lu = Au =0 on T}. If (ug,u1) € H*() N HL(Q) N HE () x
H(Q) holds, then there exists a function u such that

w e L°(RF; HE(Q) 0 H2(Q)) N L0, T; HA(Q)), «/(t) € K ae. in [0,T) (1)

u' € L=(R*; L*(Q)) N LA(RY; H () N L2(0, T3 Hy () N H(Q)),u” € L*(0,T; H~1(9)), (2)

satisfying

/OT {@“, v—u) + (A2u 0 — ) — (Apu,v — ) — (/Ot gt — s)Au(s)ds, v — u) )

—(Au' ;v — ) + (f(u),v —u')]dt > 0,Yv € L2(0,T; HY(Q)), v(t) € K a.e. in t,u(0) = ug, u'(0) = uy

Proof: FEzistence - The proof of Theorem 2.1 is made by the penalty method. It consists in considering a
perturbation of the problem (1) adding a singular term called penalty, depending on a parameter € > 0. We solve
the mixed problem in @) for the penalty operator and the estimates obtained for the local solution of the penalized
equation, allow to pass to limits, when € goes to zero, in order to obtain a function u which is the solution of our

problem. uniqueness follows in a standard way through the energy method.
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Abstract

In this work we study results of the existence of solutions for the semilinear fractional diffusion equation and

we still give sufficient conditions to obtain the blowing up behavior of the solution.

1 Introduction

In the recent years anomalous diffusion has attracted much interest of the scientific community since this subject
involves a large variety of natural science. Among the mathematical models of such theory, the so-called fractional
diffusion equations

us(t,x) = 0¢(ga * Au)(t,x) +r(t,z) t>0, z €, (1)

where Q C RY and g,(t) = %, 0 < a <1, have attracted a great attention mostly due to their success in the

modeling of a large variety of subdiffusive phenomena.

From the mathematical point of view, the study of (1) was initiated by Schneider and Wyss [4] where Fox H
functions are used to obtain the corresponding Green functions in a closed form for arbitrary space dimensions. In
[1], de Andrade and Viana consider the nonlinear fractional diffusion equation and prove a global well-posedness
result for initial data ug € LQ(RN ) in the critical case ¢ = %(p —1). They also provide sufficient conditions to
obtain self-similar solutions to the problem. Viana [5] consider a more general version of the previous nonlinear
problem where concentrated and non concentrated nonlinear sources are taken into account.

We had obtained results about a local well-posedness theory for the semilinear fractional diffusion equation

u(t,x) = 8t/0 go(8)Au(t — s,2)ds + |u(t, =) u(t,z), in (0,T) x Q, (2)
u(t,z) =0, on (0,T) x 09, (3)
u(z,0) = up(x), in Q, (4)

where g, (t) = %, for a € (0,1), A is the Laplace operator, and € is a sufficiently smooth domain in RY.
We will talk about results of the local well-posedness result and we give sufficient conditions to produce the

blowing up behavior of solution. Such results are part of the work [2] that was submitted.

2 Main Results

The local well-posedness result (Theorem 2.1 below) is motivated by [3, Th. 1].

Theorem 2.1. Let vy € LY(Q), ¢ > p and ¢ > §(p—1). Then, there exist T > 0 and R > 0 such that (2)-(4)
has a LI-mild solution w : [0,T] — L(2) which is unique in C([0,T]; LY(Q)), for any uo € Breq)(vo, R/4). This
solution depends continuously on the initial data, that is, if u and v are solutions of (2)-(4) starting in ug and vy,

then

sup |[u(t,-) —v(t,)||lLe) < Clluo — vol|La(q)-
te(0,T]
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We give sufficient conditions to obtain a blowing-up behavior for the solution of (2)-(4). To do this, recall that
there exists a L'-normalized eigenfunction ¢ of the Dirichlet Laplacian associated to its first eigenvalue ;.

Theorem 2.2. Let p > 2 — a, ug € L*®(Q) a nonnegative nonzero function and suppose that the solution u given

by Theorem 2.1 is a classical solution of (2)-(4) starting at ug. If

1 _1
p—1 P(a+1) e

. = Ca 1

/o /sz u(s, z)p1 (x)drds > p—2+a Dla+1)+X\ ‘ v

then Thar < 00 and u blows-up in the L°°-norm.
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Abstract

In 1994, Ponce et al [4] analyzed the stability of mildly decaying global strong solutions for the Navier-Stokes
equations. In this work, we try to apply the same approach for a nematic liquid crystal model, that is a coupled
model including a Navier-Stokes type-system for the velocity of the liquid crystal (“liquid part”) and a parabolic
system for the orientation vector field for the molecules of the liquid crystal (“solid part”). We will focus on the
similarities and differences with respect to Ponce et al [4], depending on the boundary data chosen for the solid

part.

1 Introduction

Suppose € a bounded, simply-connected and open set in R? having a smooth boundary and lying at one side of
00. Let Q = Q x (0,00) and ¥ = 9N x (0,00). If we denote by v = v(t, ) the velocity vector, 7 (¢, ) the pressure
of the fluid, e = e(t, ) the orientation of the liquid crystal molecules, and @ = (x1,z2,23) €  the space point,
then the model for the phenomenon in 3D of liquid crystals of nematic type can be described, for example, by the

coupled system:
v —vAv+ (v-V)v+Vr =-\(Ve)lAe+g in Q,

V-v=0 in Q,
e+ (v-V)e—v(Ae— fs(e)) =0 in Q, (1)
v =0, and either e=a, or 0O0,e=0 on X,
v(x,0) =vo(x), e(x,0)=eo(x) in Q,

where v > 0 is the fluid viscosity, A > 0 is the elasticity constant, v > 0 is a relaxation in time constant, the

function fs is defined by

1 .
fs(e) = 67(|e|2 —1)e with |e/ <1, (2)
where | - | is the euclidian norm in R3, § > 0 is a penalization parameter, g is a known function defined in Q.

Let V.={y e H(Q); V-y =0, ypo =0} and H = {y € L*(Q); V-y = 0,y - njjpo = 0}. Assuming the
compatibility hypothesis
leo] <1 a.e.in Q and |a|] <1 ae. on X, (3)

and that
v eV, e € H*Q), acH?Q) and ge L*(0,00, H), (4)

Lin & Liu [3] showed, for fixed ¢ > 0, that system (1)-(4) has global strong solutions (v, , e) with the following

regularity:

vE LOO(O,—FOO;HﬁHl(Q)) ﬂL2(0,+oo;H2(Q) N V), oy € L2(07—|—oo;H),
e € L™ (0,+o0; H*(2)) N L*(0, +o0; H*(Q)), 08he € L>(0,400; L*(Q)) N L*(0,+00; H' (Q) N V).
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Our mean contribution here is to prove the stability of the strong global solutions of system (1) considering only
v=0and e=a on X. For this purpose, we consider the open neighborhood containing (vo, eq, g, a),

Oe((v()ve(hgva)) = {(Cﬂ,y,z7t) eV x H2(Q) X LQ(Oa OO,H) X H5/2(aQ)a

o (5)
IV(vo — )|* + lleo — yll3 +/0 (g = 2)(®)[%dt + [|l@ = #[|7gs/» < 6}7
such that, for all (ug,do,h,b) € O((vo,eo,g,a)) there exists a unique strong global solution (u,,d) of the

perturbed system
u —vAu+ (u-V)u+ V0 =-\Vd)'Ad+h in Q,

V-u=0 in Q,
Od+ (u-V)d —y(Ad - f5(d)) =0 in - Q, (6)
u=0, e=b on X,
'U/(:L'70) = 'U'O(x)v d(:]l',O) = dO(x) in Qa
where b is a time-independent datum and || - || is the norm in L?(2).

2 Main result

To establish the main result of this work, we need to assume that there exist a strong solution of (1) satisfying the

Leray [2] global criterion of regularity
[Vo@)[* and [|V(8)[|71q) belong to  L'(0,00), (1)
or, equivalently, see Beirdo da Veiga [1],

[Vo(t )IIEZ& and [[Ve(t )||5§1i o) 2<p,q<3 belongto L'(0,00), (2)

Our stability results for the system (1) can be state as follows:

Theorem 2.1. Suppose that there exists a global strong solution (v,w,e) of system (1) and that satisfies the Leray
global criterion of regularity (1). If
(UO;dO7h’7b) S OE((UanO7g7a)> (3)

then

lim 1V (u = 0)(0)]| + [[(d — )()] 1r2(0)) = 0. (4)
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Abstract

Neste trabalho serd apresentado o controle exato-aproximado interno para o sistema de Bresse termoeléstico,
cujo controle age em um subintervalo do dominio. O controle é obtido minimizando-se o funcional associado ao

sistema de Bresse termoeldstico, como feito em [2], este trabalho faz parte da tese de doutorado em [1].

1 Introducao

Nosso objetivo é obter o controle exato-aproximada em (I1,l3), com (I1,l3) C (0,L), para o sistema de Bresse

termoelastico

p1oee = k(pa + 1 +lw)e — kol(wz = lp) = fix 1), em  (0,L) x (0,T)
P2t — bpx + k(pz + 0 +1w) + 90 = faX(,1,), em (0,L) x (0,T)
prwee — ko(we — 19)e + kl(s + ¢ +1w) = faxa,1,), em (0,L) x (0,T)
0y — k100 + mipye =0, em (0,L) x (0,T)

©(0,1) = (L, 1) = ¥(0,t) = (L, 1)

=w(0,t) = w(L,t) =0(0,t) =6(L,t) =0, te(0,T)

¢(.,0) =¢o, ©i(.,0) =1, em (0,L)

¥(.,0) =to, ¥:(.,0)=1v1, em (0,L)

w(.,0) = wo, w(.,0)=wy, em (0,L)

0(.,0) =6, em (0,L).

Para o controle exato-aproximada interna encontramos um espago de Hilbert

H = HE(0,L) x L?>(0,L) x H(0,L) x L?(0,L) x H3(0,L) x L?(0,L) x L*(0, L), tal que para cada dados inicial
e final (gﬁo, ©1, ’(,ZJ(), 1/)1, wo, W1, 90), (‘1)0, @1, \1’0, \Ifl, Wo, Wl, 770) € Hee> 0, é pOSSfVGl encontrar controles f17 fg, f3

tais que a solugao de (1) satisfaga

Para obter tal controle fizemos como em [1],[2] e [3].

2 Resultados Principais

O processo usado para se obter-se o controle exato-aproximada interna consiste em encontrar uma estimativa de

observabilidade para o sistema homogéneo (1) (isto é f; = fo = f3 = 0). Para obter tal estimativa de observabilidade
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usaremos uma desigualdade de observabilidade para o sistema desacoplado associado

pl@tt (@z + {E"‘ l{‘j) - kOZ(N l@) =0, em (07 L) X (O,T)
pathes = Vo + k(@a + 0+ 1) + F2PY; =0, em  (0,L) x (0,T)
p1W — ko(Wy — 1P)e + k(P + ¢ +1w) =0, em (0,L) x (0,T)
0y — k100 +mihy =0, em  (0,L) x (0,T)
(Z(Oa t) = ‘Z(Lvt) = w(%t) = '(/}(Eat)
=w(0,t) =w(L,t) =0(0,t) =0(L,t) =0, te(0,T)
&( 0) = %o, Q:’zt('ao) =¢1, em (0,L)

) =0, ¥i(.,0) =11, em (0,L)
( ,0) =wp, wi(.,0)=wy, em (0,L)
6(.,0) =6y, em (0,L),

onde

1t
Po=Phi- 1 [ Pids
0

e um teorema que diz, para S(t) e S°(t) os semigrupos fortemente continuos em H associados aos sistemas homogéneo
(1) e (1) respectivamente tem-se que
S(t) — S°t) : H — C([0,T]; H) é continuo e compacto.

Por fim para obter-se o controle exata-aproximada interna minimizaremos o funcional J : H — R definido da
seguinte forma:

l2
J (ug, u1,v0,v1, 20, 21, P0) = / / (Juf® + [v]* + |2?) da dt

L
—pP1 / ‘I)l’LLOdZC — pg/ \Iflvodx — pP1 / leodéﬁ + P1 <(I)0, U1> + ,02<\I/07 U1> (2)
0 0

L
+p1(Wo, 21) — / (o +mW¥,)po dx +€llpollz2(0,1)
0
onde

H =L20,L) x H-(0,L) x L2(0, L) x H~1(0,L) x L2(0, L) x H~'(0, L) x L2(0, L).
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Abstract

We study the long time behavior of weak solutions for the asymmetric fluids equations in the whole space
R®. We prove that H (u, w) (-, t) H2LQ(R3) < C(t+1)7%2 for all t > 0 through Fourier splitting method.

1 Introduction

In the work, we use boldface letters to denote vector fields in R™, as well as to indicate spaces whose elements are

of this nature. We consider, in R3 x R*, the Cauchy problem

g+ (u- V)u — (p+ pp) Au+ Vp — 24, curlw = f,
divu =0,
(1)

wy + (U - V)w — (¢ + cg) Aw — (co + cqg — ¢o)V(divw) + 4p,w — 2p, curlu = g,

u|t:0 = Uo, w|t:0 = Wo,

complemented with Dirichlet conditions at infinity. This system, proposed by Eringen [1], describes the motion of
viscous incompressible asymmetric (also known as micropolar) fluids with constant density p = 1 and generalized
the classical Navier Stokes model. In system (1), the unknowns are the linear velocity u(x,t) € R?, the pressure
distribution p(x,t) € R and the angular (or micro-rotational) velocity of the fluid particles as functions of the
position x and time t, w(x,t) € R3. The functions ug = ug(x), wo = wo(x), f = f(x,t) and g = g(x,t) denote,
respectively, a given initial linear velocity, initial angular velocity and external forces. The positive constants p,
L, Co, Cq and cq represent viscosity coefficients and satisfy the inequality c¢o + ¢4 > ¢,.Without loss of generality
to our goals, we fix p =1/2 = p, and ¢, + ¢4 = 1 = ¢g + ¢4 — ¢,. Besides that, We denote the Fourier transform
either by F or ™, i. e.

Fle}©) = 2(€) = [ €= (@) da. 2)

2 Main Results

The main results are similar to the problems solved to Navier-Stokes equations in [3] by M. Schonbek through a
method now known as the “Fourier splitting method” developed by her and first applied in the context of parabolic

conservation laws (see [4]). These results as well as their proofs can be seen in [6]

Theorem 2.1. Let (u,p,w) be a smooth solution of the Cauchy problem (1) with f = g = 0. If ug, wy €
LY(R3) N L3(R3), with divug = 0, then there exists a constant C > 0 such that

JuC ) |2 + w02 < CE+1)72,  vixo. (1)

The constant C depends only on the L' and L? norms of ug and wq.
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Proof To prove Theorem 2.1, we use the following results which proofs can be seen in [6].

Lemma 2.1. Let (u,p,w) be a smooth solution of the Cauchy problem (1) with f = g = 0. If ug, wy €
LY(R®) N L3(R?), with divug = 0, then one has, for all t > 0 and & € R3,

[F{(u- V)u}(& O] + [F{(u- V)w}(& )| + [F{VP}E )| < [lul, )ll2(2[Ju( D)2 + [[w(-,t)]l2) [£]- (2)

In particular, |F{(u-V)u} (& t)|+|F{(w-V)w}(& )|+ |F{Vp}(&,t)| < C|&|, where C € RT depends only on ||uol|2

and ||’LUOH2

Proposition 2.1. Let KK C R? be a compact set. Under the assumptions of Lemma 2.1, one has

[a(g, )] + |w(& 1) < CleIT 3)

orall t >0 an e K, wit 0, where the constant C > epends only on the set and on the an
f ll 0and £ € K h & # h h C > 0 depend ly h K and he L' and L?

norms of the initial data.
By the construction of approximate solutions of (1), we prove

Theorem 2.2. Let ug € HNLY(R?) and wo € L*(R3) N LY(R3). There exists a weak solution (u,p,w) of problem
(1) with f = g = 0 such that

2 2 _
[uC, O, + E+ D |lw 0, < Ct+1)~3/2 (4)
for all t > 0, where the constant C depends only on the L' and L? norms of ug and wy and
H := the closure of {v € {C{°(R®)/divv =0 in R*}} on L*(R?).

Remark 2.1. The results can be generalized to the case that the external forces satisfy some decay estimates.
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Abstract

We prove sharp results for the local existence of non-negative solutions for a semilinear parabolic equation

with memory. The initial data is singular in the sense that it belongs to the Lebesgue space.

1 Introduction

Let © be either a smooth bounded domain or the whole space RY. We consider the nonlocal in time parabolic

problem
ug — Au = /Ot m(t,s)f(u(s))ds in Q x (0,T), (1)
with boundary and initial conditions
uw=0in 092 x (0,7), u(0)=ug>01in Q, (2)

where f € C([0,)), m € C(K,[0,00)), K = {(t,s) € R%;0 < s <t} and ug € L" (), r € [1,0).

Problem (1) models diffusion phenomena with memory effects and can be widely encountered in models of
population dynamics, as for example the Volterra diffusion equation. This problem has been considered by many
authors, see for instance [2, 6] and the references therein. In particular, when m(¢,s) = (¢t — s)™7, v € (0,1), and
ug € Co(RYN), problem (1) was studied in [2].

We are interested in the local existence of solutions of (1) considering initial data in L"(92). The first works in

this direction are dued to F. Weissler, who treated the nonlinear parabolic problem
up — Au = f(u) in Q x (0,7) (3)

with conditions (2), ug € L"(RY) and f(u) = uP, p > 1. From the results of [1], [3] and [7] it is well known that
there exists a critical value p* = 14 2r/N such that problem (3) has a solution in L"(Q) if either p < p* and r > 1
or p=p* and r > 1. Moreover, if either p > p* and r > 1 or p = p* and r = 1, one can find a nonnegative initial
data in L"(€) for which there is no local nonnegative solution.

Recently, these results were extended for the general case f € C([0,00)) assuming that f is a non-decreasing
function, see [5]. It was shown, in the case 2 a bounded domain, that problem (3) has a solution in L"(2)
with 7 > 1 if and only if limsup,_, . t7? f(t) < oo. If r = 1 problem (3) has a solution in L'(Q) if and only if
[ZtUR2/N B(t)dt < 0o, where F(t) = SUP; <, < f(0)/o. Similar results were obtained when © = R, but in this
case is needed the additional condition limsup,_,, f(¢)/t < co.
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2 Main results

We assume that the function m verifies the following conditions:
H1
H2
H3
H4

The function m is a nonnegative continuous function defined in the set K = {(¢,s) € R%0 < s < t}.

The function m verifies: there exists a constant v € R such that m(\¢, As) = A~"m(t, s), for all (¢,s) € K.
m(1,-) € L*(0,1), and

limsup, o+ n'|m(1,n)| < oo for some I € R.

— — ~— ~—

Theorem 2.1 (Existence). Assume that f € C([0,00)), m wverifies conditions H1)-Hj) with v < 2,1 < 1. Let
a=min{l—1,2—~}, r > 1 and p* = 2-(2—~)+1. Suppose that p*[N +2a—2(2—7)] > N+2a, p*(a+~v—1) > a,
v >1 and p* + v > 2, and some the following conditions hold:

(i) limsup,_, . t~7" f(t) < oo, if Q is a bounded domain.
(i) limsup,_, . t 7" f(t) < 0o and limsup, o+ f(t)/t < 0o if @ =RN.
Then for every ug € L"(€2),ug > 0 problem (1) has a local solution.
Theorem 2.2 (Non-existence). Assume f € C([0,00)) is a non-decreasing function.

(i) If limsup,_, .t~ f(t) = oo and m wverifies conditions H1)-H3) with v < 2, then there exists ug € L"(5),

uo > 0 so that problem (1) does not have a local solution.

(ii) There exist v < 2 and | < 1 in every situation: p*[N +2a —2(2 — )] < N+ 2a or p*(a+v—1) < a or
p* +v <2 or~v <I. Moreover, for these values of v and I there exist a function m satisfying H1)-H/) such
that if limsup,_, . t* f(t) = oo, then it is possible to find ug € L"(Q),up > 0 such that problem (1) does not

have any local solution.
(iii) Suppose that Q = RV, limsup,_,)+ f(t)/t = oo and m wverifies conditions H1)-H3) with v < 2, then there

exists ug € L™ (), ug > 0 so that problem (1) does not have a local solution.
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ATRATOR PULLBACK PARA SISTEMAS DE BRESSE NAO-AUTONOMOS
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Abstract

Neste trabalho investigamos a dinamica a longo prazo de um sistema de Bresse ndo-auténomo. Garantimos
a existéncia e unicidade de solugdo e o resultado principal estabelece a existéncia de atrator pullback. A

semicontinuidade superior de atratores, quando se considera um parametro no sistema, é também estudada.

1 Introducao
Neste trabalho nés estudamos a dinamica a longo prazo das solugoes do seguinte sistema de Bresse

p1oee = k(pa + 1 + lw)e — kol(wae — 1) + g1(1) + f1(p, ¥, w) = eha (1),
PPt — b'l,[}xz + k(@x + ¢ + lw) + g2(¢t) + f2(§07¢vw) = €h2(x7t)a (]‘)
P1Wet — kO(wx - l@)a: + kl(()pw + ¢ + l’UJ) + gg('lUt) + f3(<,0,'(/),w) = th(l‘,t),

definida em (0, L) X [r, +00[, sujeita as condigoes de froteira de Dirichlet,
0(0,1) = (L, t) = 9(0,1) = (L, 1) = w(0,1) = w(L,t) =0, t>, (2)
e condicao inicial (para t = 7),
o(7) =g, wi(-,7) = @1, V(7)) =g, i, 7) =97, w(,7) =wg, w(-,7) = w, 3)

onde g1(¢t), g2(vt) € g3(pr) sdo termos de damping nao linear, f;(¢, ¥, w), i = 1,2, 3, sdo forcas externas e h; = h;(t),
i = 1,2, sao perturbacoes dependentes do tempo, o que torna o sistema nao-autonomo. Sob condigbes bastante

gerais nés garantimos que o problema (1)-(3) é bem-posto no espago de energia
V = H}(0,L) x H}(0,L) x HY(0, L) x L*(0, L) x L*(0,L) x L*(0, L),
equipado com a norma
(o, %, w, 8,0, @) lv = pill@l? + p2ll D1 + prll@1® + blle | + Ellpw + 4 + lw||? + Kollws — Lo||*.

Consideramos que f1, f2 e f3 sao localmente Lipschitz e do tipo gradiente. Assumimos que existe uma fungao
de classe C?, F : R?® — R tal que VF = (f1, f2, f3), e satisfaz as seguintes condigoes: existem 3, mp > 0 tais que

F(u,v,w) > —B(ul® + [v]* + |w*) —=mp Y u,v,w € R, (4)
e existem p > 1 e Cy > 0 tais que, para 7 = 1,2, 3,
IV fi(u,v,w)| < Cp(1+ [ulP~ + [p|P~! + [wP™Y), Vu,v,w € R. (5)
Em particular isso implica que existe C'r > 0 tal que

F(u,v,w) < Cp(1 + [uPT + [v|P™ + |wPth), Vu,v,w € R. (6)
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Além disso, assumimos que, para todo u,v,w € R,
VE(u,v,w) - (u,v,w) — F(u,v,w) = —B(ul* + [v]* + |w|*) — mp. (7)

Em relagdo as fungoes damping g; € C1(R), i = 1,2,3, assumimos que g; é crescente e g;(0) = 0, e existem
constantes m;, M; > 0 tais que
m; < gi(s) < M;, VseR. (8)

2

Finalmente, assumimos hq,hy € LE (R; L?(0, L)) e mais algumas condigoes sobre estas fungoes.

2 Resultados Principais

Teorema 2.1. Se as hipdteses (2.1)-(8) sdao vdlidas, entdo o processo de evolugio gerado pelo problema (1)-(3)
admite um atrator pullback A, = {A(t)} no espago de fase V.

Teorema 2.2. Sob as condi¢oes do Teorema 2.1, o atrator pullback {A.} é semicontinuo superiormente quando
e — 0, isto é,
lim dist(A(t), Ao) =0, Vi€ R. (1)

e—0

A existéncia de atrator global para o problema (1)-(3) quando € = 0 foi demonstrada em [1].
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EXACT CONTROLLABILITY FOR AN EQUATION WITH NON-LINEAR TERM

RICARDO F. APOLAYA!

YUFF, RJ, Brasil, ricardof16@yahoo.com.br

Abstract

Let Q be a bounded domain of R"™ with regular boundary of type C?, so that Q contains the origin of R™.

Consider the non homogeneous problem

u’(t) — Au(t) + [u@®)]’ut)=0 in Q=Qx(0,T)

w(0) =uo u'(0) = uy on Q.

Our main objective is to study the exact controllability of problem. Where u is the displacement, A denotes the

Laplace operator.

1 Main Results

Theorem 1.1. For T > Ty, and for each {ug,u1} € L?(Q) x (H_l(Q) —s—Lp/(Q)) ,p = p+ 2, exist a control

function at the boundary v € L?(X), such that the ultraweak solution u satisfies the final condition

w(T) = 4/(T) = 0, in
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NEW DECAY RATES FOR THE LOCAL ENERGY OF WAVE EQUATIONS WITH LIPSCHITZ
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Abstract

We consider the Cauchy problem for wave equations with variable coefficients in the whole space R". We
improve the rate of decay of the local energy, which has been recently studied by J. Shapiro [6], where he derives

the log-order decay rates of the local energy under stronger assumptions on the regularity of the initial data.

1 Introduction

We consider in this work the Cauchy problem associated to the wave equation with variable coefficient in R™ (n > 1)
as follow
ug(t,2) — c(x)*Au(t,z) =0, (t,x) € (0,00) x R™, (1)

u(0,7) = uo(z), u(0,2) =ui(z), z€R", (2)

where (ug,u1) are initial data chosen as
up € H*(R™), wu, € L*(R™),

and the function ¢ : R™ — R satisfies the two assumptions below:
(A-1)¢(x) > 0 (x € R"), ¢, € L®(R"), Ve € (L= (R™))",
(A-2) there exists a constant L > 0 such that ¢(x) =1 for |z| > L.
In particular, the condition (A-1) implies ¢ € C%1(R™).
The local energy Egr(t) on the zone {|z| < R} (R > 0) corresponding to the solution u(t,x) of (1)-(2) is defined

by
1 1

Enlt) = 5 /MR (et )+ Vult, 0))da

Shapiro [6] imposes rather stronger hypothesis on the regularity of the initial data such as
(I) the supports of initial data are compact, and as a result [ug,u;] € H?(R") x H(R").
Furthermore, in a sense,
(IT) the decay order (logt)~2 obtained in [6] of the local energy seems to be rather slow.
Under weaker regularity assumptions on the initial data to modify (I), one obtains faster algebraic decay rate

which improves (IT) in the case when the coefficient ¢(z) and the parameter L have a special relation.

2 Main Results

Theorem 2.1. Let n > 3, and assume (A-1) and (A-2). If the initial data [ug,ui] € HY(R™) x (L*(R™) N L' (R"))
further satisfies

/Rn(l +|2]) (C(;)le(x)ﬁ I Wo(x”z) 4z < 400,

95



96

then the unique solution u € C7 to problem (1.1)-(1.2) satisfies
Er(t) =0(t~1"m) (t — o0),
for each R > L provided that n := 2L||%||00||VCHOO €1[0,1).

Theorem 2.2. Letn =2, and assume (A-1) and (A-2). Let~y € (0,1]. If [ug,u1] € HY(R") x (L2(R™)N LY (R"))

further satisfies

[0 (@ 190 ) a < 5o

[ s

then the unique solution u € C% to problem (1.1)-(1.2) satisfies

and

Eg(t) =0t~ ""7) (t = ),
for each R > L provided that n := 2L||?¥)||Oo||Vc|\oo €10,1).

Theorem 2.3. Let n =1, and assume (A-1) and (A-2). If [ug,u1] € HY(R™) x L?(R™) further satisfies

1
[ @+lal) (st @ + [Fun@) ) de < +oo,
R c(x)
then the unique solution u € C} to problem (1.1)-(1.2) satisfies
En(t) = 007 (t = o0),

for each R > L provided that n := 2L||%||OO||VCHOO €[0,1).
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A SUMMABILITY PRINCIPLE AND APPLICATIONS
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Abstract
A new Inclusion Theorem for summing operators that encompasses several recent similar results as particular
cases is presented. As applications, we improve estimates of classical inequalities for multilinear forms. This is

a joint work with Gustavo Aratdjo and Joedson Santos.

1 Introduction

Summing operators date back to Grothendieck’s Résumé and the seminal paper of Lindenstrauss and Pelczynski.
In the 80’s, the investigation of these was directed to the multilinear framework and several different lines of
investigation emerged. In an attempt to unify most of the different approaches, the following notion of A-

summability arose naturally (see [3] and the references therein):

Definition 1.1. Let Ey,..., E,,, F be Banach spaces, m be a positive integer, (r;p) := (T1,...,Tm;P1,---Pm) €
[1,00)%™ and A C N™ be a set of indexes. A multilinear operator T : Ey X -+ X E,, — F is A-(r; p)-summing if
there exists a constant C' > 0 such that for all z7 € ) (Ej),j=1,...,m,

1
=

Tm—1 1

o0 oo Tm m .
- (Z HT(xgl,...,x;;;)1A(i1,...,¢m)Hrm> §C~HijHw’pj,
j=1

i1=1 im=1

where 15 is the characteristic function of A. We represent the class of all A-(r; p)-summing multilinear operators

from By X --- X By, toFbyHA, Ey,....,E;F). Whenry = -+~ =1 =17 and p1 = -+ = ppm = p, we will
(r;p)
A

represent Hé\r‘p) by H(T.p).
When A = Ay :={(4,...,4) : i € N}, Definition 1.1 recovers the notion of (r; p)-absolutely summing operators,
denoted by TIf;, . H?;“lljt)
Results of the type H?T,p) C Hé\s. q) are called Inclusion Theorems, which role is very important in the literature.
The main contribution we present is an Inclusion Theorem for the case in which the set A is formed by “blocks”.

The set A is called block, if

When A = N™ we get the notion of (r; p)-multiple summing operators, denoted by

A= {i= (g, "5, g, " dg) iy, ., dg € N

where 1 < nq,...,ng < m are fixed positive integers such that n; + - -- + ng = m. The general block situation, on
which A is called block of Z-type, corresponds to a partition Z = {I1, ..., I4} of non-void disjoint set of {1,...,m},
such that m;(i) = ix, with j € I,k = 1,...,d, where m; the projection on the j-th coordinate.

Provided that A is a block, we shall prove the inclusion

A A
ip) C lsq)

for suitable values of s1,...,8,,. In the final section we apply our main result to the investigation of Hardy—

Littlewood inequalities for multilinear forms.
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2 Main Results

For multiple summing operators, Inclusion Theorems are more subtle. Recently, this subject was investigated by

several authors and using different techniques (see [2, Theorem 1.2] and [4, Proposition 3.3]). Our main result
. . . . . 1 o 1

recovers the aforementioned results. A useful notation is used: given A C {1,...,m}, we set ‘5‘ a T djea .

Also, for 1 < k < m, we define [1/p|;j>x := [1/P|je(k,...m}; We simply write |1/p| instead of [1/p|;>1.

.....

Theorem 2.1. Let 1 < d < m be positive integers and r > 1, p,q € [1,00)™. Let also T = {I1,...,I3} be a
partition of {1,...,m} and suppose that A is a block-set of T-type. Then

(.0 (Brs.oo s E; F) CT{, g (Bry.oo, B F),

for any Banach spaces Fr, ..., Ey, F, with

Sk

1’1
q

jeUL, Ii "

whenever g; > pj, j=1,...,m, and

orqi>p1, ¢ = pj, §3=2,...,m, and

Moreover, the inclusion operator has norm 1.

As application, we improve the exponent on a Hardy-Littlewood/Dimant—Sevilla’s inequality. The following
standard notation is used: e’ denotes the n-tuple (e;,...,e;), with e; the canonical vector of the sequence space co;

here j := (j1,...,Jm) stands for a multi-index; we shall denote X, = ¢, for 1 < p < 0o and X, = co.

Proposition 2.1. Let1 < d < m and let ny,...,ng be positive integers such that ni+---+ng=m. If m < p < 2m,
then

Sd—1 = s1

[e )

o
Sl Do 1Aate . et < D% _ Al

Ji=1 Ja=1

-1
for all m-linear forms A : €7 x --- x £ — K, with s, = B—(nk—i----—l-nd)-(%—ﬁ)} S fork=1,....d.
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HOLOMORPHIC FUNCTIONS WITH LARGE CLUSTER SETS
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Abstract

We study linear and algebraic structures in sets of bounded holomorphic functions on the ball which have
large cluster sets at every possible point (i.e., every point on the sphere in several complex variables and every
point of the closed unit ball of the bidual in the infinite dimensional case). We show that this set is strongly
c-algebrable for all separable Banach spaces. For specific spaces including ¢, or duals of Lorentz sequence spaces,
we have strongly c-algebrability and spaceability even for the subalgebra of uniformly continous holomorphic

functions on the ball.

1 Introduction and main results

There is an increasing interest in the search linear or algebraic structures in sets of functions with special (usually
bad) non-linear properties. A seminal example of this kind of results is the construction in [4] of infinite dimensional
subspaces of C([0,1]) containing only of nowhere differentiable functions (except the zero function). Since then,
many efforts were devoted in this direction, especially in the last years. We refer the reader to [1] for a complete
monograph in the subject.

In this work, we study linear and algebraic structures in the set of holomorphic functions with large cluster
sets at every point, both for finite and infinitely many variables. Cluster values and cluster sets of holomorphic
functions in the complex disk D were first considered by I. J. Schark (a fictitious name chosen by eight brilliant
mathematicians of the time) in [6]. Their motivation was to relate the set of cluster values of a bounded function
f at a point in the unit circle S with the set of evaluations () of elements ¢ in the spectrum of the algebra H*°
over that point. Different authors have studied the analogous problem in the infinite dimensional setting [2, 3, 5].
Let us remark that for a bounded holomorphic function f on D, a large cluster set of f at some zy € S means
that f has a wild behaviour as z — 2o (the cluster set consists of all limit values of f(z) as z — zp). So, in the
one dimensional case, we are interested in those functions that have this wild behaviour at every point of the unit
circle. This is our non-linear property, which can be rated as bad, in opposition to continuity at the boundary,
which plays the role of the good property. Since a cluster set is a compact connected subset of C, it is considered
large whenever it contains a disk.

Let us begin in the context of several complex variables. We consider a norm || - || in C™ and the corresponding
finite dimensional Banach space E = (C",||||). We write B and S for the open unit ball and the unit sphere of
E, respectively. Let H>°(B) denote the algebra of all bounded holomorphic functions on B. The cluster set of a
function f € H>(B) at a point z € B is the set CI(f, z) of all limits of values of f along sequences converging to
z. For z in the open unit ball this cluster set contains just one point: f(z); but for z € S the situation can be very
different.

Theorem 1.1. For E = (C",||||), the set of functions f € H™(B) such that there exists a (fized) disk centered at
the origin which is contained in CI(f,z) for every z € S is strongly c-algebrable.
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Now we consider an infinite dimensional complex Banach space E. The symbol Bg (or B if there is no ambiguity)
represents the open unit ball of E, while Sg (or S) represents the unit sphere. Also, we write B** := Bp+ and
B = Bpg-+-, where E** denotes the topological bidual of E.

In this case, for f € H°(B) and z € B", the cluster set of f at z is the set CI(f,z) of all limits of values of f
along nets in B weak-star converging to z. More precisely,

Cl(f,z) = {X € C : there exists a net (x,) C B such that x, wEED) z, and f(xq) = A}

In the infinite dimensional case, the cluster set can be large even at points in the interior of the ball.

Theorem 1.2. If E is a separable infinite-dimensional Banach space, then the set of functions f € H*(B) such
that there exists a (fized) disk centered at the origin which is contained in CI(f,z) for every z € B s strongly
c-algebrable.

Recall that A, (B) is the Banach algebra of all uniformly continuous holomorphic functions on the unit ball B.
As a consequence of [2, Corollary 2.5], functions in A, (B, ) have trivial cluster sets at points of Sy, for 1 < p < oo.
Moreover, a function f € H>(By, ) for which there exists a fixed disk contained in CI(f, z) for every z € By, cannot
belong to A,(Bg,) (1 < p < 00). So we do not expect a result like Theorem 1.2 to hold for A,(B,). The same
happens for some duals/preduals Lorentz sequence spaces. However, if we only ask cluster sets at z € B to contain
disks (whose radii depend on the point), we have both strongly c-algebrability and spaceability.

Theorem 1.3. Let E be either £, (1 < p < 00) or d(w,p)* (1 < p < o0) or di(w,1) with w € £s for some
1 < s < 0o. Then, the set of functions f € A,(Bg) whose cluster set at every x € B contains a disk is strongly

c-algebrable and contains (up to the zero function) an isometric copy of loo. In particular, it is spaceable.

We remark that the copy of ¢, obtained in the previous theorem is actually contained in the subspace of m-
homogeneous polynomials, where m > p for £, (1 < p < 00), m > p' for d(w,p)* (1 < p < ), m > s’ for d.(w,1)
and m can be any even number for /.

Finally, we state the following spaceability result for the case E = ¢y.
Theorem 1.4. The set of functions f € H*(B,,) whose cluster set at every x € B., contains a disk is strongly

c-algebrable and contains (up to the zero function) an almost isometric copy of £1. In particular, it is spaceable.
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Abstract

Positive definite functions on two-point homogeneous spaces were characterized by R. Gangolli some
forty years ago and are very useful for solving scattered data interpolation problems on the spaces. Such
characterization is related to the so called Fourier-Jacobi coefficients and can be found in [5]. This work provides

relations between these coefficients.

1 Introduction

Let M? denote a d dimensional compact two-point homogeneous space. It is well known that spaces of this type
belong to one of the following categories ([8]): the unit spheres S¢, d = 1,2,..., the real projective spaces
PY(R), d = 2,3,..., the complex projective spaces P4(C), d = 4,6, ..., the quaternionic projective spaces P¢(H),
d = 8,12,..., and the Cayley projective plane P¢(Cay), d = 16. In general this classification is decisive in analysis
of problemas involving the compact two-point homogeneous spaces, as can be seen in [1, 2, 4] and others mentioned
there.

A zonal kernel K on M¢ can be written in the form K(x,y) = K%(cos|zy|/2), z,y € M?, for some function
K2 : [-1,1] — R, the radial or isotropic part of K. A result due to Gangolli ([5]) established that a continuous

zonal kernel K on M? is positive definite if and only if

oo

KXty = apP PP, tel-1,1], (1)
k=0

in which 72, az’BP,f’ﬁ(l) < oo and a‘,:’ﬁ € [0,0), k € Z4. Here, « = (d —2)/2 and 8 = (d — 2)/2,-1/2,0,1, 3,
depending on the respective category M belongs to, among the five we have mentioned in the beginning of this

section. The symbol P,gd_Q)/ 2P gtands for the Jacobi polynomial of degree k associated with the pair («, ). The

coeflicients a?’ﬁ are given by

[P,?’ﬁ(l)} ’ 2k +a+B+D)I(k+1)T(k+a+B+1)

1
a,B (a,8) Y B
ap’” = S Tt a F DT L B D) [lf(t)Rk ()1 —t)*(1+t)7dt,

and they are called Fourier-Jacobi coefficients.

2 Main Results

The main results to be proved in this work are based on those presented in [3] and are described below.

Theorem 2.1. Let K be a continuous, isotropic and positive definite kernel on M, and ag”g the Fourier-Jacobi

coefficients presented in (1). Then

o0 o0

j j

aB _ B af atlf _ B af o frl

. = Z <H “k+11> Tetj Ckt+j = Z <H ‘Pk+zl> ity Ay
=1 =1
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in which,
W8 = (k+D(n+B+1)(2k+a+p+1)
B (k+ta+)(k+a+B+1)(2k+a+B8+3)
qooB (a+1)2k+a+8+1)
k (k+a+1)(k+a+B+1)
af _ 2kto+p+1
Pk kta+f+1
wf (k+1)(2k+a+B8+1)
of =

(k+a+B+1)2k+a+B+3)

We can obtain an application of previous result involving the positive definiteness and strictly positive
definiteness of a kernel on a two-point homogeneos space M¢.

Theorem 2.2. Let d,d’ > 2 be integers. If K is a positive definite kernel on a two-point homogeneous space M>¢
and a strictly postive definite kernel on M2, such that M2 and M24 belong to same category we have mentioned

in the beginning of previous section, then K is a strictly postive definite kernel on M??.
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Abstract

We prove that a linear operator from a Banach space to a Banach lattice is lattice summing if and only if it
sends weakly summable sequences to sequences whose partial sums of the modulus are norm bounded if and only

if it sends unconditionally summable sequences to modulus summable sequences. Applications are provided.

1 Introduction

The following class of operators, closely related to the class of absolutely summing operators, was introduced by
Yanovskii [5] and Nielsen and Szulga [3] (see also [1, 4]): Given a Banach space E and a Banach lattice F, a
linear operator u: E — F' is lattice summing if there exists a constant C' > 0 such that, for any n € N and all

L1y, Ty € B,
n
Do lulap)l| <C- sup Y jat ().
j=1

The infimum of the constants C' working in the inequality is denoted by A1 (u).

It is a natural question if lattice summing operators can be characterized by means of the transformation of
weakly summable sequences in E to sequences in some Banach lattice formed by F-valued sequences. In this
work we use the spaces |£1|(F) and [¢1(F)| of F-valued sequences introduced in [2] to prove that an operator is
lattice summing if and only if it sends weakly summable sequences to sequences in |¢1|(F) if and only if it sends
unconditionally summable sequences to sequences in |¢1(F)|.

E will always be a Banach space and F' will be a Banach lattice. By ¢}(E) we denote the space of E-valued
weakly summable sequences and by £} (F) the space of E-valued unconditionally summable sequences. Now we

recall the spaces of Banach lattices-valued sequences introduced in [2]:

[G[(F) = q (@n)nzy C B H(xn)?:l‘hm(z?) ‘= sup Z |zjl|| < +oop and

[ (F)] = {(xn)fle CE: Z |xn| converges in F} .

n=1
2 Main Results
Proposition 2.1. (a) |¢1|(F) is a Banach lattice which contains [1(F)| as a closed ideal.
b) The containing relations £1(F) C |¢1(F)| C |¢1|(F) hold and are strict in general.

(
(©) W)l ey = | 5 ol for cvery (a)ia € 163(F))

(d) [61|(F) = [£1(F)| if and only if F' is weakly sequentially complete.

(e) If u: F — G is a regular linear operator between Banach lattices, then (u(xj)); € [(1|(G) whenever
(x;); € [ [(F).
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Our main result reads as follows:

Theorem 2.1. The following are equivalent for a linear operator uw: E — F':
(a) u is lattice summing.

(b) (u(e;)32, € [02](F) whenever (w;)32, € ¥(E).

(e) (u(z;)52, € [6o(F)| whenever ()52, € £1(E).

(d) There exists a constant C' > 0 such that

n
sup Z|u(xj)| <C- sup Z|x zj)|
no i3

r*EBp* j

for every (%‘)?L e Y(E).
(e) There exists a constant C > 0 such that

S lue)l| <0 sup le 7))
j=1

x* EBE*

for every (z;)32, € ({(E).
In this case, the induced maps G: £¥(E) — [61|(F) and @: 6 (E) — |€1(F)|, given by

@ ((wn)nzy) = @ ((wa)nly) = (w(@;))pL;
are well defined bounded linear operators and
A (u) =4l = ||al] = inf{C : (d) holds} = inf{C : (e) holds}.

If E is also a Banach lattice, then the operator u is positive (regular, a lattice homomorphism, respectively) if and

only if the induced operators 4 and U are positive (regular, lattice homomorphisms, respectively).

Corollary 2.1. (Ideal property) If v: H — FE is a bounded linear operator, u: E — F is a lattice summing

operator and t: F — G is a regular linear operator, then touov: H — G is a lattice summing operator.
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Abstract

We introduce a class of abstract norms on the tensor product of Banach spaces E and F' from sequence
classes X and Y. These abstract norms recover known norms on the tensor product, such as the Chevet-Saphar
norms, and generate new ones. A natural issue in this subject is how to characterize the dual of the tensor
product endowed with a given norm. Instead of offering a characterization of the dual of our (X,Y)-normed
tensor product as a class of linear operators, which is more common in the literature, we build one as a class of

bilinear applications.

1 Introduction

In the work [1] of 2017, G. Botelho and J. R. Campos synthesize the study of Banach operator ideals and multi-
ideals characterized by transformation of vector-valued sequences by introducing an abstract framework based in
the new concept of sequence classes. This environment also accommodates the already studied ideals as particular
instances. We refer to the books [2] and [3] for examples of classes of operators that fit in this subject and for the
theory of operator ideals.

In the current paper we use the environment of sequence classes to introduce an abstract (X,Y)-norm on the
tensor product and characterize its dual as a class of bilinear applications.

The letters E, F' shall denote Banach spaces over K = R or C and the symbol FE L F means that E and F
are isometrically isomorphic. We refer to the book [4] for the theory and all symbology concerning tensor products
used in this work. The theory, symbology, definitions and results concerning sequence classes and operator ideals

will be used indistinctly and can be found in paper [1] and in the book [3], respectively.

2 Main Results

Let E and F' be Banach spaces and X and Y sequence classes. Consider the function « X,Y(') EF® F — R, given
by

n
j=1
taking the infimum over all representations of u € £ ® F.
Under certain conditions, the function ay y(-) is a reasonable crossnorm on £ ® F:

Proposition 2.1. Let E and F be Banach spaces and X,Y sequence classes. If O‘X,Y(') : F®F — R is a function
such that e(u) < ay y(u), for any tensor u € E® F, and ax y(-) satisfies the triangular inequality, then ax y(-)
1s a reasonable crossnorm on E® F'.

We denote by E®, . F' the tensor product E® I endowed with the (X, Y)-norm ay y(-) and its completion by
E@ax . F- The Banach space E@ax ,F will be called (X,Y)-normed tensor product of the Banach spaces E and
F. The Chevet-Saphar norms are recovered as (X,Y)-norms: taking X = £}.(-) and Y = £,(-) or X = £,(-) and
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Y = £;.(-), we obtain age, 0, (1) = dp(-) or g, e, (-) = gp(-), respectively. Of course, many other new reasonable
crossnorms can be generated, for instance taking X = £}.(-) and Y = £,,(:).

If « is a reasonable crossnorm we have (E@aF)/ - (EQ%ﬂF)/ = B(E x F) L L(E,F') and so we can interpret
(E@aF)/ as a class of bilinear forms or as a class of linear operators. This last interpretation is the most common
in the literature and, as far as we known, the € norm is one of the few where this dual is originally interpreted in
the first form. ,

We now characterize de dual (E@axny ) as a class of bilinear applications. Before that, we need a definition.

Definition 2.1. A sequence class X is Hélder-limited if for any Banach space E and all (z;)32; € X(F) and
(Aj)321 € loo, it follows that (\;x;)52; € X(E) and

1) iy < 1Ol - 1@l ) -

Theorem 2.1. Let E and F be Banach spaces, X and Y finitely determined sequence classes, where X orY is

Hélder-limited, and ax y(-) a reasonable crossnorm. Then,
(E@ax_nyy L Lxvu, (B, F;K).
Example 2.1. For the new abovementioned case, taking X = £}.(-) and Y = £,,(-), our result asserts that
(E@a(;,* o FY S Lew, 0,010 (B, F3K).

For the norm d,(-), is well known that (E@dpF)/ +

states that

II,«(E,F’), where 1 = 1/p+ 1/p*. In this case, our result

(E@dpF)' - (E@ae;u* v‘pr)/ 1 ﬁa%u*yzp;zl(E, F;K)

and so I« (E, F') = Loy, oita (E, F;K) holds isometrically.
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Abstract

No presente trabalho, investigamos a classe dos espagos de Banach que possuem a propriedade da co-extensao.
Mostramos que essa classe contém propriamente os espacos de Banach weakly Lindel6f determined. Também

estabelecemos propriedades de fechamento e mostramos que diversos espacos nao pertencem a essa classe.

1 Introducao

O problema da extensao de operadores limitados remonta aos primérdios da Geometria dos Espacos de Banach e
é um assunto central nessa area de pesquisa. O mais famoso teorema sobre extensao de operadores limitados é o
Teorema de Hahn-Banach. Esse teorema garante que todo funcional linear limitado definido num subespaco de
um espaco normado admite uma extensao linear e limitada ao espago todo. Um corolario simples do Teorema de
Hahn—Banach é que se X é um espaco normado e Y é um subespago de X, entao todo operador limitado definido
em Y e tomando valores em [, admite uma extensao linear e limitada a X. No entanto, se trocarmos /., pelo
seu subespago cg, entao a situacao muda drasticamente. Por exemplo, é um resultado classico atribuido a Phillips
[3] que a identidade do espago ¢y ndo admite uma extensao linear e limitada a l.,. Nesse contexto, o celebrado
Teorema de Sobezyk [4] desempenha um papel central. Esse teorema garante que se um espago de Banach X é
separavel, entao todo operador limitado definido num subespago fechado de X e tomando valores em ¢y admite
uma extensao linear e limitada a X. Para estudar generalizacoes do Teorema de Sobczyk no contexto de espagos

de Banach néao separdveis, a seguinte definigao foi introduzida em [2].

Definigao 1.1. Dizemos que um espago de Banach X possui a propriedade da co-extensao (co-EP) se para todo
subespaco fechado Y de X e todo operador limitado T :' Y — c¢q existe uma extensao T : X — ¢y linear e limitada
deT.

Usando essa terminologia, o Teorema de Sobczyk diz que todo espago de Banach separavel possui a co-EP. Uma
adaptagdo da prova do Teorema de Sobczyk nos mostra que os espagos de Banach weakly compactly generated
também possuem a co-EP. Recorde que um espago de Banach é dito weakly compactly generated (WCGQG) se ele possui
um subconjunto fracamente compacto e linearmente denso e que a classe dos espacos WCG contém propriamente
os espagos de Banach separaveis e reflexivos. No presente trabalho, investigamos a classe dos espagos de Banach

que possuem a co-EP.

2 Resultados Principais

Esse é um trabalho em andamento. O principal resultado obtido até agora é o estabelecimento da co-EP para
a classe dos espagos de Banach weakly Lindel6f determined (Teorema 2.1). Dizemos que um espago de Banach é
weakly Lindelof determined (WLD) se a bola unitdria fechada de seu espaco dual, munida da topologia fraca-estrela,
é um compacto de Corson. Um espaco compacto Haudorff é dito um compacto de Corson se ele é homeomorfo a

um subconjunto de ¥(I), onde I é um conjunto, (/) estd munido da topologia produto e:

(1) = {(xi)iel eR :{icT:z; #0} ¢ enumerével}.
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Note que se um espago de Banach é WCG, entao a bola unitaria fechada de seu espago dual, munida da topologia
fraca-estrela, é um compacto de Eberlein e portanto, a classe dos espacos WLD generaliza a classe dos WCG, ja
que todo compacto de Eberlein é um compacto de Corson. Recorde que um espago compacto Hausdorff é dito
um compacto de Eberlein se ele é homeomorfo a um subconjunto fracamente compacto de um espago de Banach,

munido da topologia fraca.
Teorema 2.1. Se X ¢ um espago de Banach WLD, entao X possui a co-EP.

E importante destacar que existem espagos de Banach que possuem a ¢p-EP e nao sao WLD. Em [1] foi mostrado
que se K é uma reta compacta monolitica, entdo C'(K) possui a co-EP e existem retas compactas monoliticas cujos
espagos de fungoes continuas nao sdo WLD. Como usual, dado um espaco compacto Hausdorff K, denotamos por
C(K) o espago de Banach das fungoes continuas definidas em K e tomando valores na reta real, munido da norma
do supremo.

Outro resultado estabelecido no presente trabalho é o seguinte.

Teorema 2.2. Se k € um cardinal nao enumerdvel, entao C(2") ndo possui a co-EP.

O resultado acima é muito interessante, j& que os espagos C(2") possuem uma propriedade mais fraca que a
co-EP. A saber, se Y é um subespagco fechado e separdvel de C(2"), entdo todo operador limitado T : Y — ¢p
admite uma extensio limitada T : C'(27) — co.

Um outro resultado de destaque é o fato de que a co-EP é estdvel para quocientes. Mais precisamente,

estabelecemos o seguinte resultado.

Teorema 2.3. Sejam X e Z espacos de Banach e Q : X — Z wuma transformagao linear, limitada e sobrejetora.

Se X possui a co-EP, entdo Z possui a co-EP

Um coroldrio importante do Teorema 2.3 é que se K é um espaco compacto Hausdorff tal que C'(K) possui a
co-EP e F' é um subconjunto fechado de K, entdo C(F') também possui a cy-EP. Portanto, segue do Teorema 2.2
que se um espago compacto Hausdorff K contém uma cépia de 27, para um cardinal ndo enumerdvel x, entdo C(K)

nao possui a co-EP.
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Abstract

In this talk we study some aspects of the structure of twisted sums. Although a twisted sums of Kéthe spaces
is not necessarily a Kothe space, those which are obtained by the complex interpolation method are equipped
in a natural way with an Lo, - module structure. In this case we study disjoint versions of basic notions of the

theory of twisted sums. We also consider some properties in the direction of local theory.

1 Introduction

Recall that a twisted sum of two Banach spaces Y, Z is a quasi-Banach space X which has a closed subspace
isomorphic to Y such that the quotient X/Y is isomorphic to Z. Equivalently, X is a twisted sum of Y, Z if there
exists a short exact sequence

0 —Y —27—X—0.

According to Kalton and Peck [5], twisted sums can be identified with homogeneous maps Q : X — Y satisfying
192(21 4 x2) — Quy — Quaf| < C([J21 ]| + [[22])),
which are called quasi-linear maps, and induce an equivalent quasi-norm on X (seen algebraically as Y x X)) by

1(y; 2)lle = lly = Q2] + [[=]].

This space is usually denoted ¥ ®q X. When Y and X are, for example, Banach spaces of non-trivial type, the
quasi-norm above is equivalent to a norm; therefore, the twisted sum obtained is a Banach space. The quasi-linear
map is said to be trivial when Y ®q X is isomorphic to the direct sum Y @ X.

We are mainly interested in the ambient of Kothe functions spaces over a o-finite measure space (X, 1) endowed
with their Lo,-module structure. A Kothe function space K is a linear subspace of Lo(X, i), the vector space of all
measurable functions, endowed with a quasi-norm such that whenever |f| < g and g € K then f € K and | f]| < ||g]l
and so that for every finite measure subset A C X the characteristic function 14 belongs to X. A particular case

of which is that of Banach spaces with a 1-unconditional basis with their associated £.,-module structure.

Definition 1.1. An L.-centralizer (resp. an lo-centralizer) on a Kdéthe function (resp. sequence) space K is a
homogeneous map Q : K — Lg such that there is a constant C' satisfying that, for every f € Lo (resp. L) and for
every x € IC, the difference Q(fxz) — fQ(x) belongs to K and

12(f) = fQU)[lx < Cliflloollxc-

Observe that a centralizer 2 on K does not take values in K, but in Ly, and still it induces an exact sequence

0 K —1 s dok —% 5 K 0
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as follows: do/kC = {(w,x) : w € Lo,z € K : w — Q2 € K} endowed with the quasi-norm

H(wam>||dQK = H-’I;”IC + ||w - QJJH)C

[1393)

and with obvious inclusion j(x) = (x,0) and quotient map Q(w,z) = z. The reason is that a centralizer “is” quasi-
linear, in the sense that for all z,y € K one has Q(z+y)—Q(z)—Q(y) € K and ||Q(z+y)—Q(z) -2 (y)|| < C(lz||+]y])
for some C' > 0 and all z,y € K. Centralizers arise naturally by complex interpolation [1] as can be seen in [4].

In this talk we study the disjointly supported versions of the basic (trivial, locally trivial, singular and

supersingular) notions in the theory of centralizers and present several examples.

2 Main Results

An operator between Banach spaces is said to be strictly singular if no restriction to an infinite dimensional closed
subspace is an isomorphism. Analogously, a quasi-linear map (in particular, a centralizer) is said to be singular if
its restriction to every infinite dimensional closed subspace is never trivial. An exact sequence induced by a singular
quasi-linear map is called a singular sequence. A quasi-linear map is singular if and only if the associated exact
sequence has strictly singular quotient map. Singular /..-centralizers exist and the most natural example is the
Kalton-Peck map IC,, : £, — £, 0 < p < +o00, defined by K,(z) = zlog ﬁ

In [3] where the authors introduced the notion of disjointly singular centralizer on Kéthe function spaces, and
proved that disjoint singularity coincides with singularity on Banach spaces with unconditional basis and presented
a technique to produce disjointly singular centralizers via complex interpolation. An important fact to consider is
that the fundamental Kalton-Peck map [5] is disjointly singular on L, [3, Proposition 5.4], but it is not singular
[6]. In fact, as the last stroke one could wish to foster the study of disjoint singularity is the argument of Cabello
[2] that no centralizer on L, can be singular that we extend here by showing that no centralizer can be singular.
It is thus obvious that while singularity is an important notion in the domain of Koéthe sequence spaces, disjoint

singularity is the core notion in Kothe function spaces.

Theorem 2.1. No singular Lo -centralizers exist on (admissible) superreflexive Kéthe funcion spaces. More
precisely, every Lo.-centralizer on an admissible superreflexive Kothe function space is trivial on some copy of
ly.

The results are part of the work On disjointly singular centralizers, https://arxiv.org/pdf/1905.08241.pdf.
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Abstract

Assumindo o Axioma <), mostramos a existéncia de um espago de Banach da forma C(K) que contém 2*

quocientes indecomponiveis nao isomorfos e também [, como quociente.

1 Introducao

Para K um espago topolégico compacto e Hausdorff, seja C(K') o espaco de Banach real das fungdes continuas de
K em R munido da norma do supremo. Um operador T : C(K) — C(K) linear e continuo é dito multiplicador
fraco se, para toda sequéncia (fy)nen limitada e duas a duas disjunta (i.e., f, - frn = 0, se n #= m) em C(K) e
para toda sequéncia (x,)nen de pontos distintos em K tal que f,,(z,) = 0, para todo n € N, a sequéncia T'(f,)(xy)
converge a 0.

Dizemos que C'(K) tem poucos operadores se todo operador em C(K) é multiplicador fraco. Foi provado em [4]
que se K \ F é conexo, para todo F finito, e C'(K) tem poucos operadores, entdo C(K) é indecomponivel, i.e., tem
dimensao infinita e ndao possui subespago complementado de dimensao e codimensao infinita. Se, além disso, K
nao contém dois abertos disjuntos V; e Vs tais que [Vi N Va| = 1, a hipdtese da conexidade de K é suficiente para
garantir que C'(K) é indecomponivel (consequéncia de resultados de [4] e [1]).

Apresentamos aqui o seguinte resultado: assumindo <, existem C(K) indecomponivel e uma familia (Lg)e<ow
de subespacos fechados de K tais que (C(L¢))e<2w sao indecomponiveis e dois a dois néo isomorfos. Além disso,

K contém uma cépia homeomoérfica de SN, o que diferencia a construcdo daquela obtida no Corolério 5.4 de [2].

2 Principais resultados

Para um compacto conexo K C [0,1]?" e um real r €]0, 1] denotaremos por K, o conjunto {x € K : (0) < 7}, visto

como subespaco topolégico de K. Provamos o seguinte teorema:
Teorema 2.1. () Existe um compacto K C [0,1]%" tal que, para todo L € {K}U{K, :r €]0,1]}, temos
(a) L € conezo e ndo contém abertos disjuntos Vi e Va tais que |Vi NVa| = 1;
(b) todo operador em C(L) € multiplicador fraco;
(c) se0<r<s<1, C(K,) nao € isomorfo a C(K);
(d) K contém um subespago homeomorfo a ON.
Do teorema e dos resultados mencionados na introducao segue o seguinte corolario:

Corolario 2.1. () Sendo K como no Teorema 2.1, C(K) é indecomponivel, possui l, como quociente e uma

familia nao enumerdvel de quocientes indecomponiveis nao isomorfos.
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3 Ideia da demonstragao

Descreveremos aqui apenas as ideias principais da prova, que se baseiam em [4] e [2].

Se T': C(K) — C(K) nao é multiplicador fraco, existem £ > 0, uma sequéncia (fy)nen em C(K) limitada e
duas a duas disjuntas e uma sequéncia (z,),cn de pontos distintos de K tais que, para todon € N, f,(z,) =0e
|T(frn)(x,)| > e. Usando argumentos combinatérios, podemos assumir que cada f,, tem imagem contida em [0, 1] e
que fn(zm,) =0, para todos m,n € N. Assumimos, ainda, que (z,)nen pertencem a um conjunto denso fixado.

Construimos K de modo a nao ser possivel obtermos 71" com essa propriedade. Para isso, mostramos que,
nas condi¢ées acima, obtemos fungdes (f/)necny que sdo “pequenas modificagdes” de (fp)nen (em relagdo &
medidas T*(d,,)) e um subconjunto infinito e co-infinito b de N tais que (f))nep tem supremo em C(K) e
{xn :nebn{z, :n € NX b} # (0. A partir disso provamos a descontinuidade de T'(f), onde f = sup{f), : n € b}).
O mesmo argumento se aplica aos subespagos de K que sao fechos de abertos (vide [3]).

Fazemos a construgao de K usando recursdo transfinita. Comecamos com K, = [0, 1)? e definimos uma sequéncia
(Ka)a<2w de compactos tais que K, C [0,1]% e m3[K,] = K3, para 8 < «. Nos ordinais limites definimos K, como
o limite inverso de (K3)g<q € tomamos K como Kow.

A chave da construgao esta no passo sucessor da defini¢do recursiva. Em cada passo a “destruimos” um operador
nao multiplicador fraco ao adicionar o supremo de (f; )nep descrito acima. Para isso, a partir de uma enumeragao
pré-fixada, que estabelecemos utilizando o principio ¢, encontramos b C N e uma sequéncia (g,)nep de fungoes

continuas duas a duas disjuntas de K, em [0, 1] e definimos

Ko = {(z Zg” ):3U €k, (x e UN|{n€b:UnNsupp(gn) # 0} <w)}, (1)
neb

onde o fecho estd sendo tomado em K, x [0,1], 7k, é o conjunto de abertos de K, e supp(g,) é o suporte de gy,
i.e., o fecho do conjunto dos pontos onde a funcao é nao nula.

Seguindo a nomenclatura de Koszmider, em [4], o espaco definido em 1 é chamado de extensao de K, por
(gn)nep- A funcio g : Kop1 C K, % [0,1] — [0, 1] dada por g(x,t) =t é o supremo de (gn © To,a+1)nep €m Kot1.
A construgéo ird garantir que, se f), = gn © Tq 2, em C(K), entdo g o mgay1,2¢ é 0 supremo de (f) )nep em C(K).

Para garantir a conexidade de K e de cada K., precisamos de uma hipotese adicional sobre a extensao, a qual
acunhamos de ectensdo completa: para cada ponto z € Ky, Tq at1[{x}] ou é unitério ou igual a {z} x [0,1].
As modificacoes das f,’s mencionadas anteriormente servem justamente garantir que a extensdo pelas funcoes

correspondentes no passo « da construcao seja completa.
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Abstract

We present a sufficient and necessary condition for a function module space X to have the approximate
hyperplane series property (AHSP). As a consequence, we have that the Banach space E has the AHSP if, and
only if C(K, E) has the AHSP.

1 Introduction

Let F and F be complex Banach spaces. The Bishop-Phelps theorem states that the set of norm-attaining
functionals on E is dense in E* [2]. After the celebrated Bishop-Phelps theorem, it was a natural question whether
the set of norm-attaining linear operators NA(E, F) is dense in L(E, F) for all Banach spaces F and F. In 1963,
J. Lindenstrauss [6] gave a counterexample showing that it does not hold in general. He also proved that the set
of all norm-attaining operators is dense in the space of L(E, F'), when F is reflexive. Motivated by the study of
numerical range of operators, B. Bollobas proved a refinement of the Bishop-Phelps theorem, nowadays known as
the Bishop-Phelps-Bollobés theorem [3, Theorem 1]. In 2008, Acosta, Aron, Garcia and Maestre [1] introduced the
notion of Bishop-Phelps-Bollobds theorem for operators (BPBp for operators, in short) [see Definition 2.1]. The
BPBp for operators is a stronger property than the denseness of norm-attaining operators. It has been known
that the set NA(¢1,F) is dense in L(E, F), because ¢; has a geometric property named a (of Schachermayer)
even though the pair (¢1, F') does not have the BPBp, for all F. When the space F' has a special property called
Approximate Hyperplane Series Property (AHSp, in short), this affirmation is true. This property was introduced
in [1], with the purpose of characterizing those Banach spaces F such that ({1, F') has the BPBp for operators.

In this note we study when a function module space X [see definition 2.3] has the AHSp and we obtain that
the space C(K, F) has the AHSp if, and only if, a Banach space E has AHSp. In this sense, we generalized a result
of Choi and Kim [4]. These results are part of the work On a Function Module with the Approximate Hyperplane
Series Property [5].

2 Main Results

Definition 2.1. Let E and F' Banach spaces. We say that the pair (E, F') has the Bishop-Phelps-Bollobds property
for operators (shortly BPBp for operators) if given € > 0, there is () > 0 such that whenever T' € Sp(p py and
xo € Sp satisfy that || Txol| > 1 —n(e), then there exist a point ug € Sg and an operator S € Sy (g, F) satisfying the
following conditions

|Suoll =1, |juo —zol| <e, and ||S—T| <e.

Definition 2.2. A Banach space E has the Approzimate Hyperplane Series Property(AHSp) if for all e > 0 there
exist 0 < y(€) < € and n(e) > 0 with lim,_,o+ y(e) = 0 such that for every sequence, (z1)7>, C Bg and every convez

series Zz’;l QT satisfying

>1- 77(6)7

)
E AT
k=1
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there exist a subset A CN, {2z, : k € A} C Sg and x* € Sg~ such that
(1) Doheacn >1—7(e),
(i1) ||z — x| < € for all k € A,

(iti) z*(z) =1 for all k € A.

Definition 2.3. Function Module is (the third coordinate of) a triple (K,(Xt)ier,X), where K is a nonempty
compact Hausdorff topological space, (Xi)iex a family of Banach spaces, and X a closed C(K)-submodule of the
C(K)-module [[ec Xt (the log-sum of the spaces X;) such that the following conditions are satisfied:

1. For every x € X, the function t — ||x(t)| from K to R is upper semi-continuous.
2. For every t € K, we have X; = {z(t) : x € X}.
3. The set {t € K : Xy # 0} is dense in K.

Theorem 2.1. Let (K, (Xi)ier, X) be a complex function module and € > 0. Suppose that for allt € K, (X¢)tex
has the AHSP with the same function n(e) given by Definition 2.2, and for every x; € X; there exists f € X such
that f(t) =z and ||f < ||x¢ then X has the AHSP.

Theorem 2.2. Let (K, (Xi)iek,X) be a complex function module where Xy = E, for all t € K for some Banach
space E. Suppose that the mapping t € K — ||z(t) is continuous for all x € X. If X has the AHSP, then X; has
the AHSP for allt € K.

Corollary 2.1. Let X be a dual complex Banach space such that X can be regarded as a function module space,
where Xy = E, for allt € K and E a Banach space. Then, X has the AHSP if and only if X; has the AHSP for
allt € K.

Corollary 2.2. Let K # () compact Hausdorff topological space and E be a Banach space. Then E has the AHSP
if, and only if C(K, E) has the AHSP.
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Resumo

Seja I um ideal fechado do reticulado de Banach E. Provamos que se dois dos trés reticulados de Banach F,

I e E/I tém a propriedade de Schur positiva, entA £0 o terceiro reticulado também tem essa propriedade.

1 Introducao

Em espagos de Banach dizemos que uma propriedade P é uma propriedade de 3 espagos (ou 3-SP) no sentido fraco
se o espago X tiver P sempre que um subespago fechado Y de X e o espago quociente X/Y tiverem P. E P é uma
propriedade de 8 espacos no sentido forte se, dado um subespago fechado Y do espaco de Banach X, se dois dos
espagos X, Y e X/Y tém P, entA £0 o terceiro espago também tem P.

E conhecido que a propriedade de Schur (sequéncias fracamente nulas sA £0 nulas em norma) é uma propriedade
de 3 espagos no sentido fraco [3, Theorem 6.1.a], mas nA £o no sentido forte (basta notar que ¢ é um quociente de
4).

No contexto de reticulados de Banach, para que o quociente E/I de um reticulado de Banach E por um
subreticulado fechado I seja um reticulado de Banach, é necessério (e suficiente) que I seja um ideal fechado de E.
Dessa forma, o conceito anglogo A propriedade de 3 espacos (no sentido forte) é o seguinte:

Definigao 1.1. Dizemos que uma propriedade P de reticulados de Banach é uma propriedade de 3 reticulados
(3-LP) se, dado um ideal fechado I do reticulado de Banach E, se dois dos reticulados E, I e E/I tém P, entA £o
o terceiro reticulado também tem P.

A seguinte propriedade tem sido muito estudada no contexto de reticulados de Banach:

Definigao 1.2. Um reticulado de Banach E tem a propriedade de Schur positiva (PSP) se toda sequéncia positiva
fracamente nula em E converge em norma para zero.

Exemplo 1.1. Reticulados de Banach com a propriedade de Schur e AL-espagos, em particular espagos Li(u),

sA £0 exemplos de reticulados de Banach com a PSP (veja [5]).

O objetivo deste trabalho é provar que a PSP é uma propriedade de 3 reticulados e apresentar algumas
consequéncias e exemplos.

Seguiremos a nota(;Ailo e terminologia padrA,Eo da teoria de espagos de Riesz e reticulados de Banach (veja
1, 2, 4]).

2 Resultados Principais

Teorema 2.1. Seja I um ideal fechado de um reticulado de Banach E.
(a) Se I e E/I tém a PSP, entA£o E tem a PSP.

(b) Se E tem a PSP, entA£o E/I tem a PSP.
(c) A PSP € uma propriedade de 3 reticulados.
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Corolario 2.1. Se E ¢ um reticulado de Banach com a PSP tal que seu dual topoldgico E' contém uma cdpia
reticulada de 01 entA£o o quociente E"”/E nA£o possui a PSP.

Exemplo 2.1. Para cada n € N consideremos o reticulado de Banach £;°, onde £;° = R™ com a norma do mdzimo

e a ordem dada coordenada a coordenada. Consideremos agora o reticulado de Banach obtido a partir da ¢1-soma
da sequéncia (£2°),, isto é, consideremos

o (@)

com a norma definida acima e a ordem coordenada a coordenada. Como cada €5° tem a PSP, pois possuem dimensao
finita, entdo E também possui a PSP ([5, p.17]).

Vejamos agora que o dual E' de E contém uma cdpia reticulada de £1. Para isso, relembremos primeiramente

que o dual ({3°)" de £2° é isométrico como reticulado a L%, onde [ = R™ com a norma da soma. Assim, pelo [1,

o0
= {x = (Tn)n; xTn € £y para cada n €N e ||z = Z lzn| < oo}

1 n=1

Theorem 4.6], seque que E’ é isométrico como reticulado a
E = (@E;) = {x = (Tn)n; Tn € L5 para cada n € N e ||z := sup{||z,||} < oo}
neN loo "
Agora basta definirmos a isometria de Riesz entre {1 e um subreticulado de F',

T 51 — (@Ei) ; (xj)j — ((.1‘1), (fL‘l,.TQ), ($1,$2,.’L‘3),' . )
Loo

neN

12
Obtemos entdo que E' possui uma copia reticulada de £1 e assim, pelo Coroldrio 2.1, <@ E?f) / (@ Kzo>
14 £y

neN neN

nao possui a PSP. Ainda, Pelo Teorema 2.1, obtemos que qualquer quociente de <@ éff) por um ideal fechado
4

neN 1

possui a PSP.
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Abstract

This paper strengthen to Morrey-Lorentz spaces the principle discover by Adams [1, Theorem 2] and
generalised by Xiao and Liu [3] to Hardy spaces, based in Morrey spaces. Precisely, we show that Riesz potential
maps

Is - My (R™, dv) — My (M, dp)
if provided the Radon measure g supported on S—dimensional surface M satisfies [u]g =

sup  r Pu(B(x,r)) < co. In particular, the solution of fractional Laplace equation (—AI)%’U = f satisfies
zeEM,r>0

v € M;‘; (M, du), provided that f € M;‘;(R",dz/).

1 Introduction

Let 1 be a Radon measure supported on S-Hausdorff dimensional surface M of R”, the symbol M%(M,du) here

and hereafter expresses the space of real valued y—measurable functions f on M such that

5_8 o\
s =swo S~ ([ 17@an) " <oo )
Qr Qr

where the supremum is taken over the balls Qr = B(z,R) N M and 1 < r < ¢ < oo. We fix the symbol
ME(dv) = ME(R™, dv) for Morrey space, where dv denotes the Lebesgue measure in R™. The Morrey space MY
was denoted by L™* for k/r = n/¢ or denoted by M, , with (n — k)/r = n/f. Let (=A,)"% be the so-called
Riesz-potential

(@) = o)™ [ o=yl fwavty) s 0<d<n.

it is well known from [1, Theorem 2] that Riesz potential has strong trace inequality Is : LP(dv) — LP~(dp). In
particular, one has the so-called Sobolev trace embedding D*?(R7) < LP+(R" ') as 1 < p < n/k and p < p, < 00
satisfies (n — 1)/p, = n/p — k. However, in Morrey spaces, as pointed Ruiz and Vega, there is no Marcinkiewicz

interpolation theorem to make sure that the following weak trace inequality, proved by Adams [2] in 1975,

M5 ey < ClFllay . (2)

implies the strong trace inequality
15 1l pxs (apy < CNF I @) (3)

However, employing atomic decomposition of Hardy-Morrey space Ij;} = h;(R”,dV), the space of distributions
/€ 8'(R™) such that

Hﬂ@=’

sup o * f] < 00, where ¢ is a mollifier
te (0,00 MA
P
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the authors [3, Theorem 1.1] have shown that Is : h)(R™) — M+ (M, dp) is continuous if, and only if the Radon
measure 4 supported on S—dimensional surface M of R™ satisfies [u]g < oo, provided % = % — 0 and g\ < pA,.
Since h;‘>1 = M;y the authors gets the inequality (3). Our first theorem extend the if-part of [3, Theorem 1.1] to
space of real valued pu-measurable functions f on M C R™ such that

— 1_ 1
17 1Lne3s .y = 500 R G2 £l poe @y < 00 ()
R

where L9°(Qg,du) denotes the Lorentz space

HQR s dt
e = | s(0)F <o )
and p is a Radon measure with support (sptu) on S—dimensional surface M C R™.

Theorem 1.1. Let1 <p < A< oo and 1l < g < A < oo be such that \/A. < p/qandl <p < q<oo. If[p]g < oo,
the map
Is : M;l (R™,dv) — M;S* (M, du) is continuous

pmm'dedéz%—;%,n—ép<6§n,0<5<§ and 1 <1 < s < 0.
A few remarks are in order. The solution of fractional Laplace equation (—Ax)%v = f satisfies v € MQ; (M, dp),

provided that f € M;‘I(R",du), where (fAm)% is given by

(_AI)%U(.Z‘) :=C(n,0)P.V. . Wdy'

Indeed, the potential v = I5f solves, in distribution sense, the fractional Laplace equation. If M denotes the
n-dimensional Euclidean space R"™ endowed by Lebesgue measure du = dv, Theorem 1.1 is known as Hardy-
Littlewood-Sobolev (HLS) Theorem in Morrey spaces. Now from Stein’s Extension of certain regular functions
defined on upper half-spaces (also works in Lipschitz domains), we get the following famous Sobolev trace inequality

in Morrey spaces.

Corollary 1.1 (Sobolev trace in Morrey). Let % <6 <2andd <% be such that "/\—:1 =1—0, wherel <p <A< oo
and 1 < q¢ < A\, < 0o satisfies )\—A* < % < 1. There is a positive constant C > (independent of f) such that

1F@ O om iy < C [ (=20 (6)

n ’
M (RY)

where 1 <1 < s < oo and du = do denotes (n — 1)—dimensional Lebesgque surface measure on 8R7}r.
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Abstract

Provaremos uma versao geral do teorema de fatoracao para operadores Lipschitz somantes no contexto de
espagos métricos. Esta versdo fornece e recupera teoremas do tipo fatoracdo para vérias classes de operadores

somantes lineares e nao-lineares.

1 Introducao

Para 1 < p < oo, dizemos que um operador linear entre espacos de Banach u: F — F é absolutamente p-somante
(simbolicamente u € I, (E; F')) se existe uma constante C' > 0 tal que

1

P

1
P m

DlulplP | <€ sup (Dl (=)l |
j=1 j=1

r*EBpx*

para todos 1,...,Z, € Eem €N (ver [3]).

Parte do sucesso dessa classe de operadores deve-se as seguintes caracterizagoes, conhecidas como o Teorema da
Dominacao de Pietsch e o Teorema da Fatoragao de Pietsch: u € II,(E; F) se e somente se
e Existem uma constante C' > 0 e uma medida regular de probabilidade de Borel p sobre Bg- com a topologia

fraca-estrela tais que
1/p
lu(z)] < C (/ lo(x)|P du) para todo x € E.
B~

e Existe uma medida regular de probabilidade de Borel p sobre Bg« com a topologia fraca-estrela e um operador

linear limitado B: L,(Bg~, ) — Lo (Bp+) tal que o seguinte diagrama é comutativo

C(Bg-) ———— Ly(Bg-, 1)
TiE lB
E—— +F— (. (Bp)

1F

onde j, ¢ a inclusdo formal e ig é o mergulho linear canénico, isto é, ig(x)(z*) = 2*(x) para x € E e x* € Bg-.

Nosso objetivo é mostrar que a triade
Propriedade de Somabilidade < Teorema de Dominacao < Teorema de Fatoragao

se mantém em um nivel muito alto de generalidade.
Em [2, 4] foram apresentadas abordagens num contexto completamente abstrato para a primeira equivaléncia
dessa triade.
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2 Resultados Principais

Em toda esta se¢dao, X é um conjunto arbitrario nao vazio, (Y,dy) é um espaco métrico, K é um espago compacto
de Hausdorff, C(K) = C(K;K) é o espaco de todas as fungdes continuas tomando valores em K = R ou C com a
norma do sup, ¥: X — C(K) é uma funcdo arbitraria e p € [1,00).

Definicao 2.1. Uma funcdo u: X — Y € dita V-Lipschitz p-somante se existe uma constante C' > 0 tal que

El
3
1

ZdY(U(Sﬁj)W(%))” <Csup [ Y |W(z))(0) - Ua)@)” |

para todos T1,...,Tm,q1,---,9m € X em € N.

Dado uma medida regular de probabilidade de Borel p sobre K, denotamos por j,: C(K) — L,(K,pu) a
inclusao canonical.

Para o nosso principal resultado, lembramos primeiro o conceito de retragdo de Lipschitz (ver [1, Proposicao
1.2]). Seja Z um subconjunto do espago métrico W. Uma fungéo lipschitziana r: W — Z é chamada de retragdo
de Lipschitz se sua restricao a Z for a identidade em Z. Quando tal retracao de Lipschitz existe, Z é dito que um
retraimento de Lipschitz de W. Um espago métrico Z é chamado de retraimento absoluto de Lipschitz se for uma
retraimento de Lipschitz de cada espaco métrico que o contém.

Agora podemos enunciar nosso resultado principal:

Teorema 2.1. As sequintes afirmagoes sao equivalentes para uma fung¢dao u de X em Y.
(a) u é V-Lipschitz p-somante.

(b) Ezxistem uma medida regular de probabilidade de Borel u sobre K e uma constante C > 0 tais que

1/p
dy (u(z),u(q)) < C (/K [T (2) () — T(q) (@) du(@))

para todos x,q € X.

(c) Eziste uma medida regular de probabilidade de Borel p sobre K tal que para algum (ou todo) mergulho
isométrico J de'Y em um retraimento absoluto de Lipschitz Z, existe um fun¢do Lipschitz B: L,(K,p) — Z tal
que o sequinte diagrama comuta

C(K) —— " L, (K, )
[v I
XV ——— 7

Observagao 1. Esse teorema recupera os teoremas de fatoracdo para os operadores absolutamente p-somantes,
(D, p)-somantes, Lipschitz p-somantes, Lipschitz p-dominados, L-operadores absolutamente p-somantes e fornece

um teorema do tipo fatoracdo para os operadores arbitrdrios somantes com valores em um espaco métrico.
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Abstract

We give an elementary proof that the class of homogeneous polynomials encompasses distinct classes of
nonhomogeneous polynomials. In particular, (k,m)-linear mappings introduced in [1], as well as multilinear
mappings, are specific cases of polynomials. Applications and contributions to the polarization formula are also

provided.

1 Introduction

Let us recall the following definition:

Definition 1.1. Let m € N, E and F be vector spaces over K = C or R, and let nq,...,n,, be positive integers.
A mapping P : E™ — F is said to be an (nq,...,ny,)-homogeneous polynomial if, for each j with 1 < j < m, the
mapping

P(Il,...7l‘j_1,'7l’j+1,...,13m) EF— F

is an nj-homogeneous polynomial for all fived x; € E with i # j.

When m = 1 we have an nj;-homogeneous polynomial in P,(" FE; F') and when ny = --- = n,, = 1 then we
have an m-linear mapping in L,(™FE; F). This kind of map is called a multipolynomial and we shall denote by
P (" B F) the vector space of all (nq, ..., n,)-homogeneous polynomials from the cartesian product E™ into
F. Ifny = -+ = ny = n we use P,("""E; F), whereas we shall denote by P3(™""E;F) the subspace of all
symmetric members of P, (™" "E; F).

I. Chernega and A. Zagorodnyuk conceived the concept of multipolynomials in [1, Definition 3.1] (with a different
terminology), and it was rediscovered in the current notation/language as an attempt to unify the theories of
multilinear mappings and homogeneous polynomials between Banach spaces. An illustration of how it works can

be seen in [3].

2 Main Results
From now on, for fixed m,ny,...,n,, positive integers, we shall write M := Z;nzl n;.

Theorem 2.1. Let E and F be vector spaces over K. Let {e;}ic; be a Hamel basis for E and let &; denote the

corresponding coordinate functionals. Then, each P € P, ("t>"m E: F) can be uniquely represented as a sum

P(xl,...,xm) = Z Cil...iMH;nzl (H?jj:1£iM7(nj+.,.+nm)+n) (fﬂj)’

i1yt €D

where ¢iy...i,, € F and where all but finitely many summands are zero.
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Proof For simplicity, let us do the proof for m = 2. The proof of the case m = 2 makes clear that the other cases
are similar. Every x € E can be uniquely represented as a sum x = ), ; &;(v)e; where almost all of the scalars

&i(z) (i-e., all but a finite set) are zero. So, we can write

P(ZZ?l,.’L’Q) = Z (&1 c 'gim) (xl) ]\S(.)gjz) (6@1, .. .,einl) .

U1 ,eenslng el
Since
v 1 v "
— 2
P 2, (61‘1, ce e,;nl) = o S e1-en, Py 52,
natt ej=+1 Ekeiy
k=1
V . .
repeat the process for P< o ) and the proof is done with
k=1%kCig"
1 niy ne
Ciyovipg = W Z g1 ey P ngeik’ Z€n1+kein1+k ,
ni:na: ej==%1 k=1 k=1
for every iy,...,ipy €1. m

A suitable choice of an M-linear mapping in £, (M E™; F), which is equal to P on the diagonal, leads us straight
to the first main result:

Corollary 2.1. Let E and F be vector spaces over K. Then P, (" " E; F) C P, (MEm; F) .

It is worth noting that (k,m)-linear mappings, introduced by [1, Definition 3.1], are km-homogeneous
polynomials. It suffices to observe that £, (¥, E; F) = Pa(m"’?"mE; F) and apply Corollary 2.1. If ny = --- = n,,, = 1,
then Corollary 2.1 also implies the following:

Corollary 2.2. Let E and F be vector spaces over K. Then every m-linear mapping in L,(ME;F) is an m-
homogeneous polynomial in P (™ (E™); F).

Next, we extend the polarization formula to multipolynomials.
Theorem 2.2. Let P € P$(™"™"E;F). Then for all xg,...,x, € E we have

P(xy,...,&m)

1

n n m
g Ee el (w0 B+t Enan ) -

1

WRn(xla ces X))

If n = 1, the reminder-function R, vanishes, then we extract the polarization formula for multilinear mappings.

Corollary 2.3 ([2, Theorem 1.10]). Let A € L3(™E; F). Then for all xg,..., T, € E we have

1

A(I’l,...,l'm)— Z 61"'€mA(£170+€11’1+"'+€ml’m)m

ml2m ep==+1

If n > 1, the pointwise-polynomial nature of a multipolynomial in P$(™""E; F) is an obstacle to obtain, in
general, an exact polarization formula, that is, the one with null remainder-function. Indeed, an application of

Corollary 2.1 allows us to characterize the class of such mappings as a non-trivial subspace of P:(™"*"E; F).
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Abstract

In this work we study a fundamental notion in the area of dynamical systems, called expansivity, for operators
on Fréchet spaces. Some authors have been studied this notion for operators on Banach spaces obtaining, in
particular, a characterization for expansive weighted shifts. In this work we extend this characterization for

expansive weighted shifts on Fréchet sequence spaces.

1 Introduction

Let (M, d) be a metric space. A homeomorphism h : M — M is said to be expansive (see [2]) if there exists some
constant C' > 0 such that, for any pair z, y of distinct points in M, there exists an integer k with d(h*(z), h*(y)) > C.
Hence h is expansive precisely when it is “unstable”, in the sense of Utz [4], which is used to study the dynamical
behavior saying roughly that every orbit can be accompanied by only one orbit with some certain constant. If in
the above definition we replace “a integer k” by “a positive integer k”, then h is said to be positively expansive. In
this case h is not required to be homeomorphism. Many authors have been interested in to explore these notions in
the context of linear dynamics (see for instance [1, 3]). More precisely, in [3] Eisenberg and Hedlund investigate the
relationship between expansivity and spectrum of operators on Banach spaces. In [1] Bernardes Jr et al give, among
other things, a complete characterization of weighted shifts on classical Banach sequence spaces satisfying some
notions related with expansivity. A natural question is if it is possible to obtain this characterization in the context
of Fréchet spaces. In this work we obtain a characterization of expansive weighted shifts on Fréchet sequence spaces
(see Theorem 2.2).

As is usual, the letters Z, N and K denote the sets of integers, positive integers, and of real or complex scalars,
respectively. By w(Z) := K% we denote the Fréchet space of all sequences of scalars equipped with its natural
product topology, and H(C) denotes the Fréchet space of all complex-valued holomorphic mappings on C, equipped
with the compact-open topology.

2 Main Results

We start with a characterization of expansive (positively expansive) operators on Fréchet spaces.

Proposition 2.1. Let X be a Fréchet space and (|| - ||,)5, be a fundamental increasing sequence of seminorms
defining the topology of X. An invertible operator T on X is expansive (positively expansive) if and only if, there
ezist n € N and C > 0 such that, for every nonzero x € X there exists k € Z (k € N) with || T*z|,, > C.

Using this characterization we obtain the following results of expansive (positively expansive) operator in the
context of Fréchet space.

Example 2.1. Consider the non-normable Fréchet space Ho(C) := {f € H(C) : f(0) = 0} under the induced
topology by H(C). If ¢(z) = Az, where A\, z € C and 0 < || # 1 then, the composition operator Cy : Ho(C) — Ho(C),
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[+ fod, is expansive. In fact, if |\| > 1 then Cy is positively expansive, and if 0 < || < 1 then (Cy)~" is positively

expansive.

Proposition 2.2. Let X be a Fréchet space, (|| - ||n)32, be a fundamental increasing sequence of seminorms which
defines the topology of X, and T an operator on X. Then T is expansive (resp. positively expansive) if and only if
there is N € N such that for each nonzero x € X

sup |[T"z||y = 0o (resp. sup||T"z|xy = 00).
nez neN

As application of the previous proposition, we obtain a characterization of expansivity for bilateral weighted
shifts in terms of the weights. We recall that F,, : w(Z) — w(Z) (resp. B : w(Z) — w(Z) denotes the bilateral
weighted forward (resp. backward) shift on w(Z) given by

Fu((zr)rez) = (wp—12k—1)kez (vesp. By ((Tr)rez) = (Wrt1Thy1)rez),

where w = (wg) ez is a sequence of nonzero scalars, called a weight sequence.

The following characterization of expansivity for weighted shifts was obtained in [1].
Theorem 2.1. Let X = (,(Z) (1 < p < 00) or X = ¢o(Z), and consider a weight sequence w = (wk)gez with
infrez |wk| > 0. The following assertions are equivalent:
(i) Fy: X — X is expansive;

(i) (a) sup|wy-...-wy|=00 or (b) sup|w_, ... -w_1|7t = o0;
neN neN

(iii) (a) Fp:X =X or (b) F,':X — X is positively expansive.

Using some ideas of the proof of Theorem 2.1, we extend this result for weighted shifts on Fréchet sequence

spaces.

Theorem 2.2. Let X be a Fréchet sequence space over Z in which (ep)rez is a basis. Suppose that the bilateral

weighted forward shift Fy, is an invertible operator on X. Then the following assertions are equivalent:
(i) Fy: X — X is expansive;

(i) there exists N € N such that

(a) sup |wy - ... wylllentilln =00 or (b) sup|w_pi1 ... w_gwo| He—ni1l|n = oo;
neN neN

(iii) (a) Fp:X =X or (b) F,':X — X is positively expansive.
The study of expansivity for invertible bilateral weighted backward shifts can be reduced to the corresponding

case of forward shifts.
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Abstract
The behavior of bilinear operators acting on the interpolation of Banach spaces in relation to compactness

is analyzed, and an one-sided compactness theorem is obtained for bilinear operators interpolated by the p

interpolation method.

1 Introduction

Multilinear operators appear naturally in several branches of classical harmonic analysis and functional analysis,
including the theory of ideals of operators in Banach spaces. Recently, several singular multilinear operators have
been intensively studied and the research on bilinear Hilbert transform (see [6]) has shown the need for new results
for bilinear operators. See, for example, the paper by L. Grafakos and N. Kalton [5].

We are interested in this essay in the behavior of compactness for bilinear operators under interpolation by
the real method. The study on the behavior of linear compact operators under interpolation has its origin in the
classical work of M. A. Krasnoselskii, for L? spaces. Afterwards, several authors worked on the general question
of compactness of operators for interpolation of abstract Banach spaces. The first main authors were J. L. Lions
and J. Peetre [1] and A. Calderén [1]. The proof that the real method preserves compactness with only a compact
restriction in the extreme spaces was given independently in [2] and [3]. That research continued in the last
years not only for more general interpolation methods, and also for the measure of non-compactness, entropy and
approximation numbers.

For the real method, if E = (Ey, E1), F = (Fy, F1) and G = (Go,G1) are Banach couples, a classical result by
Lions-Peetre assures that if 7' is a bounded bilinear operator from (Eg + E1) x (Fy + F1) into Gog + G1, whose
restrictions T|Ey X Fj, (k = 0,1) are also bounded from FEj x Fj into G (k = 0,1), then T is bounded from
Eg .0 X Fo 4.5 into Gg .y, where 0 <6 <1 and 1/r=1/p+1/q—1.

For the multilinear case, the study on the behavior of compact operators in the interpolation spaces goes back to
A. P. Calderén [1, p.119-120]. Under an approximation hypothesis, Calderén established an one-side type general
result, but restricted to complex interpolation spaces. On the other hand, the behavior of compact multilinear
operators under real interpolation functors until recently had not been investigated. In paper [4], generalizations of
Lions-Peetre compactness theorems [1, Theorem V.2.1] (the one with the same departure spaces) and [1, Theorem
V.2.2](the one with the same arriving spaces), Hayakawa’s (i.e. a two-side result without approximation hypothesis)
and a compactness theorem of Persson type were obtained. Here we obtain a theorem of Cwikel type for the

compactness of interpolation of bilinear operators by the p-method. The results here were published in [8].

2 Main Results
Given X, Y and Z Banach spaces and a bilinear operator T': X x Y — Z, the norm of T is defined by

IT||Bit(x xv,z) = sup{||T(z,y)l|z : (z,y) € Uxxy},
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where Ux xy is the unit closed ball and in X x Y we are considering the norm ||(z,v)|| = max{||z||x, ||y|lv}. We
denote by Bil(X x Y, Z) the space of all bounded bilinear operators from X x Y into Z.

Given Banach couples E = (Ey, E1), F = (Fp, F1) and G = (G, G1), we shall denote by Bil(E x F,G) the
set of all bounded bilinear mappings from (Ey + E1) x (Fy + F1) to Gy + Gy such that T|g, xF, is bounded from
Ej x Fy, into G, k=0, 1.

Given Banach couples E = (Ey, Ey), F = (Fy, F1), and G = (Go,G1) and intermediate spaces E, F' and G
respectively, we shall say that the pair (E x F, G) is a bilinear interpolation pair of type p, if for all bilinear operator
T from (Eo+ E1) X (Fo+ Fy) into Gg+ Gy such that T : E X F — G one has
_ <||T||Bz’l(E1 ><F1,Gl)>

T Birexric) < CNT | Bit(Eox Fo,Go) P T
T Bit(Eox Fo,Go)

The following result characterizes the bilinear interpolation operators which are of our interest. For the classical
0 method this property was first established by Lions—Peetre [1, Th.I.4.1]. Here, we use the function parameter
version from [4].

Given Banach spaces F, F' and G, a bounded bilinear mapping 7" from F x F' into G is compact if the image of
the set M = {(z,y) € E x F : max{||z||g, ||y||r} < 1} is a totally bounded subset of G.

Theorem 2.1. Let E = (Ey, Ey) , F = (Fo, F1) and G = (G, G1) be Banach couples. Let T € Bil(E x F,G)
be given, such that the restriction T|g,xr, s compact from Eo x Fy into Go. Then, given p € BT, T is compact
from B, x F, , into G, where v(t) = 1/p(t™") and 1/r =1/p+1/q— 1.
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Abstract

We give applications of a Stone-Weierstrass type theorem concerning uniform density of certain subsets with
property V in C(X;]0,1]) and establish a simultaneous interpolation and approximation result in C'(X; [0, 1])
when X is a compact Hausdorff space.

1 Introduction

Throughout this paper we shall assume that X is a compact Hausdorff space and R denotes the field of real numbers.
We shall denote by C(X; [0, 1]) the set of all continuous functions from X into the unit interval [0,1] and C(X;R) the
vector space over R of all continuous functions from X into R endowed with the sup-norm || f|| = sup{|f(z)| : z € X}.

The closure of a set F' will be denoted by F.

Several results related to uniform approximation in C'(X;[0,1]) have been presented in the literature. See, for
instance, Jewett [2], Paltineanu at al. [3], Prolla [4] [5].

In 1990, Prolla obtained a result concerning uniform density of subsets of C'(X; [0, 1]) by using a condition called
property V. We give applications of this theorem to certain set of polynomials and semi-algebras of type 0.

We also establish a simultaneous interpolation and approximation result in C'(X; [0, 1]) for sublattices by using
a Bonsall’s version of Kakutani-Stone Theorem [1].

A subset A C C'(X;]0,1]) is said to have property V if

1. ¢ € Aimplies 1 — ¢ € A;
2. ¢ € A and ¥ € A implies ¢ € A.

In 1990, Prolla [4] established the following result concerning the density of a subset L C C(X;]0,1]) having
property V.

Theorem 1.1. Let X be a compact Hausdorff space and L C C(X;[0,1]) be a subset with property V. Assume that
L separates the points of X and for each x € X, there exists ¢ € L such that 0 < ¢(x) < 1. Then, L is uniformly
dense in C(X;[0,1]).

We give some applications of this theorem.

2 Main results

Theorem 2.1. The set of polynomials

L={p:p=0orp=1, or0<p(t)<1,Vte(0,1) and 0 < p(0),p(1) <1}

is uniformly dense in C([0, 1]; 10, 1]).

A non-empty subset 2 of C'(X;R) is called a semi-algebra if f + g, af, fg € Q whenever f,g € Q and a > 0. It
is called a semi-algebra with identity if it contains the unit function 1. A semi-algebra {2 is said to be of type 0 if
1/(1+ f) € Q whenever f € Q. Every semi-algebra of type 0 is a semi-algebra with identity.
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Theorem 2.2. Let X be a compact Hausdorff space and Q be a uniformly closed semi-algebra in C(X;R) of type
0 which separates the points of X. Then,

L={feN:0< f<1}=C(X;][0,1]).

Corollary 2.1. Let X and Y be compact Hausdorff spaces and Q1 and Qs uniformly closed semi-algebras of type
0 in C(X;R) and C(Y;R) respectively. If Q1 @ Qo separates the points of X x Y, then

L={feq®2:0<f<1}=C(X xY;[0,1]).

Theorem 2.3. Let L be a sublattice of C(X;[0,1]). If L is an interpolating family for C(X;[0,1]), then L has the
property of simultaneous approximation and interpolation.
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A LEIBNIZ RULE FOR POLYNOMIALS IN FRACTIONAL CALCULUS
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Abstract

In this talk we shall introduce and prove a new inequality that involves an important case of Leibniz rule
regarding Riemann-Liouville and Caputo fractional derivatives of order o € (0,1) to polynomial functions.
Besides being conjectured by some other authors before, this is the first complete proof of such result. In fact, in
this talk we present some technical details of the first part of the proof, which involves just polynomial functions,

and some fundamental counter-examples to show that the inequality cannot be improved.

1 Introduction

This talk is dedicated to introduce a new inequality that involves an important case of Leibniz rule regarding
Riemann-Liouville and Caputo fractional derivatives of order o € (0,1) to polynomial functions. More specifically,

we prove that for any polynomial function P(t) it holds that
a 2 o .
D5, [P < 2[Dg PO] (), in (1o, 1],
and
(0% 2 « :
eD [P(O)]" < 2[eD, f(0] P(1),  in [to, t].

where above Df , denotes the Riemann-Liouville fractional derivative and cDj; , the Caputo fractional derivative.
We also prove that the above inequalities cannot be improved by presenting respective counter examples to any
similar inequality; in fact, this is obtained as a consequence of a famous Theorem from Gautschi which discuss
properties of the Gamma function.
This is a joint work with Prof. Paulo M. Carvalho Neto.

2 Main Results
We begin by rearranging the inequality

pg [P1)])° <2 [Dfﬂ ¢P(t)]P(t), for every ¢ > to,
in order to reinterpret it as

0 < (va(t), Bua (1)), (1)

where v4(t) := (ag,a1(t — to),...,an(t — to)") and B = (¥(4,5)) is a symmetric matrix of order n + 1, with
i,7 €{0,...,n}, and 9(i,5) is the function
T@E+1) r(Gj+1) _ Tii+j+1)
(i+l—a) T@H+1-a) T@E+j+1-a)

w(zvj) = T

Above T is the standard Euler gamma function.

Doing the same process with the inequality

Dy [P(t)}2 <2 [tho‘th(t)} P(t), for every t > t,
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we obtain

0 < (ualt). Aua(t)). @

where u,(t) = (al(t —10), .-, an(t — to)"), A= (w(i,j)), with 4,5 € {1,...,n}, is a matrix of order n.
By using Schur complement theory, which can be summarized as

Theorem 2.1. Assume that B € M"T1(R) is given by

B d T ’
e A
with d # 0, and define matriz
r €161 €1€2 €1€n 7
d d d
€2€1 €o€9 €2€y
d d
E =
€n,€1  €enea €En€n
L 4 d .. q

Then B is positive definite if, and only if, d > 0 and D := A — E is a positive definite matrix.
we obtain our main result, which is described bellow.

Theorem 2.2. Consider a € (0,1), tg € R and P : R — R a polynomial function with real coefficients. Then we

have

Dy 4 [P(t)}2 <2 {D%’tp(t)} P(t), for everyt > t,

and
cDy; [P(tﬂ2 <2 {CD%7tP(t)] P(t), for everyt > to.

Finally, the last theorem discuss the sharpness of the above inequalities.
Theorem 2.3. Assume that A € R\ {2}.

(a) Then, there exists a polynomial function with real coefficients Py(t) satisfying

Df [PA(t)] 2> [D?OJP,\(t)} Py(t), for somet > t.

(b) Also, there exists a polynomial function with real coefficients Qx(t) satisfying

cDy [Q/\(t)}z > A[CD%}tQ)\(t)}Q)\(t% for some t > tg.
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SPECTRAL THEOREM FOR BILINEAR COMPACT OPERATORS IN HILBERT SPACES
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Abstract

In this work we define the Schur representation of a bilinear operator 7' : H x H — H, where H is a
separable Hilbert space. After introducing the concepts of self-adjoint bilinear operator, ordered eigenvalues,
and eigenvectors, we show when a compact, self-adjoint bilinear operator has a Schur representation. This

corresponds to a spectral theorem for T in Hilbert real spaces.

1 Introduction

Spectral Theorem. Suppose L € £(H) is compact and self-adjoint. Then there exists a system of orthonormal

eigenvectors x1,xs, -+ of L and corresponding eigenvalues A1, Ag, - -+ such that

o0
L(z) = Z)\n <X, Tp > Ty,

n=1

for all x € H. The sequence {)\,} is decreasing and, if it is infinite, converges to 0. The series on the right hand

side converges in the operator norm of £(H).

The representation above is called the Schur Representation of L, see [1] for more details.

Our main goal in the current work is to obtain a similar result for bilinear operators. In order to do that, we
will define new concepts and prove some new results, showing the similarities and differences with respect to the
linear case. We will write Bil(H) to denote the set of all bilinear operators on H.

2 Main Results

Definition 2.1. Given T € Bil(H), a real number X is an eigenvalue of T' if there exists x € H, x # 0, such that

T(x,2) = Ax. In this case, we say that x is an eigenvector of T associated to the eigenvalue A.

Theorem 2.1. Let T € Bil(H) be compact and self-adjoint. Then, A = ||T|| is an eigenvalue of T with an associated

unitary eigenvector Tg.

Definition 2.2. An eigenvalue X of T € Bil(H) is a generalized eigenvalue of T if the set

ON={zeH:T(x,vy) il

=nYz. todoy € H,z 0
<z’$>x para todo y x # 0}

is not empty. If x € O(N) is unitary, then x is an ordered eigenvector associated to the generalized eigenvalue A
of T and, in this case, T(x,y) = A < z,y >z, for ally € H. We call \ a ordered eigenvalue, and x the ordered

etgenvector associated to .

Proposition 2.1. If Se A # 0 is a generalized eigenvalue of T € Bil(H), then all 0 # v € R is a generalized

eitgenvalue of T.
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Theorem 2.2 (Spectral theorem). Let T € Bil(H) be a nonzero, compact and self-adjoint operator. Let us define
a sequence of operators (Ty) in Bil(H) in the following way. For all (x,y) € H x H, we set

Tie,y) =Ty . M =TI,
and let x1 be the unitary eigenvector associated to A1. Having defined Ty, A\, and xi, for k > 1, we set
Trp1(z,y) = Ti(x,y) — M < 2,2 ><y, @ > T, A1 = |[Trt]]s
and let xy11 be the unitary eigenvector associated to Ai41. Suppose that, for each k, we have
Tk (zk,y) = Mg < g,y > xf, for ally € H. (1)

If Ty, is nonzero for all k, then (M) is a decreasing sequence of ordered eigenvalues of T converging to zero,

zr € O(A), (zx) s an orthonormal sequence of vectors and

T(x,y) :Z)\i <@, xp ><Y, T > Ty, (2)
i=1

forallx,y € H.

Theorem 2.3. Let H be a separable Hilbert space and T € Bil(H) with Schur representation according to Theorem

2.2. Then, H has an orthonormal basis formed by eigenvectors of T'.

Theorem 2.4. Let T € Bil(H) be nonzero, compact and self-adjoint operator with Schur representation according
to Theorem 2.2, that is,

oo

T(T/,Z/):Z>w<$,$i ><y,x; > Ty, (3)
i=1

for all x,y € H. If v # 0 is an ordered eigenvalue of T, then v = £\, for some n € N.

Proposition 2.2. Under the conditions in Theorem 2.4, T € Bil(H) has a unique Schur representation.
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UNIFORMLY POSITIVE ENTROPY OF INDUCED TRANSFORMATIONS
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Abstract

For a continuous surjective map on a perfect metric space X, we study the concept of uniformly positive
entropy (u.p.e) for the induced map on the hyperspace of all nonempty closed subsets of X and for the induced

map on the space of all Borel probability measures on X. *

1 Introduction

Let X be a perfect (i.e. a compact without isolated points) metric space with metric d. We denote by /(X)) the
hyperspace of all nonempty closed subsets of X endowed with the Vietoris topology; it is well known that IC(X) is

compact and the sets
(Ui,...,Up) ={F C X;Fis closed, F C UF_\U;, FNU; # @,i=1,...k}

(U; is open in X foreachi =1,... k, k € N) form a basis for the Vietoris topology. Moreover, the Vietoris topology
is given by the so-called Hausdorff metric:

dp(Fy, Fy) =inf{0 >0: Fy C F{ and F, C F}},

where A% := {x € X : d(x, A) < §} is the -neighborhood of A (A C X).
Also, let Bx be the set of all Borel subsets of X and denote by M(X) the space of all Borel probability measures
on X endowed with the weak*-topology inherited from C(X)*. It is well known that M(X) is compact and that

its topology is given by the so-called Prohorov metric:

dp(p,v) =inf{d > 0: pu(A) < v(A%) + 6 for all A € Bx}.

We denote by C(X) the set of all continuous maps from X into X.
Given T € C(X), the induced maps T : K(X) — K(X) and T : M(X) — M(X) are the continuous maps given
by
T(K):=T(K) (KeK(X))
and
(T()(A) == w(T7(4)) (1€ M(X), A€ Bx).

If T is a homeomorphism, then so are T' and T.

For a given n € N, let us consider

Kn(X) ={K € K(X);card(K) <n}

1 2010 Mathematics Subject Classification: Primary 37B99, 54H20; Secondary 54E52, 60B10, 28A33.
Keywords: Continuous maps, hyperspaces, probability measures, Prohorov metric, Vietoris topology, dynamics.
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and

1 n
M (X) = {ﬁ Z 0z, € M(X); z; € X not necessarily distinct},
i=1

where 6, is the Dirac measure on . It is classical that (J,~, K, (X) and (J,,~; Mn(X) are dense in K(X) and
M(X), respectively. So, sometimes it is useful to consider the restrictions of T and T to K,(X) and M, (X),
respectively.

Finally, an open cover U = {U,V} of X is called a standard cover if both U and V are non-dense in X. The
system (X, T) is said to have uniformly positive entropy (u.p.e) if the entropy h(T,U) > 0 for every standard cover
U of X.

2 Main Results

Theorem 2.1. Let X be a perfect metric space and let T : X — X be a continuous surjective map. The following

assertions are equivalent:
(a) (X,T) has u.p.e.
(b) There exists n € N such that (K,(X),T) has u.p.e.
(c) (K.(X),T) has u.p.e for all 1 < n < oo, where Koo (X) = K(X).

Theorem 2.2. Let X be a perfect metric space and let T : X — X be a continuous surjective map. The following

assertions are equivalent:

(a) (X,T) has u.p.e.

(b) There exists n € N such that (M, (X),T) has u.p.e.

(¢) Mp(X),T) has u.p.e for all 1 < n < oo.
Moreover, if (X,T) has w.p.e, then (M(X),T) has w.p.e.
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A PROBABILISTIC NUMERICAL METHOD FOR A PDE OF CONVECTION-DIFFUSION TYPE
WITH NON-SMOOTH COEFFICIENTS
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Abstract

We propose an explicit probabilistic numerical method for the integration of deterministic d—dimensional
PDE of convention-diffusion type with at most Holder continuous coefficients. The approach is based on the
probabilistic representation of this type of PDEs through the solution of an associated stochastic transport
equation, which remarkably can be efficiently integrated without considering the standard assumptions that
typically are needed by convectional numerical integrators for solving the underlying PDE. Results on the

convergence of the proposed method are presented.

1 Introduction

Many initial value problems for Partial Differential Equations (PDEs) that arise in applications usually contain
rough, non-smooth coefficients defining the PDE. Consequently the application of conventional numerical integrators

for such equations does not make any sense [4]. This is the case of the convection-diffusion equation in R?

wi(t, ) + bt ) - Vult, z) — %Au(t,x) ~0 (1)
U(O,JJ) = f(x)v

where b : [0 T] x R — R? is measurable, bounded and a—Holder continuous in space uniformly in time, for
some « € (0,1). Since convection-diffusion is an essential constituting part of useful practical models, it has been
extensively studied and much research has been carried out concerning the numerical approximation of equation
(1). In fact, it is well known that there are different ways to discretize convection-diffusion equations e.g., by using
finite element and finite difference methods including fully discrete schemes, Methods of lines, Rothe’s method,
Exponential Fitting, Meshless methods, IMEX methods, etc (see e.g., [5], [2]). However, when the coefficient b
in (1) is rough (for instance not differentiable or even continuous) standard numerical integrators fails to work
properly due to the assumptions requisite for convergence are not satisfied [4]. That is why is necessary to resort
to alternative methods and mathematical tools for devising new integrators specially tailored for equation (1) when
there is a lack of regularity in the coefficient b.

The aim of this work is to construct a numerical integrator for the approximation of the PDE (1) when b is
not sufficiently smooth, in particular when b is only a—Holder continuous in space uniformly in time, for some
a € (0,1). The approach we follow is based on the probabilistic representation of this PDE through the solution
of an associated stochastic transport equation, which can be efficiently integrated via the solution of a suitable
Random Differential Equations (RDE) without considering the standard assumptions that typically are needed by
conventional numerical integrators for solving the underlying PDE.
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2 A Probabilistic Representation for the Equation (1) and the proposed method

Under the assumptions for b in the previous section, F. Flandolli et al., [3] proved that the solution of (1) in (¢, z)
satisfies u(t,z) = E (gbg%(m)), where the value (;5&% (z) € R? is such that the solution of

dX () = b(t, X(t))dt + AW (1), X(0) = oy, (@),
satisfies X (t) = x. Here W(t) = (W' (t),,..., W?(t)) is a standard Wiener processes.

2.1 The definitive method

Based on results from [1], the numerical integrator for computing the approximation to u(t,z) in (1) can be

algorithmically described as follows:

1. Set the step-size h = % (with N € N), set Zy = z, and set M € N (for the Monte Carlo simulations)
2. Repeat from j =1 until j = M :

(a) From ¢ =0 until i = N — 1,

i. generate the Gaussian variable 7; ~ N(0,1) and Uniform random variable R; ~ Uniform][0 1]
ii. Compute Zi+1 = Zz — hb (t - ti - hRZ, Zl - \/ti + hRZ 1))
(b) Compute vl = f (Zn — Viny) with ny ~ N(0,1)

M .
3. Then, u"" (t,z) = & 3 vl is the numerical approximation to u(t, z).
j=1

2.2 Convergence

Theorem: Let’s u (¢, x) the solution to the convection-diffusion PDE (1), with b measurable, locally Lipschitz in
the second argument and a—Holder continuous in space uniformly in time, for some « € (0,1). Let h < 1 and
M € N with M > +. Then, o™ (t,z) is almost surely convergent to u (¢,2) and we have that

M

u(t,z) —u ] (t,x)| = O(h%)7 almost surely
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Abstract
Esta apresentacao visa como principal objetivo estudar aproximagao numérica de dos fluxos regulares
Lagrangeanos associados a um campo vetorial limitado pertencente a L' ([0, T); Whe (Rd; Rd)). Nés provamos

a convergencia do método de Euler explicito qunado o campo vetorial satisfaz a condi¢do one-sided Lipschitz.

1 Introdugao

Neste trabalho nds consideramos a equagao diferencial ordinaria
v () =b(t, (1))
7 (to) = =,
onde v : [0,T] — RY, sob vérias hipéteses de regularidade sobre o campo vetorial
b(t,z):[0,T] x RY — R4

Nos provamos a aproximagao discreta pelo método de Euler desta quando b satisfaz as hipdteses do Teorema 2.1.

Para desenvolver isto é necessario tér alguns preliminares:

Definicao 1.1. Seja b € L} ([O,T} X Rd;Rd) . Dizemos que uma funcdo X : [0,T] x R? — R? ¢ um fluzo regular

loc

Lagrangeano para o campo vetorial b se
(i) Para m-q.t.p. * € R? a funcdo t — X(t,z) é uma solugdo integral absolutamente continua de (1);
(ii) Eziste uma constante L independente de t tal que
X(t,-)gm < Lm.
A constante em (ii) serd chamada a constante de compressibilidade de X.
Definigao 1.2. A funcdo f : [a,b] x R? — R? € dita que satisfaz uma condi¢do one-sided Lipschitz se
S (ty) = F(L5),y—5) <v(E)ly—dP (2)

para todo y,5 € My C R e para a <t <b. A funcdo v (t) é chamada uma constante one-sided Lipschitz.

2 Resultado Principal

Teorema 2.1. Assumimos que [divb]™ € L' ([0,T];L> (R)) e que o campo vetorial b pertence a
LY ([0, T); W? (R RY)) 0 L>([0, T] x R?) para algum p > 1, e satisfaz a condi¢do one-sided Lipschitz (2) com
lv (t)] < K para todo t € [0,T], onde k € uma constante positiva. Seja X como na Defini¢ao 1.1. Entdo a solugdo

numérica satisfaz

[Coxp — 1
IX (tn,z) — XnHLp(BR(O)) <C %hlﬂ + Cexp || X (to, ) — XOHLp(BR(o)) (1)
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Prova: Da Defini¢ao 1.1(i) e do método de Euler temos

tn+1
X(tn+1,x):X(tn,x)—|—/ b(s, X (5,2))ds © Xpsr = X+ hb(tn, X (b, 7)) ds,
t

n

e considerando a relagao
Y1 = X (tn, ) + hb (tn, X (tn, 2))

obtemos que tomando norma LP/2 sobre By (0) C R? e pelas hipoteses impostas sobre o campo b

1X (tn1s ) = Xost |y < X (trsrs) = Yot [0 oy + 21X (st ) = Yostll oz ) Yokt = Xt oo
2
+ HYn+1 — XnJrl”LP(BR(O))
< Ch? + (1+ 26h) (1+ KR2) [1X (tn,7) = X2 (5,00

com C,K € R constantes. Portanto, com a = (1+2kh), B = (1+ Kh?), e E, = || X (tn, ) anHip(BR(O))
obtemos a equagao
E,11 < aBE, + Ch?.
Por inducao podemos confirmar que em geral

n—1

En < (aB)" Eg+Ch* > (aB)™.

m=0

Assim, como

(aB)" < exp{(T —to) (26 + K (T —t9))} = Coxp

eaf—1=h (2/{ + Kh+ 2K/<;h2), temos em consequéncia que

Coxp — 1
En S Che;T + CexpE07
ou seja,
X (b 2) — X, <oy/See iz 4 Cuy X (to,0) - Xol
) nllLp(Bgr(0)) = 2% exp 0, 0llL»(BR(0))
[ ]
References

[1] CRIPPA, G. AND DE LELLIS, C. - Estimates and regularity results for the DiPerna-Lions flow, Reine Angew.
Math. 616, 15-46, 2008.

[2] CRIPPA, G. - The flow associated to weakly differentiable vectors fields, Milano: Springer; Pisa: Scuola Normale
Superiore (Dissertation), 2009.

[3] LAMBERT, J.D. - Numerical methods for ordinary differential systems: the initial value problem, Chichester etc:
John Wiley & Sons, 1991.

[4] LoNDONO, J. AND OLIVERA, C. - Convergencia of the Euler scheme for DiPerna-Lions flow , preprint, 2019.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
UFSC - Universidade Federal de Santa Catarina
XIITI ENAMA - Novembro 2019 139-140

ON THE NUMERICAL PARAMETER IDENTIFICATION PROBLEM
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Abstract

The objective of this work is to describes some important aspects related with the reconstruction of
parameters in models described with elliptic partial differential equations. Incomplete information about
coefficients and source is compensated by an overprescription of Cauchy data at the boundary. The methodology
we propose explores concepts as: (i) Lipschitz Boundary Dissection; (ii) Complementary Mixed Problems with
trial parameters; (iii)Internal Discrepancy Fields. The main techniques are variational formulation, boundary

integral equations and Calderon projector. Various regularization strategies can be adopted.

1 Introduction

Incomplete information about coefficients in partial differential equations is compensated by an overprescription of
Cauchy data at the boundary. We analyses this kind of boundary value problems in an elliptic system posed on
Lipschitz domains. The main techniques are variational formulation, boundary integral equations and Calderon
projector. To estimate those coefficients we propose a variational formulation based on an internal discrepancy field

observed in complementary mixed boundary value problems obtained by splitting the overprescrited Cauchy data.

1.1 The engineering problem

Most of the stationary engineering models can be represented as elliptic system of partial differential equations.
Those models are mathematically elaborated with continuous thermomechanics and the constitutive theories of
materials. Constitutive equations removes ambiguity in the model and frequently presents incomplete information
about parameters. To assure uniqueness of model solution we must combine boundary information with correct
parameters values. Estimation of missing parameters in diffusion reaction convection like systems of equations are

the main problem.

1.2 The inverse problem

In this work we study the problem of reconstruction of coefficients and source parameters in second order strongly
elliptic systems [1], [2]. Let © be a Lipschitz domain. Its boundary can be locally as the graph of a Lipschitz
function, that is, a Holder continuous C%! function. Let F,, = [fa,..., fa] € (L2(Q))™*N» be the source and
(H,H,) € (H2(99Q) x (H™%(89)))™*N> the Cauchy data for N, problems based on the m—fields model.
The inverse boundary value problem for parameter determination investigated here is: To find (U,«) €
H(Q)™*No x RNa such that
L, U=F, ifze)
Pg wm,§ VUl=H if x € 09 (1)
B,[U|=H, ifxzed

Here + is the boundary trace and B, is the conormal trace. The coefficients of the strongly elliptic operator L,

self-adjoint, and the source depend on the parameters a.
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Figure 1: Thye discrepancy field

2 Main Results

The main results in this work are: It is based on over prescription of Cauchy data, Lipschitz Boundary Dissection, a
specialized Finite Elements formulation for this class of problems and solutions of Multiple Complementary Direct
Mixed Problems with wrong values of trials parameters.

We explore the concept of Complementary Solutions, the existence of Discrepancy Fields for trials with wrong
parameters values, the Reciprocity Gap equation for Discrepancy fields parameter determination, the Variational
Method for Discrepancy Fields parameter determination and an annihilator set condition for Discrepancy fields
parameter determination. Based on Least Squares and L° norm of Discrepancy Fields, we presents numericals
experiments of parameters determination. Finite Elements and Fundamental Solutions based Methods are the main
tools.
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Abstract

Neste trabalho desenvolvemos um algoritmo para calcular a solugao de equagdes de Lyapunov inspirado em
métodos para sistemas lineares construidos a partir da cisao de matrizes, popularmente conhecidos como métodos
do tipo “splitting”. A construgdo do nosso método é feita sobre a representacio da equacdo na forma vetorizada
de tamanho n?. No entanto, desenvolvemos uma técnica que permite realizar iteracbes com um ntimero de
operagoes de ordem m apenas. Além disso, propomos técnicas para contornar situagdes em que o problema é

mal condicionado. Verificamos a eficiéncia do método com uma breve aplicacao, descrita ao final do trabalho.

1 Introducao

Neste trabalho, consideramos uma equacao de Lyapunov da forma
AP+ PAT = —BBT, (1)

com A € R e B € R" ! Esta equacio é equivalente ao sistema linear Ap = b, de tamanho n2, com
A= T@A+A®I), p = vec(P), e b = vec(—BBT). O simbolo “®” representa o produto de Kronecker
entre matrizes e a expressdo “vec(B)” é a representacao da matriz B por um vetor coluna.

Note que, dado um o > 0, a equacio (1) pode ser reescrita como (A — oI)P + P(AT + oI) = —BB”, que, por
sua vez, é equivalente ao sistema Ayp = b, com A, = [ ® (A—o0l)+ (A+0I)® I]. A partir disto, definimos a
ciséo Ay = My — N, com M, =1 @ (A—ol) e N, = —(A+ol)® 1.

Supondo que a matriz (A — o) é inversivel, a matriz M, também é inversivel e M, ! =T @ (A — oI)~!. Sendo
assim, dado um vetor inicial pg € R"z, para k = 0,1,2, ..., definimos a iteragao do tipo splitting para sistemas
lineares [1] por

i1 = My Nypy + M b, (2)

As iteragoes definidas em (2) sdo o foco do nosso trabalho e definem um método do tipo Splitting Para Equagoes
de Lyapunov (SEL).

2 Resultados Principais

Para simplificar as iteragdes em (2), vamos escolher pg = 0,2y ;. Assim, M, 1N, = —(A+0ol) ® (A —ol)~t. Isso

permite demostrar o Teorema 2.1 a seguir, lembrando que vec(Py) = pi para todo k inteiro ndo negativo.

Teorema 2.1. Os iterados Py, definidos em (2) convergem para a solu¢io P da equagdo (1) se, e somente se,

)\i+0

<1
)\j—o

, v >\z'7/\j € )\(A) (3)

Além disso, verificamos que as matrizes iteradas pelo método descrito em (2) podem ser escritas como segue:

k+1
Py = i(—w’“(A — o) BBT (A+o0)T) 7Y (4)

=1
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2, cada iteracdo do método

Portanto, embora o método seja desenvolvido a partir do sistema de tamanho n
necessitam de um ndmero de operacoes na ordem n apenas. A garantia de existéncia de um pardmetro o que faz

com que as matrizes Py de (4) convirjam para a solugao da equagao (1) é dada pela proposigao a seguir:

I’H’L(}\j)z 1

i =1,..,n. Sejam ainda T = max; j—1,. . n|Re\; — Re\j| e ¢ = maxj—i, ., ReOOT | - Se a > 5(T + ), entdo,
J

Proposicao 2.1. Sejam {\1, A2, ..., \n} 0s autovalores da matriz A da equagio (1), com Re(\;) < 0, para

a sequéncia (Px)gen definida em (4) converge para a solugio P de (1).

Para evitar a lentidao da convergéncia nos casos em que a matriz A possui autovalores muito proximos a origem,
propomos a estratégia de escolher um o > 0, resolver a equacio auxiliar (4 — al)P + P(A — al)T = —BB” e
reconstruir a solu¢do P de (1) a partir de P. Para isso, enunciamos o teorema a seguir, cuja demonstracao faz uso

da representacao da solugdo P de (1) em termos do espectro de A.

Teorema 2.2. Dado o > 0, seja P uma solugio para (A— aI)P + P(A —al)T = —BBT. Entdo, existem uma

matriz de Cauchy generalizada C' e uma matriz V, construidas a partir de P, tais que a solucio de (1) € dada por
P=vCcVvH (5)

Para diminuir o ntimero de operagoes quando as matrizes do problema sao esparsas e de grande porte,
desenvolvemos uma técnica de projecao para calcular uma aproximagao P, = VkaVkH em (5) baseando-se na
analise de componentes principais de P. Isso d& origem ao método do tipo Splitting Deslocado Projetado para (1)
(SDPEL).

A tabela a seguir contém resultados obtidos considerando o exemplo em que A=TQI+1®T em (1), com T
sendo uma matriz tridiagonal cujas entradas da diagonal principal sao todas iguais a 2 e as entradas das subdiagonais
sdo iguais a —1. Consideramos ainda B = (1,0, ...,0)T. e n = 900. Para que haja um comparativo, aplicamos dois
métodos baseados em projecao em subespagos de Krylov (KPIK e RKSM) [2] e também o método SLRCF-ADI
[3], que é uma variagdo do método ADI (Alternating Direction Implicit ), todos muito utilizados atualmente em

- . |AP+PAT+BBT| .
equacoes de Lyapunov esparsas. O erro relativo é dado por AT FTERT] & norma de Frobenius.

SEL SDPEL KPIK RKSM | SLRCF-ADI
Errorel. | 1.6-1073 | 4,4-107° [ 4,3-108 [ 8,1-10720 | 1,6-10~%
N° de it. 20 20 10 10 10

Embora os métodos SEL e SDPEL n&o tenham a mesma eficiéncia que os métodos KPIK, RKSM e SLRCF-ADI,
eles tornam-se atrativos por exigir apenas uma decomposi¢do LU da matriz A durante o processo todo, além de
serem métodos de facil implementacao. O método RKSM, por exemplo, necessita do cdlculo das projecoes VkTAVk,
que podem ser caras em sistemas descritores de grande porte. Além disso, ndo hé garantia de convergéncia para
0s casos em que a matriz A é nao dissipativa. O método SLRCF-ADI, por sua vez, além de necessitar de uma

decomposicao LU para cada iteragao, também depende de um conjunto de parametros calculados previamente.
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Abstract

This paper is concerned with the energy of a nonlinear elasticity system with nonlinear boundary condition.

We obtain the existence of global weak solutions of this system with small data.

1 Introduction

Consider an open bounded set  of R” whose boundary I' of class C? is constituted of two disjoint parts I'y and
I'; with positive measures and Ty N T'; = (). Denote by v(x) the unit exterior normal at 2 € I';. We analyze the

following nonlinear elasticity system:

u’(z,t) — pAu(z,t) — (A + p)Vdiv u(z, t) + |u(z, )| = 0 in Q x (0, 00);
u(z,t) =0 on Iy x (0,00);

u%(z,t) + (A + p)div u(z,t) v(z) + h(v' (x,t)) =0 on I'y x (0, 00);
u(z,0) = uO(z) , u/(x,0) = ul(x) in Q.

(1)
Here u(z,t) = (u1(z, 1), ...un(x,t)); A > 0,0 > 0 are the Lamé’s constants of the material; p > 1 a real number;
lu(z, t)|P = (Jur (z,8)|°, ..., |[un (2, t)|?) and h(z,s) = (h1(z, 3), ..., hn(z, 3)).

2 Main Result

We introduce some spaces. By L?(2) and HJ, () are represented, respectively, the Hilbert spaces ?(Q) = (L*(Q))"

(u,v)L2(0) = Z/Qui(a:)vi(x) dx

and H} (Q) = (HE (Q))" provided with the scalar product

equipped wiht the scalar product

(w0 m>—u2 B o 3 [ (i ato) v o) ds

where Hp, (Q) = {u € H'(Q);u = 0 on Ty} Also the spaces Hj(2) = (H&(Q))n JH2(Q) = (HQ(Q))TL LA Q) =
(LPHH Q)" L) = (LMT)", LA = (L3T0))" H-VY2(Ty) = (HY*(I1))" are equipped with its
respective product topology.

Let A be the positive self-adjoint of L.2(2) defined by the triplet {Hf. (€2),L2(€2), ((u, v))H%O(Q)}. Then

D(A) = {u € Hr, (Q); Au € L*(Q), (Au, v)r2(e) = ((u,v))my, ()> V0 € Hr, ()}

143



144

We note that if u € D(A) then u € H}, () NH?(Q) and yu = 0onTy where yyu = p5% + (X + v)(div u)v. Let W
be the Hilbert space defined by

W = {u € Hp, (Q); Au € L*(Q)}

provided wit the scalar product

(H1)

(u,v))w = ((%U))H;O(Q) + (Au, Av)r2(q).-

We establish the following hypotheses:

p>1lifn=12:
+1 .
"Tgpgﬁlfnz&

Introduce the constant

1/(p—1)
oo |2t
- 4k.8+1 .

where the embedded constant kg satisfies

[0l () < Kollvlly, (@), Yo € Hp, (Q).

(H2) Consider u° € D(A) and u! € H}(Q) with

||u0||H1{O(Q) <A,
. 1
ooy + 30l )+ 3O+ mldiv w0l + 2k

+1
s o <

@ < 3

1
[[u 1

(H3) Consider also h € CY(R; (L*°(I'1)"™) with

hi(x,0)=0a.e. z €Ty, i=1,..,n;
[hi(x,8) — hi(z,7)] (s —7) > do(s —1)?, Vs,r € Rya.e. x €'y ,i=1,...,n (do positive constant).

Theorem 2.1. Assume hypotheses (H1)-(H3). Then there exist a function u in the class

u € L*>(0, oo;HlLO(Q)) N L2 (0.00; W), ' € L>=(0,00;L2(2)) N Ly (0, oo;HILO(Q))

loc

u” € L2 (0,00;L2(2)) , div u € L°°(0,00; L3())

loc

such that u satisfies

u — pAu — (N + p)Vdiv u+ |ul? = 0 in L2, (0, 00; L%(Q));

loc

y1u+ h(u') =0 on L}, (0,00; H/2(Ty) + LY(Ty)),

loc

w(0) =u® | v/ (0) = u!

In the proof of the theorem we use the Galerkin approach with a special basis, a new method inspirated

in an idea of L. Tartar[4] which permits to obtain appropriate a priori estimates, compactness arguments,

Strauss’approximations of continuous functions and a trace result for non-smooth functions.
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Abstract
In this work, we will present the notions of an impulsive evolution process and its pullback attractors, as
well as exhibit conditions under which a given impulsive evolution process has a pullback attractor. We apply
our results to a nonautonomous ordinary differential equation describing an integrate-and-fire model of neuron

membrane.

1 Introduction

The theory of impulsive dynamical systems describes models on which a continuous evolution is abruptly interrupted
by sudden changes of state, which, in applications, can be interpreted as either jumps of state or forced corrections
to the evolution law in order to prevent unwanted results. Such topic saw its first light in the early 1970’s, when V.
Rozko studied a class of periodic motions in pulsed systems - in [11] - and the Lypaunov stability for discontinuous
systems - in [12]. Almost twenty years later, S. K. Kaul presented a rigorous mathematical foundation for this
theory in [7] and [8], and studied properties of stability and asymptotic stability in [9]. A decade later, K. Ciesielski
published very important results in [5, 6]. Since then a vast literature was developed for autonomous impulsive
dynamical systems, which are constructed using a semigroup, a fixed set of impulses and a single impulse function.

More recently, some authors turned their attention to nonautonomous impulsive dynamical systems, which are
constructed with a cocycle instead of a semigroup, but again considering only a fixed set of impulses and a single
impulsive function, and obtained results of existence and semicontinuity of impulsive cocycle attractors. See, for

instance, [1, 2].

2 Description of the main results

In this work, we present the theory of impulsive evolution processes, and although it can be seen as a particular
case of a nonautonomous impulsive system, here we consider an evolution process, a family of impulsive sets and
a family of impulsive functions. We define the impulsive evolution processes, present two concepts of pullback
attractors, and obtain conditions to ensure their existence.

This work was inspired by [3], where the authors work with a multivalued autonomous dynamical system, and as
an application to their results, they present a multivalued autonomous integrate-and-fire model of nerve membrane,
given by

u'(t) = —yu+ S,
where if u(t) = 6, then u(t) resets to either 0 < u3 < 6 or 0 < uz < 6, and 7, 5,0 > 0. We consider a slightly
more general approach (dropping, however, the multivalued framework), by considering a complete nonautonomous
model, where 7, S and ¢ are now nonnegative functions (not necessarily bounded), and if u(t) = 6(t), then wu(¢)
resets to u,(t). The nonautonomous framework, at least for the function S, is consistent with the models presented
in [4] and [10]. We study the impulsive evolution process generated by the nonautonomous integrate-and-fire model

of nerve membrane and the existence of a pullback attractor for this problem.
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Abstract
Estudamos o comportamento assintético de uma classe de familias de evolugao discretas n — S(n), associadas
a equagoes de Volterra de tipo convolucao em tempo discreto. Mais precisamente, obtemos uma reciproca de
uma extensdo do Teorema de Katznelson-Tzafriri para essas familias, bem como a ordem de decaimento de

n— S(n+ 1) —S(n) via regularidade maximal nos espagos £”.

1 Introdugao

Nessa nota, estamos interessados em estudar o comportamento assintético de uma classe de familias de evolugao
discretas a um parametro e explorar suas conexoes com propriedades espectrais que surgem naturalmente através
do Método da Transformada Z. Um exemplo muito conhecido e cldssico de familias de evolugdo discretas a um
pardmetro é o semigrupo discreto: n — T™. Operadores limitados em poténcia (isto é, semigrupos discretos
limitados) foram extensivamente estudados nos tltimos anos. Podemos citar, por exemplo, [2] para resultados
sobre ordem de crescimento n — T™, [4] para resultados de tipo espectrais de operadores parcialmente limitados

em poténcia e [5] para resultados que exploram a conexao entre a limitacdo em poténcia de T e a condigdo de

1
analiticidade (no sentido de Ritt), a saber, T"*1 —T" = O () Em [3], os autores provaram o seguinte resultado:
n

Teorema 1.1. Seja T € B(X) uma contragdo. Entio lim (T"T' —T™) =0 se, e somente se, ['(T) := o(T)NT

n—oo
(0 espectro periférico de T') possui no mdzximo z = 1.

Aqui, T = {z € C;|z| = 1}. Uma pergunta natural cresce entao a partir do Teorema 1.1 (de Katznelson-Tzafriri):
é possivel obter versoes analogas desse resultado para familias de evolugoes mais gerais? Essa questao foi estudada,
por exemplo, em [1], para familias de evolugao discretas geradas por uma familia de operadores (A(n)),ez+ C B(X),
isto é, a familia n — S(n) € B(X) que é a resolvente da equagao de Volterra

S(n+1)

Y A(n — , n +
kz:% (n—k)S(k), n€Z 1)

S(0) = I,

onde I € B(X) é o operador identidade. Note que, se A(n) = 0 para todo n > 1, a familia S é precisamente o
semigrupo discreto gerado por A(0). A partir de técnicas provenientes da teoria espectral de sequéncias unilaterais,
foi provado o seguinte resultado em [1]: se a familia de evolucdo S for limitada e se I' consistir no maximo de
z =1, entdo lim, o [S(n + 1) — S(n)] = 0. Aqui, T' é o conjunto periférico dos pontos regulares de S (definido na
préxima secao), onde S denota a Transformada Z de S.

O nosso objetivo aqui é obter a reciproca desse resultado provado em [1], pelo menos para uma classe especifica da
familia de operadores n — A(n). Além disso, obtemos uma ordem de decaimento de tipo polinomial se assumirmos,

adicionalmente, que a Equacao de Volterra

un+1) = A(n — k)u(k) + f(n), ne Z*

0 (2)

NE

=i

u(0) =
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possua (P-regularidade maximal, isto é, o mapa f — Au € B(¢?(X)), onde (Au)(n) =u(n+ 1) — u(n).

2 Resultados Principais

Para os resultados a seguir, assumiremos as seguintes condigoes:
(H1) a familia de operadores n — A(n) € B(X) é da forma A(n) = a, T, onde T € B(X) e (an)nez+ € £*(C).

(H2) a funcdo B(z) = % é um polindmio. Aqui, @ denota a Transformada-Z de (an)nez+-

a(z
Definicao 2.1. Sejan — S(n) € B(X) uma familia de evolugdo limitada. O conjunto periférico de todos os pontos
regulares de S que estao em T serd denotado por T, isto é: w € I' se, e somente se, w € T e se existir r > 0 tal que

N |
o operador S(z) = z {z - A(z)] € B(X) existe e é holomorfa para todo z € D(w,r) :={n € C;|n —w| < r}.

Nosso primeiro resultado é a reciproca da extensdo do Teorema de Katznelson-Tzafriri (assumindo, é claro, as
condigoes (H1) e (H2)), provado em [1]:

Teorema 2.1. Seja S : Z+t — B(X) uma familia de evolucao gerada pela familia de operadores n — A(n) € B(X)
satisfazendo as condi¢oes (H1) e (H2). Assuma que S seja limitada. Se li_>m [S(n+1)—S(n)] =0, entao T C {1}.
n oo

Portanto, temos a seguinte caracterizagao: uma familia de evolugao limitada S gerada pela familia de operadores
A(n) = a,T satisfazendo as condicoes (H1) e (H2) satisfaz [S(n + 1) — S(n)] — 0 quando n — oo se, e somente se,
I C{1}.

Teorema 2.2. Seja S : ZT — B(X) uma familia de evolugio gerada por n — A(n) € B(X) satisfazendo as
condigoes (H1) e (H2). Assuma que S seja limitada e que [S(n+1) — S(n)] = 0 quando n — co. Se a famdlia
(A(n))nez+ possuir (-regularidade mazimal, com p € (1,00), entdo existe M > 0 tal que [|S(n+ 1) — S(n)||5(x) <

M
—, n>1.
n
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A NEW APPROACH TO DISCUSS THE UNSTEADY STOKES EQUATIONS WITH CAPUTO
FRACTIONAL DERIVATIVE

PAULO M. CARVALHO NETO!
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Abstract

Motivated by Zhou-Peng paper [2] some researchers started to apply the Faedo-Galerkin method to study
partial differential equations with fractional time derivative. However, these papers disregard the fact that
absolutely continuous functions are not the broader domain of the Caputo fractional derivative and this can
sometimes compromise the prerequisites to apply the Faedo-Galerkin method. In this talk we address the recent
work [1] which discuss these questions and proves a new inequality which allows us to completely implement the
aforementioned method to study the unsteady Stokes equations with Caputo fractional derivative on bounded

domains.

1 Introduction

This talk is dedicated to introduce a new inequality that involves an important case of Leibniz rule regarding
Caputo fractional derivative of order @ € (0,1). More specifically, we prove that for suitable functions f, it holds
that

cDy; [f(t)]2 <2 {cDghtf(t)}f(t), almost everywhere in [tg, t1].

In the context of partial differential equations, the aforesaid inequality allows us to address the Faedo-Galerkin

method to study the fractional version of the 2D Stokes equation on bounded domains 2

cDfu—vAu+Vp = f in Q, t >0,
Vou = 0 inQ, t>0,
u(z,t) = 0 on 09, t >0,
u(z,0) = wo(x) in .

where ¢Dg* is the Caputo fractional derivative of order o € (0,1) and f a suitable function.

This is a joint work with Prof. Renato Fehlberg Junior.

2 Main Results

Our main result concerning this inequality is

Theorem 2.1. Assume that f € C°([to,t1];R) which also satisfies g1—o * f € WHi(te,t1;R) and g1_o * 2 €
Whi(te,t1;R). Then,

cDy: [f(t)]2 < Q[CD%,tf(t)} f(t), for almost every t € [to,t1].
This result allowed us to obtain.
Theorem 2.2. Let V and H be Hilbert spaces that satisfies the hypothesis

(a) V is dense in H and also is continuously included in H.
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(b) If H' represents the dual of H, by the Riesz representation theorem, we consider the identification H = H'.

Then if u € L*(to,t1;V), eDg yu € L*(to,t1; V') and gi_qo * |[u(t)|f; € Wh(to,t1;R), then u is almost

everywhere equal to a continuous function from [tg,t1] into H and

thO;tHu(t)HZ < 2<ché)7tu(t),u(t)>V/ . for almost every t € [to, t1].

This last theorem is enough for us to implement the Faedo-Galerkin method to prove existence and uniqueness

of weak solution to the unsteady Stokes equations with Caputo fractional derivative on bounded domains.
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ORBITAL STABILITY OF PERIODIC STANDING WAVES FOR THE LOGARITHMIC
KLEIN-GORDON EQUATION
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Abstract

The main goal of this work is to present orbital stability results of periodic standing waves for the one-
dimensional Logarithmic Klein-Gordon equation. To do so, we first use compactness arguments and a non-
standard analysis to obtain the existence and uniqueness of weak solutions for the associated Cauchy problem in
the energy space. Second, we show the orbital stability of standing waves using a stablity analysis of conservative

systems.

1 Introduction

Consider the Klein-Gordon equation with p—power nonlinearity,
U — Ugy + U — log(\u|p)u =0. (1)

Here, u : R x R — C is a complex valued function and p is a positive integer.
By using compactness arguments and ideas treated in [2], [3] and [4], we can prove the existence of global weak

solutions in time, uniqueness and existence of conserved quantities to the Cauchy problem

Ut — Ugy + U — 10g(|u|p)u =0, (:L’,t) €eRx [OaT]
u(z,0) = uo(z), w(z,0) =us(x), zeR. (2)
w(x + L,t) = u(z,t) forallte0,T], z€R,

where (ug,u1) € H),,.([0,L]) x L2_.([0, L]) and L > 0.

Along the last thirty years, the theory of stability of traveling/standing wave solutions for nonlinear evolution
equation has increased into a large field that attracts the attention of both mathematicians and physicists. Our
purpose is to give a contribution in the stability theory by proving the first result of orbital stability to equation
(1) of periodic waves of the form u(x,t) = e'*p(z), z € R, t > 0, where c is called the frequency and ¢ is a real,
even and periodic function. If we substitute this kind of solution in equation (1), one has the following nonlinear

ordinary differential equation
— ¢+ (1= A)pe —log(|@el?)pe = 0, (3)
where ¢, indicates the dependence of the function ¢ with respect to the parameter c.

We can use arguments in [5] to obtain a class of smooth periodic positive solutions to the equation (3), depending
on ¢. Based on [1], [5] and [6], we obtain results about its orbital stability.

2 Main Results
Theorem 2.1. There exists a unique global (weak) solution to the problem (2) in the sense that

u € L>(0,T; H) ([0, L)), us € LOQ(OaT§L2 ([0,L])), us € L=(0, T H_l([O,L]))7

per per per
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and u satisfies

L L L
(w8 g, + [ Vulst) T o+ [0 do = [t log(lu( 0P da,

a.e. t €1[0,T), for all ¢ € H;er([O,LD. Furthermore, u must satisfy u(-,0) = ug and u(-,0) = uy. In addition, the

weak solution satisfies the following conserved quantities:
E(u(-,t),u'(,t) = E(uo,u1) and F(u(-,t),u (-, t)) = F(ug,ur),
a.e. t €[0,T]. Here, & and F are defined by

L
g(u('vt)v ut('vt)) =3 [/O |ua:(’ t)|2 + |ut(" t)|2 + (1 + g - 1Og(|u('7 t)|p)) |u(-,t)2dx]

and

L
Flu(t),u (-, 1)) == Im/o w(e,t) ue(-,t) dz.

Definition 2.1. We say that . is orbitally stable by the periodic flow of the equation (1), where p. satisfies (3)
if for all € > 0 there exists 6 > 0 such that if

(uo, u1) € X = Hye, ([0, L]) x Ly, ([0, L]) satisfies ||(uo, u1) = (i, icp)|lx <8
then ¥ = (v,v¢) s a weak solution to equation (1) with U(-,0) = (ug,u1) and

inf  ||5(-,) — e (e(- <e.
ﬁ‘;ﬁ’eeﬁ&ek””( ) — e (p(- +y),ico(- +y))lx <e

Otherwise, we say that . is orbitally unstable.

VP

Theorem 2.2. Consider p = 1,2,3 and ¢ satisfying o < le] < 1. Let . be a periodic solution for the equation

ict

(3). The periodic wave v(x,t) = e"*p.(x) is orbitally stable by the periodic flow of the equation (1).
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SOBRE OSCILACAO E PERIODICIDADE PARA EQUACOES DIFERENCIAIS IMPULSIVAS

MARTA C. GADOTTI!
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Abstract

Pretende-se obter condigoes que garantam a existéncia de solucdes oscilatérias e, em particular, periédicas,
de certos problemas impulsivos. Este trabalho foi desenvolvido com apoio financeiro da FAPESP (processo
2018/15183-7).

1 Introdugao

As equagdes diferenciais impulsivas descrevem a evolugdo de um sistema em que o desenvolvimento continuo de
um processo se alterna com mudancgas bruscas do estado. Estas equacoes se valem das equacgoes diferenciais para
descrever os estdgios de variagao continua do estado, acrescidas de uma condicao para descrever as descontinuidades
de primeira espécie da solugao ou de suas derivadas nos momentos de impulso. Diversos fené6menos bioldgicos,
naturais, farmacolégicos podem apresentar efeitos impulsivos, veja [2].

Neste trabalho, pretendemos introduzir um estudo sobre oscilacao e existéncia de solugoes periddicas para certos

problemas escalares impulsivos envolvendo equacoes diferenciais, do tipo:

&= —p(t)f(z(t — 1)), 1)
(t) e M = z(t4) = F(x(t)), (2)
z(to) = b, (3)

onde f,p € C',r >0, M C R é fechado e F : M — R é continua. Aqui vamos considerar solucdes do problema
acima que sejam continuas & esquerda, isto é, z(t) = z(t™).
Quando os momentos de impulsos sdo previamente conhecidos, entdo a condigdo (2) é substituida por

Ax(tr)) = 2(tf) —2(te) = In(z(tr), k=1,2,... (4)
onde I : R — R sdo continuas para cada k = 1,2,.... Trataremos aqui o caso em que I(z(tg)) = by x(tx), com
lim tk = Q.
k—o0

2 Resultados Principais

Teorema 2.1. Suponhamos que tp —tx_1 >7 >0, k=1,2,... e que exista K > 0 tal que k > K implica by, # —1.
Suponhamos também que |f(x)| > x| para algum X > 0 e que

t;+r
/ p(s)ds > 1,
ti

lim su
t—>oop 140

entao toda solugao do problema (1), (2) é oscilatdria.

Pretendemos apresentar também um resultado que garante a existéncia de solucgoes periddicas para um problema
auténomo, isto é, 2'(t) = f(x(t — r)) e a condi¢ao de impulso dada em (2). Neste caso serd importante obter uma
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relagdo entre o retardo e os instantes de impulso, que nao sdo conhecidos a priori. A ideia consistird em construir
um determinado conjunto K e um operador de retorno 7" definido em K e mostrar que T tem ponto fixo nao trivial.

Por fim, apresentaremos alguns exemplos.
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RESULTADOS DE EXISTENCIA DE SOLUCOES PARA EQUACOES DINAMICAS
DESCONTINUAS EM ESCALAS TEMPORAIS
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Abstract

Neste trabalho, apresentamos dois resultados sobre a existéncia de solugbes para equagdes dindmicas
descontinuas em escalas temporais. Um dos resultados apresentados aqui diz respeito a existéncia e unicidade
de solugoes e pode ser obtido através do Teorema do ponto fixo de Banach. J4 o outro resultado apresentado diz

respeito a existéncia de pelo menos uma solugédo e pode ser obtido através do Teorema do ponto fixo de Schaefer.

1 Introdugao

Recentemente, equagoes dinamicas descontinuas em escalas temporais foram estudadas de modo independente em
[1, 2, 3, 4, 2]. Aqui nés estudamos resultados de existéncia de solugoes para o seguinte problema de valor inicial
{ aA(t) = f(t2(t) A—qtp. telabr O
x(a) = xg
onde T é uma escala temporal com a = minT e b = max T, zg € R”, f: T x R” — R" e 2 é derivada delta de z.
Observamos que uma escala temporal é um subconjunto fechado e nao-vazio de nimeros reais. Ja o conjunto
[a,b)T é dado por [a,b) NT. Enquanto que a notagdo A — g.t.p. t € [a,b)r dada na Eq. (1) indica que a equagao
dindmica z2(t) = f(t,z(t)) é satisfeita para A-quase todo ponto ¢ € [a,b)r. Aqui o campo vetorial f dado na Eq.
(1) é possivelmente descontinuo. Dessa forma, a equacio dindmica z(t) = f(t, 2(t)) define uma equacio dinamica
descontinua na escala temporal T.

Solugdes x : T — R™ para a Eq. (1) serdo entendidas como fungdes absolutamente continuas.

2 Escalas Temporais

Definimos a fun¢ao o : T — T como
o(t)=inf{s € T:s >t}

e a fungao p: T — T como
p(t) =sup{s € T:s <t}

Estamos supondo que inf ) = sup T e sup @) = inf T. J4 a fungao p : T — [0, +00) é dada por p(t) = o(t) — t.
Uma fungdo 8 : T — R é rd-continua se 8 é continua em cada ponto t € T tal que o(t) =t e lim,_,;~ B(s) existe
e ¢ finito em cada ponto ¢t € T tal que p(t) = t. Dizemos que uma fungéo rd-continua 8 : T — R é positivamente
regressiva se 1+ p(t)B(t) > 0 para todo ¢ € T.
Denotaremos por eg(t, a) a fungdo exponencial na escala temporal T.
Como em [5], definimos a norma generalizada de Bielecki da fungao 8 : T — R como
()|l

z||g = sup ———~.
” ”5 teT eB(t,a)
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3 Resultados Principais

Os resultados principais do trabalho sdo enunciados no Teorema 3.1 e no Teorema 3.2. A seguir consideramos as

hipdteses sobre a funcdo f que sdo utilizadas nos resultados principais.
H1 A fungdo f(t,z) é continua em x para A-q.t.p. t € [a,b]r.
H2 A fungao f(t,x(t)) é A-mensurdvel para cada funcdo A-mensuravel z : T — R™.

H3 Para cada r > 0 existe uma funcao h, : T — [0,00) Lebesgue A-integrével tal que || f(¢,z)|| < h.(t) para
A-q.t.p. t € [a,b]r e ||z|| < r+ ||zl

H4 Existe uma fungéo 8 : T — [0, 00) que é rd-continua e positivamente regressiva de modo que

1t 2) = &yl < BO)]z - yll
para A-q.t.p. t € [a,b]t e x,y € R™.
H5 Existe uma constante L > 0 e uma fungéo ¢ : T — [0, 00) satisfazendo
1F (& @) < Ll + ()
para A-q.t.p. t € [a,b)T e para todo z € R™.

Teorema 3.1. Suponha que as hipdteses H2, H3 e HJ sejam vdlidas. Entao a Eq. (1) tem uma unica solu¢ao.
Além disso, tal solucdo = satisfaz ||z||g < ||zo|| + E||hrlg, onde k= (b— a)es(b, a).

Teorema 3.2. Suponha que as hipdteses H1, H2 e H5 sejam vdlidas. Entao a Eq. (1) tem pelo menos uma solugao.
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O CRITERIO DE BAEZ-DUARTE E ALGUNS ESPACOS DE HILBERT DE FUNCOES
HOLOMORFAS
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Abstract
Neste trabalho estudaremos reformulagdes da hipétese de Riemann, algumas classicas como o critério de
Nyman-Beurling e outras mais recentes como o respectivo refinamento feito por Baez-Duarte nos espacos L? (0, 1).
Estudaremos também o equivalente critério de Baez-Duarte nos espagos de Hardy-Hilbert do disco unitario
H?*(D) e do semiplano H?(Cy/s), onde C;/5 = {Re(s) > 1/2}. Utilizando ferramentas de um espaco de Hilbert
de séries de Dirichlet, o objetivo principal serd dar uma aproximacgao da hipétese de Riemann através desta

dltima reformulagao.

1 Introdugao

A hipdtese de Riemann é considerada o mais importante problema aberto da matemaética pura, o qual afirma que os
zeros da funcio zeta de Riemann ((s) = Y7, n™*%, depois de uma extensdo holomorfa a {s € C : Re(s) > 0,s # 1},
estao localizados sobre a “linha critica” Re(s)=1/2. Esse problema tem sido estudado por aproximadamente um
século e meio, mas ainda nao se tem nenhuma prova para ela.

Uma reformulagao cldssica da hipétese de Riemann feita por Nyman e Beurling (ver [5] e [3]) diz que esta
conjectura é verdadeira se, e somente se, a funcao caracteristica x(o,1) pertence ao fecho do espago gerado por
{fr:0< A< 1}em L%(0,1), onde fr(z) = {\/z}—A{1/x} (aqui {x} é a parte fraciondria de z). Aproximadamente
50 anos mais tarde, Bdez-Duarte [2] fez um refinamento deste critério, mostrando que era possivel substituir
A€ (0,1) por A =1/k, para k > 2.

Existe uma versio equivalente do critério de Béez-Duarte no espago de Hardy-Hilbert H?(C, /5), onde H*(C,)

(v € R) é o espago das fungoes analiticas F' no semiplano C,, = {s € C: Re(s) > a} tais que

1 o0
F|? i= su —/ F(z +it)]2dt < oc.
| HHQ((C‘*) w>1;)c 2 J_ £ )

Para k > 2, defina
1
Gr(s) = (k=% = kz_l)ﬂ e E(s)=-, scCyyp.
s

S

Entéo, o critério de Baez Duarte para H?(Cy /2) (ver [4]) pode ser reformulado da seguinte maneira.

Teorema 1.1. A hipdtese de Riemann é verdadeira se, e somente se, E pertence ao fecho do espago gerado por
{Gk k > 2} em HQ((Cl/Q),

O propésito principal deste trabalho serd mostrar que E pertence ao fecho do espago gerado por {Gy : k > 2}
em H?(Cy,.), para cada € > 0. Para isso, precisamos estudar alguns espacos de Hilbert de funcdes holomorfas tais

COIMno Os espacos

H? = {f :Crp—C: f(5) =D ann™ [Ifll3e = D lanl* < OO}
n=1 n=1
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e, o espaco de Hardy-Hilbert H?(D) do disco unitério,

H*(D) = {f D —C: f(2) =D ane" [ flfgs = D_lanf* < oo} .
n=0 n=0
Generalizando um resultado de [1] e tomando idéias de [2], obteremos os seguintes resultados.

2 Resultados Principais

Para 7> 1/2 e k > 2, seja

oo
an

nT

T T— - Zn
9 (z) =k 12777*

n=1 n=1

Entao

p(k)
kT

Lema 2.1. A série Y -, g coverge a —z em H*(D), para cada T > 1/2, onde p € a fungdo de Mobius.

Teorema 2.1. A série > p-, (k)G converge a E na norma de H?(Cy.), para cada € > 0.
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NECESSARY AND SUFFICIENT CONDITIONS FOR THE POLYNOMIAL DAUGAVET
PROPERTY

ELISA R. SANTOS!

! Faculdade de Matematica, UFU, MG, Brasil, elisars@ufu.br

Abstract

In this work, we present some necessary and/or sufficient conditions for the polynomial Daugavet property,

generalizing some results that are valid in the linear case.

1 Introduction

A Banach space X is said to have the polynomial Daugavet property if every weakly compact polynomial P : X — X
satisfies

[ld + Pl =1+ [P, (DE)

which is known as the Daugavet equation. This property was first studied by Choi et al. [1] on spaces of continuous
functions. Since then, several authors have shown that different Banach spaces have the polynomial Daugavet
property. The study of the polynomial Daugavet property emerged from the study of the Daugavet property. A
Banach space X is said to have the Daugavet property if every rank-one operator T : X — X satisfies

IId+T| =1+ ||T].

Note that the polynomial Daugavet property implies the Daugavet property. However, it is not known whether
these properties are equivalent or not, and both of them continue to be studied by many authors.
Motivated by recent results presented by Rueda Zoca [3] for the Daugavet property, in this note we will introduce

some findings about the Polynomial Daugavet Property.

2 Main Results

From now on we will consider only real Banach spaces. Given a Banach space X, we will denote by X* the
topological dual of X, by P(X) the normed space of all continuous polynomials from X into R, and by By
and Sx the closed unit ball and the unit sphere of X, respectively. Given x € X and r > 0, we will denote
B(z,r) ={y € X : ||z + y|| < r}. Moreover, a polynomial slice of Bx will be a set of the form

S(p,a) ={z € Bx : |p(z)] > 1 — ¢},

where p € Sp(x) and a > 0.
Generalizing Lemma 2.1 by Kadets et al. [2], we present the following characterization of the polynomial
Daugavet property.

Theorem 2.1. Let X be a Banach space. The following are equivalent:

(i) X has the polynomial Daugavet property.
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(ii) For every xo € Sx and every polynomial slice S(p,ep) of Bx there exists another slice S(q,e1) C S(p,e0) of
Bx such that for every x € S(q,e1) the inequality

| + sgn(p(x))zoll > 2 — €0
holds.

(#ii) For every xg € Sx, every e > 0 and every polynomial slice S of Bx there exists x € S such that
|z + sgn(p(x))zol > 2 — €o.

Based on the proof of [2, Lemma 2.8] we prove an extension of the last result.

Lemma 2.1. If X has the polynomial Daugavet property, then for every finite-dimensional subspace Y of X, every
go > 0 and every polynomial slice S(p,e9) of Bx there is a polynomial slice S(q,€) of Bx such that

ly + txl] = (1 —co)([lyll + [t])
forallyeY, x € S(q,e) and t € R.
The previous lemma allows us to prove the next proposition.

Proposition 2.1. Let X be a Banach space. Then X has the polynomial Daugavet property if and only if given a
polynomial slice S of Bx, it follows that, whenever there exist x1,...,x, € X such that S C U;_, B(xi,r;), then
there exists i € {1,...,n} such that r; > 1+ ||x;|.

Given a Banach space X, the ball topology, denoted by by, is defined as the coarsest topology on X so that

every closed ball is closed in bx. As a consequence of the characterization given in Proposition 2.1 we obtain:

Proposition 2.2. Let X be a Banach space. If X has the polynomial Daugavet property then for every nonempty
bx open subset O and for every polynomial slice S of Bx, we have SN O # .

Finally, we present a sufficient condition for the polynomial Daugavet property.

Theorem 2.2. Let X be a Banach space. If for every polynomial slice S* = S(P,e) of Bx«=, there exists
u € S* N Sx+ such that
[u+ sgn(P(u))z|| = 1+ [l

for every x € X, then X has the polynomial Daugavet property.

The proof of the last three results made use of the ideas of [3, Lemma 3.1 and Theorem 3.2].
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EXISTENCE AND ASYMPTOTIC PROPERTIES FOR A DISSIPATIVE SEMILINEAR SECOND
ORDER EVOLUTION EQUATION WITH FRACTIONAL LAPACIAN OPERATORS
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Abstract

In this work we study asymptotic properties of global solutions for an initial value problem of a second order

fractional linear differential equation with super damping.

1 Introduction

In this work we consider the Cauchy problem for a generalized second order linear evolution equation given by

g + (=AY ugy + (—A) up + (—A)*u =0,
(0, ) = ug(z), (1)
ut (0, 2) = up (),

with u = u(t, z), (t,z) € (0,00) x R™ and the exponents of the Laplace operators «, ¢ and 6 satisfying « > 0 and

1) 20
0<d<a, %<€<a; .

To obtain the decay rates, we employ a method of energy in the Fourier space that has its origin in Umeda-
Kawashima-Shizuta [5] combined with the explicit solution of the associated problem in the Fourier space, and an
asymptotic profile obtained from the explicit solution. We obtain decay rates for the energy, but our aim is mainly
concentrated on proving the optimality of decay rates for the L? norm of solutions, although we can also prove the

optimality for decay rates of the L? norm of the derivatives of solutions by using the same method.

2 Main Results

) 20 20 —
Theorem 2.1. Letn > 2a, P #0,0< 4§ < a, % <0< at , k € (0,min{1,6}) and € > a

Assume

(n — 2a).

ug € LY(R™) N HER™), uy € LYF(R™) N HOF*(R™).

Then there exist constants C7 > 0, Cy > 0 and tqg >> 1 such that

2a n—2a

Ch| Pyt 7 < lult, )] < Cot™ 50,

holds for t >ty where u(t,x) is the solution of the problem (1).

Remark 2.1. Taking the derivatives of the explicit solution and the associated asymptotic profile, we can prove
optimal decay estimates of the L? norms of us, (—A)*/?u and (—A)%/?u,:

[lue(t, )P < CE73, [[(=A)2u(t, )P < CE 3, [[(-A)2uy(t, )P < C 50, s> 1
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Remark 2.2. We may obtain similar results for the case § = 0, obtaining the same decay rate, more specifically,
we prove the following theorem:
(n—2a)( — )

Theorem 2.2. Let n > 2a, Kk > 20

LY4(R™) N L2(R™) N WH—%2(R") then

, € € (0,min{l,a}). If ug € L'(R") N H*(R"), u; €

n—2« n—2a

CilPrft™ 5 < lu(t,-)|| < Cot™ 50,

for all t > 0 large enough, where Cy and Cy are positive constants.

References

[1] J. L. Horbach, R. Ikehata, R. C. Charao, Optimal Decay Rates and Asymptotic Profile for the Plate Equation
with Structural Damping, J. Math. Anal. Appl. 440 (2016), 529-560.

[2] R. Ikehata, S. Iyota, Asymptotic profile of solutions for some wave equations with very strong structural
damping, Math. Meth. Appl. Sci. 41 (2018), 5074-5090.

[3] C.R.da Luz, R. Coimbra Charao, Asymptotic properties for a semilinear plate equation in unbounded domains,
J. Hyperbolic Differ. Equ. 6 (2009), no. 2, 269-294.

[4] C. R. da Luz, R. Ikehata, R. C.Chardo, Asymptotic behavior for abstract evolution differential equations of
second order, J. Diff. Eqns 259 (2015), 5017-5039.

[5] T. Umeda, S. Kawashima, Y. Shizuta, On the decay of solutions to the linearized equations of electro-magneto-
fluid dynamics, Japan. J. Appl. Math. 1 (1984), 435-457.

[6] S. Wang, H. Xu, On the asymptotic behavior of solution for the generalized IBq equation with hydrodynamical
damped term. J. Differential Equations 252 (2012), no. 7, 4243-4258.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
UFSC - Universidade Federal de Santa Catarina
XIII ENAMA - Novembro 2019 163-164

REGULARIDADE GLOBAL PARA UMA VERSAO $-PATCH DE UM MODELO
UNIDIMENSIONAL COM DISSIPACAO FRACIONARIA CRITICA E SUBCRITICA

VALTER V. C. MOITINHO!

MECC, UNICAMP, SP, Brasil, valtermoitinho@live.com

Abstract

Investigamos uma versao S-patch de um modelo unidimensional com dissipagao fracionaria mostrando existén-
cia local de solugdes e um critério de blow-up. Com base no critério de blow-up e na técnica de mddulo de

continuidade concluimos a existéncia de solugodes globais suaves para a dissipacao critica e subcritica.

1 Introducao

Neste trabalho, consideraremos o Problema de Valor Inicial (PVI) para a equagio de transporte unidimensional
com velocidade nao local
O +uby + A70 =0 em T x (0,00),
0(x,0) =0(z) em T, 1)
uw=—A""Ho,

onde 0< 8<1,0<y<2, A= (—A)%, T é o toro 1D e H denota a transformada de Hilbert.

Este modelo surge como um S-patch do modelo
0r +ub, + A0 =0, u=H0, (2)

proposto por Cérdoba, Cérdoba e Fontelos em [2]. Resultados de regularidade global foram obtidos para
1 <7 < 2enointervalo 0 < v < 1 assumindo uma condi¢ao de pequenez, veja [2, 3]. Na parte 0 < v < %, foi
mostrado formacao de singularidades em tempo finito para dados iniciais suaves satisfazendo algumas condigoes,
veja [6, 7]. No intervalo % < v < 1, formagao de singularidades em tempo finito ou regularidade global é um
problema em aberto (apresentado por [6, p. 251]), até mesmo para dados iniciais com condi¢ao de sinal. Para
uma nogao de solugdo global no caso supercritico % < v < 1, consulte [4].

O estudo do modelo (1) é dividido em trés casos: subcritico 1 — 8 < v < 2, critico v = 1 — B e supercritico
0 <y < 1-— 3. Em [1], Bae, Granero-Belinchén e Lazar mostraram a existéncia de solugdes fracas globais para
(1) no intervalo 1 — 8 < v < 2 (caso critico e subcritico) com dado inicial ndo negativo #y € L* N L.

Nosso objetivo é aplicar a técnica de médulo de continuidade, inspirada por [5], e concluir a existéncia e

unicidade global de solugdes suaves para os casos criticos e subcriticos do PVI (1).

2 Resultados Principais

Nosso primeiro resultado é sobre existéncia e unicidade local de solugdes para o PVI (1) que fornece um critério
de blow-up.

Teorema 2.1. Sejam 0 < B <1 e0 <~y <2 Ses> 32

5, 8 € R, entdo para cada 0o € H*(T) existe um

T =T(||0o||zs(r)) > 0 e uma tnica solugdo
0(t,x) € L=(10,T); H*(T)) N L*(10,T); H** 2 (T)). (1)

Além disso, temos o sequinte critério de blow-up

T
timsup 008 l=cx) = +00 = [ luelmlleco) + 1867 limcrydr = +x. @
- 0
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No nosso principal resultado mostramos que o PVI (1) tem uma tnica solu¢do suave com dado inicial suave

e periodico para a viscosidade critica e em todos os valores do caso subcritico.

Teorema 2.2. Sejam 0< B<1el—pB<y<2. Seby e C(T), entio existe uma unica solugdo global suave
de (1).

Antes de fornecermos uma ideia da demonstragdo, vamos definir o que chamamos de médulo de continuidade

e o que significa uma fungao obdecer um médulo de continuidade.

Definicao 2.1. Um mddulo de continuidade é uma fun¢do crescente, céncava e continua

w : [0,00) — [0, 00)

tal que w(0) = 0. Diremos que f :R™ — R™ tem mddulo de continuidade w se

lf(z) = F(y)| S w(lz —yl)

para quaisquer x,y € R™.

A ideia da demonstracdo é construir uma familia de médulos de continuidade que sdo preservados pela

evolugao e que cada dado inicial 8y € C°°(T) satisfaga um desses médulos de continuidade, fornecendo uma

estimativa uniforme no tempo que nos permite extender a solucao do Teorema 2.1 globalmente no tempo.
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PROBLEMAS DE VALOR DE FRONTEIRA ELIPTICOS VIA ANALISE DE FOURIER

NESTOR, F. C. CENTURION!
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Abstract

Neste trabalho estudamos uma classe de problemas de valor de fronteira (PVF) elipticos e nao lineares no
semiespago com condicbes de fronteira que comportam néo linearidades e potenciais singulares. Apresentamos
resultados de existéncia e unicidade de solugdes para uma formulagao integral do problema considerando espagos
funcionais cujos elementos sdo curvas parametrizadas fracamente continuas de distribuigoes temperadas, com
valores em um espago com peso na variavel de Fourier. A formulagdo é obtida destacando a varidvel x,, e
aplicando a transformada de Fourier nas outras. Nossa abordagem néo é do tipo variacional e cobre uma
variedade de PVF elipticos. Em particular, na fonteira podemos considerar o potencial de Kato V(z') = \/|2’|
e obter resultados de existéncia para [\| < A = 2I'%(n/4)/T%((n — 2)/4) (consequéncia do Teorema 2.2), sem
necessidade de usar a chamada desigualdade de Kato. O valor A, é a melhor constante para a desigualdade de
Kato no semiespago (ver[l]) e aparece na literatura como limiar para resultados de existéncia em abordagens
baseadas nessa desigualdade e espagos de fungdes suaves (ver [4]). Assim, nosso resultado indica que A\, é

intrinseca ao problema e independente da abordagem utilizada no estudo.

1 Introdugao

Problemas elipticos com condi¢des de fronteira nao lineares sdo amplamente estudados (ver [3] e suas referéncias).
Neste trabalho consideramos a seguinte classe de problemas no semiespaco, com termos de fronteira contendo

potenciais singulares e nao linearidades.

—Au = AuP + Viu em R’}
5y (1)
Bla— + Bou = g(2) + Va(2')u + Apu? em ORY = R"!,
v
onde n > 3, p,q > 1 sdo inteiros, v = —e, ¢ a normal exterior a IR’} e, A;, B; € R para i = 1,2, de forma que

Bi e By nio se anulam simultaneamente (B? + B3 # 0) e ndo possuem sinais opostos (B;Bs > 0). Para evitar
inconsisténcias impomos V5 = 0, se By = 0.
Assumindo regularidade, destacamos a varidvel ,,, escrevemos A = A, 492 e aplicamos a transformada de

Fourier nas n — 1 primeiras varidveis obtendo uma EDO na variavel x,, cuja solugao pode ser expressa como
a(e ) = / GE,wns ) [ A1 (€',) + V(€' 1) | dt + GIE, ) [3(E) + Vau(€,0) + Azui(€,0)], (@)
0

onde G e G sdo definidas como segue

(27|€'| By 4 By)e 2™€ llen~tl 4 (27|¢'| By — By)e~2ml¢'I(@n+1) o E(Ean) = e—2€' |zn
Ar|¢'|(27[¢’| By + Ba) o

/ _ _—
G(é‘ 7xn7t) - - 27T|€I|B1 +B2‘

Para lidar com (2) e os potencias singulares na fronteira, usamos o espac¢o de Banach (ver [2])

PMHR'™) = {ve S'®) 0 € Lh (R, ess sup [¢/]" [0(¢))] < oo }
&/eRn—l
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com 0 < k < n—1, e norma dada por [|[v]lpyr = esssupgcgn-1 [€'|*0(¢')]. Assim, estudamos (2) no espago
X, = BC,(]0,00), PMF), formado por todas as funcdes limitadas, u : [0,00) — PMP", fracamente continuas no
sentido de §’. X munido da norma uniforme ||u||x, = sup, < ||u(-,zn)|prr também é de Banach. Cabe destacar

que a norma || - ||x, é invariante pelo scaling uy(z) = )\szu()\a:), A >0, isto é ||uxllx, = |lullx,, se

2 1
k=n—1-— =p-1- —. 3
n o n i1 (3)

Este valor é critico para (1) e no que segue reservaremos a letra k para ele.

Por fim, expressamos a equacao integral (2) através da equacdo funcional
u="Hi(u) + Lv, (u) + N(g) + L, (u) + Ha(u), (4)

onde u € Xy, e os termos do lado direito de (4) sao definidos de forma conveniente via transformada de Fourier.

2 Resultados Principais

A seguir enunciaremos dois Teoremas de Existéncia e Unicidade

Teorema 2.1 (Caso Ay, As,B1 # 0). Sejamn > 4, p,g € N, p > (n—1)/(n — 3) dmpar, ¢ = (p+ 1)/2,

k=n—-1-2/(p—1), Vi € X,_3, Vo e PM" 2 e g PM*™L. Considere

1—71 (1 —m7)¢/e D }

= DIVl + La)Vellpaae-s e e =min {7, ey

(5)
para certas constantes positivas Ki,L1(k) e La(k). Se escolhermos Vi, Vs e g tais que 7, < 1 e ||g|lpa—1 < €/M,

com 0 < € < € e M > 0 apropriado, entao a equagdo funcional (4) possui solugdo unica v € Xy tal que
llullx, <2€/(1—7y). Mais ainda, u(-,z,) € L=(R""1) + L2(R"~1Y), para todo x,, > 0.

Teorema 2.2 (Caso A1,A3 = 0, By # 0). Sejamn > 4 ek € R tal que 2 < k < n — 1. Considere também
Vi,Va, 9,7k, L1(k) e La(k) como no Teorema 2.1. Se escolhermos Vi e Vy tais que 17, < 1, entdo a equagao
funcional (4) tem uma inica solugio u € Xi. Além disso, se k > (n—1)/2 entdo u(-,z,) € L=°(R"~ 1)+ L?(R"~1),
para todo x, > 0.

Observagao 2. Se assumirmos A1 =0 e V1 =0 entao o Teorema 2.2 continua vdlido para n > 3.

Observagao 3. Diferentemente do Teorema 2.1, no Teorema 2.2 nao hd restrigoes sobre o tamanho da solucao.
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Abstract

No presente trabalho, apresentamos um problema de minimizacio em RY envolvendo o perfmetro do conjunto
de positividade da solugdo u e a integral de \Vu|p(“3)7 onde p(z) é uma fungao Lipschitz continua tal que
1 < pmin < (%) < Pmas < 00. Provamos que tal fungdo de minimizagao existe e que ela é uma solugio
cldssica para um problema de fronteira livre. Em particular, a fronteira livre reduzida é uma superficie C2 e a
dimensao do conjunto singular é pelo menos N — 8. Também, se assumirmos mais regularidade para o expoente

p(x) ganhamos mais regularidade para a fronteira livre.

1 Introducao

Seja EE CC Bp satisfazendo uma condicao de bola interior. Neste trabalho, analisamos o problema de minimizar o

funcional

= 7|VU|1)(I) X er(qu
() ._/BR 5 da e Per({u > 0}, By)

entre todas as funcdes 0 < u € Wol’p(w)(BR) tais que v = 1 em E. Aqui, para um conjunto ) C Bg,
Per(Q), Bgr) = sup{/ div ndx, n € C}(Bp;RY) com Ml o (Br) < 1}
Q

é o perimetro de  em Br. Além disso, para algum 0 < a < 1, provamos que u € CH*((QU,caQ)\ E), Oreaf2 € C>,
H (O \ Oredf?) =0se s > N — 8 e a condi¢ao de fronteira livre é satisfeita no sentido classico.

Um problema similar para p(x) = 2 no caso de duas fases foi considerado em [3]. Depois em [5] e [3] os autores
consideraram o problema de uma fase para o caso constante p(x) = p. Outras variagbes para este problema no
caso linear p(x) = 2 foi tratado em [2] e [4]. Por outro lado, para espacos de Orlicz, uma generalizacao da funcao
tP para fungbes convexas G(t) satisfazendo ”condi¢do de Lieberman” e com o funcional J incluindo outros termos,
foi estudado em [6]. A presenga do expoente varidvel constante p(x) traz certas dificuldades técnicas ndo presentes

nos trabalhos citados anteriormente.

2 Resultados Principais
Comegamos provando que o problema de minimizagdo em questao possui uma solugao em A.
Teorema 2.1. Existe um par admissivel no conjunto

A:={(u,Q)/ECQCBg, 0<ueW,"™(Bg), u=1em E, {u>0}cQ}.

que minimiza o funcional

B | V[P
J(u, Q) = /BR @) dx + Per(S), Br). (1)
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Depois, usando a teoria de superficies quase minimas podemos provar certa regularidade para a fronteira
reduzida.

Teorema 2.2. Seja p Lipschitz continua e seja (u, Q) um minimizante para o funcional (1). Se xg € Oreaf2 N Br
e B.(xzy) C Bg, entdo

(1) Oreaf2N B, a(x0) € uma hipersuperficie de classe CY1/2 ¢ existe uma constante Cy > 0 dependendo somente

de pmaz; pmin}eo € ||vaLOO tal que
v(z) —v(y)| < Colz —y|'/?

para todo x,y € Orea N B, j2(20), onde v € o vetor unitdrio normal exterior a OS).

(2) H3[(O2\ Oreaf?) N B, j2(x0)] = 0 para todo s > N — 8.
Por fim, encontramos a condicao de fronteira livre, o que nos leva a concluir a regularidade da fronteira livre.

Teorema 2.3. Seja p Lipschitz continua e (u, ) um minimizante do funcional (1) em A. Entao, H®(OQ\ Orea?) =
0 para todo s > N — 8. Além disso, seja g € Orea(Q). Existe § > 0 e 0 < o < 1 tais que u € C(Bs(zo) N ),

90 N Bs(zg) € C** e a condigio de fronteira livre Ho(x) = ®(|Vu(z)|,x) —com ®(t,x) = (1 — ﬁ)tp( - é

)
satisfeita no sentido cldssico. Mais ainda, se p € C%® para algum k > 1, entio u € C*TH(Bs(zo) N Q) e
o0NnN Bg(ﬂfo) € Ckt2e,
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Abstract

In this paper we consider small Lipschitz perturbations of differentiable and Lipschitz maps. We obtain
conditions to ensure the permanence of fixed points (sink and source) for scalar Lipschitz maps without requiring

differentiability, in a step norm weaker than the C'-norm and stronger than the C°-norm.

1 Introduction

Theory of dynamical systems is widely investigated in the literature from the point of view of C° and C*-convergence,
that is, usually the maps considered are homomorphisms or diffeomorphisms [1, 2]. In the second situation, the
differentiability enables to ensure, under generic assumptions, the permanence of hyperbolic fixed points [3, 4].

In this paper we propose a framework of small Lipschitz perturbation for Lipschitz maps, as well as to show that
some of the results which are valid to discrete standard smooth dynamical systems also hold when considering a
class of Lipschitz maps instead of considering differentiable maps. Moreover, since a Lipschitz map is not necessarily
differentiable, this approach aims to point out some results that lie in the small gap between C° and C' theory of
discrete dynamical systems.

Although the Lipschitz condition does not guarantee differentiability it is known that it guarantees
differentiability almost everywhere with respect to the Lebesgue measure. This is the content of the Rademacher’s

Theorem.

Theorem 1.1. Let 2 C R be an open set, and let f : Q@ — R be a Lipschitz map. Then f is differentiable at

almost every point in €.

Thus one Lipschitz map which is not differentiable should produce interesting dynamics even if we start at point
of non differentiability or if a fixed point is one point for which the differentially fails. This approach has been
proposed in [5] for maps in finite dimension and in [6] for semigroups in infinity dimension.

Our main goal in this paper is to find a class of Lipschitz function whose the dynamics are preserved under
small Lipschitz perturbations. We first state precisely what we mean by small Lipschitz perturbation and in the
main result we exhibit a class of locally Lipschitz maps that will be unstable under this notion. Our results are
in agreement with the works existing in the literature related to permanence of hyperbolic fixed points in the

C'-topology.

2 Results

In the first main result of [5], the authors characterized sink and source for locally Lipschitz and reverse Lipschitz

maps, respectively, by means of the Lipschitz constant and reverse Lipschitz constant.

Theorem 2.1. [5, Thm.3.2] Let f : R — R be a map and p € R a fized point of f.
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1- If f is strictly locally Lipschitz map at p, with Lipschitz constant ¢ < 1, then p is a sink.
2- If f is locally reverse Lipschitz map at p, with constant r > 1, then p is a source.

The next result improves Theorem 2.1 by showing that sink and source are isolated fixed points which are stable
by small Lipschitz perturbation.

Theorem 2.2. Let f : R — R be a map and p a fized point of f.

(1) If f is locally strictly Lipschitz, with constant ¢ < 1 in a neighborhood of p, then p is the unique fized point in
this neighborhood and it is a sink.

(2) If f is reverse Lipschitz with constant r > 1, in a neighborhood of p, then p is the unique fized point in this
neighborhood and it is a source.

Proof. To prove Item (1) note that follows by Theorem 2.1 that p is a sink, and then there is a neighborhood Nj(p)
such that f(Ns(p)) C Ns(p). Now the result follows from Banach Contraction Theorem. In fact, let ¢ € Ns(p) be
a fixed point of f, with ¢ # p. Take e = %, then N.(q) C Ns(p) and q is a sink, thus, for z € N.(g), we have

limy, 00 f¥(2) = ¢ and limy_, o, f¥(x) = p, which is a contradiction.

To show Item (2) we have from Theorem 2.1 that p is a source. Let ¢ € Ns(p), ¢ # p. Then there will be a
positive integer kg such that f*o(q) ¢ Ns(p), which implies f(q) # q. Therefore there is no fixed point of f different
from p. O

Lemma 2.1. Let f : R — R be a map and let p € R. If g: R — R is a map such that ||f — gl|n;p) < € (that is

(?7) is well defined and smaller than €), for some 6 > 0, then for € sufficiently small, we have:

1- If f is strictly locally Lipschitz with locally Lipschitz constant cyp, < 1 in Ns(p), then g is locally Lipschitz
and the locally Lipschitz constant of g is strictly less than one.

2- If f is locally reverse Lipschitz with locally Lipschitz constant ¢, > 1 in Ns(p), then g is reverse locally
Lipschitz and the locally reverse Lipschitz constant of g is strictly greater than one.

Theorem 2.3. Let f: R — R be a map and p a fixed point of f such that f is sufficiently differentiable in R and
|f'(p)| # 1. If g is a locally Lipschitz function such that || f — gl|n;p) < €, then for § and e sufficiently small there is
a unique fized point q of g in Ns(p). Moreover, if |f'(p)] < 1 then q is a sink and if |f'(p)| > 1 then q is a source.
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Abstract

In this work we consider the problem of well-posedness and spatial regularity for nonlinear time fractional

diffusion-wave equations in Lebesgue spaces.

1 Introduction

The basic equations of elementary one-dimension theory of linear viscoelasticity are known to be

oz (x,t) = puy(x,t), (1)
e(x,t) = um(x7t)7 (2)
e(z,t) = Jy o(x,t) + J(t) % o(z,t), (3)

where p is the density, u denotes the displacement, o the stress and € the strain. Furthermore, J(t) represents the
creep compliance, which is assumed to be a non-negative, non-decreasing function with initial value Jy = J(07) > 0,
called the instantaneous compliance. The evolution equation for the the displacement u(z,t) can be derived from
(1)-(3) since that

Uy = € = (Jo + J¥)op = (Jo + J*) pug. (4)

If we consider the so called power-law material, for which the creep compliance can be written as

1 P

T = Gy

0<p<1, t>0,

where @ is a positive constant and I' is the Gamma function, then from (4) we obtain the evolution equation
07U = QUgy, (5)

with 1 <a=2— 8 < 2 and 9 the time fractional derivative in Caputo’s sense. Following [1] and [5], it follows

that the above creep law is provided by viscoelastic models whose stress-strain relation verify
azpaafe, 0<pB<1.

For 8 = 1 we have the situation of a Newtonian fluid where a represents the kinematic viscosity. In this case (5)
becomes the classical diffusion equation. In the limit case 8 = 0 we obtain from (5) the classical D’Alembert wave
equation with wave-front velocity ¢ = \/a. When 0 < 3 < 1, the evolution equation (5) is called the time fractional
diffusion-wave equation and has been the subject of many research works, see [2, 3, 4, 6] and references therein. In
[6], the authors show that (5) governs the propagation of stress waves in viscoelastic media which are of relevance

in acoustics and seismology since their quality factor turns out to be independent of frequency.
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2 Main Results

Motivated by the previous discussion, in [2] we consider the following nonlinear time-fractional diffusion-wave
equation

O%u = Au + [uP"u, in (0,00) x €,
u =0, in [0,00) x 0%, (1)
uw(0,2) = up(x), ue(0,z) = uy(z), in Q,

where p > 1, Q is an open subset of RY with sufficiently smooth boundary 99, a € (1,2) and 9¢ is the Caputo
fractional derivative. Our goal is to analyze the existence and uniqueness of local mild solutions to (1) and their
possible continuation to a maximal interval of existence in the L%(f2) setting, 1 < ¢ < co. We also consider the
problem of spatial regularity and continuous dependence with respect to initial data.

For this, note that the operator —A with Dirichlet boundary conditions can be seen as a sectorial operator in
EY = L(2) with domain E} = W27() N W, %(2), whose angle is ¢, € (3.7). Set XJ := ES~1 B € R, where

{Ef; }ser is the scale of fractional powers spaces associated with —A. Specifically, we prove the following result:

Theorem 2.1. Consider 1 < a < %, max{l — 2ﬁq,,O} <pf<landl<p<1l+ %[q —Bq]. If a(1 — B8) < 1, then

™
given vy € L1(Q), we can consider r > 0 and T > 0 such that for any ug,u1 € Br(vg) C LY(Q) there exists a unique

mild solution u € C([0,7],LY(Q)) of problem (1) which can be continued to a mazimal time of existence tpqas > 0
such that t,,q, = 00 or

limsup [|u(t)||La(q) = oo
t—=tmax

Furthermore, for all 0 < 0 < 8 such that a(1 4+ 6 — 8) < 1, it follows that
u € C((O,T],X;Jre)

and if 8 > 0 then

: 0
tlgr(l)ta ||u(t,u07u1)||X;+e =0.
Moreover, if ug, wo,u1, w1 € Br(vg) C LY(Q), then there exists a constant ¢ > 0 such that
0w (t, ug, ur) — u(t, wo, w1)| xr+o < ¢ ([uo = wollLago) + ur — willLa(e)) ,

for allt €0, 7].
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Abstract

Neste trabalho, estudamos a existéncia, unicidade, taxa de decaimento 6timo para um sistema abstrato com
duas equagdes. Uma das equagles € conservativa e a outra possui propriedade dissipativa. O mecanismo de
dissipacao é do tipo memoria com expoente fraciondrio, generalizando a dissipacao do tipo memdria classica.
Utilizando a teoria de semigrupos de operadores, estabelecemos os resultados de existéncia, unicidade e a taxa

de decaimento.

1 Introducao

Equacoes de evolugao descrevem fenomenos em varias areas da ciéncia e constantemente é objeto de interesse de
pesquisadores. Algumas dessas equagoes modelam vibragoes de materiais eldsticos que possuem em sua estrutura
algum mecanismo dissipativo. Nesse sentido, estudamos um sistema onde o mecanismo de dissipagao é do tipo

memoéria com expoente fracionario. Mais precisamente consideramos o sistema dado por

pru + BrAu — /OOO () A%u(t — 5)ds + a(u — v) = 0, (1)
pavit + BaAv + a(v —u) = 0, (2)

com dados iniciais
u(0) = ug, v(0) = v, u(0) =uy, v;(0) =1, u(—s) = ¢(s), s> 0. (3)

Os coeficientes p1, p2, B1, B2 sdo positivos, o coeficiente de acoplamento « é positivo e nao nulo e 6 € [0, 1].
O operador A é auto adjunto com o dominio D(A) imerso compactamente em H onde H é um espago de Hilbert
complexo. Aqui, a norma em D(A?) ¢ dado por |[ullp(as := |[[A%u|| onde || - || denota a norma no espago de Hilbert
H.

O niicleo g(t) da memdria satisfaz hipGteses similares as consideradas por [4], sao elas:

g€ CURY)N L (RY),
9(0) > 0,¢'(s) < —c1g(s), Vs € RT, (4)
0< kK= f0+oo g(s)ds < Brod =",

onde a; é o primeiro autovalor do operador A. Observe que o operador A generaliza dois operadores diferenciais

cléssicos, o operador Laplaciano —A e o bi-Laplaciano A? definidos em subespacos adequados de L?. Quando o

operador A é o operador —A, o sistema (1)-(2) descreve um sistema de ondas acopladas e a velocidade de propagacao

destas equacgoes sao dadas por 1/% e % respectivamente. Deste modo, se denotarmos por xo = % — %, implica
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que as velocidades sao iguais quando xg = 0 e diferente caso contrario. Tal informagao é importante pois a taxa
de decaimento esta diretamente atrelada ao fato das velocidades de propagacao serem iguais ou diferentes, fato
constatado por exemplo em [3].

Para utilizar a teoria de semigrupos (ver [2]), devemos escrever o sistema (1)-(2) na forma abstrata. Com uma

mudanca de varidvel adequada é possivel escrever o sistema (1)-(3) como

d
dt

onde U(t) = (u(t),v(t), u(t), v:(t),n), Uy = (uo,vo,u1,v1,7n) e o operador B é dado por

—U(t) =BU(t), U(0) =", ()

BU = (1.1,, v, _pfl {BlAOU + Dn + a(u - U)} ) _p2 {ﬁQAU + Ck(’l) - u)} - 8877)

+o00o
com Dnp :/ g(s)A%(s)ds
0
Considerando o espaco de Hilbert X = D(A2) x D(Az) x H x H x My, com My = LZ(RT;D( ),

A
definimos o dominio de B por D(B) = {U eX:a,0 € D(Az), Agu+Dn e H,v € D(A),n € D(d }
onde D(0;) = {n € My; 0sn € Mg e n(0)=0}.

2 Resultados Principais

Usando teoria de semigrupos de operadores lineares prova-se o seguinte resultado de existéncia e unicidade de
solucdo para o sistema (1)-(2).
Teorema 1: Tomando Uy € D(B) existe uma tnica solu¢do U(t) para o modelo (1)-(2) satisfazendo

U € C([0,400); D)) NCH([0,+00); X).

Além do teorema 1, usando o teorema de Borichev-Tomilov (ver [1]), demonstra-se que a solugdo U dada no
referido teorema satisfaz a seguinte condigao assintotica.
Teorema 2: Consideremos a solucdo U(t) dada no Teorema 1, o e xo = 0 conforme definidos anteriormente.

tB

O semigrupo e associado ao sistema (1)-(2) possui decaimento polinomial dado por

e®BUp|| < Ct 2 ||Uplls ¥t > 0.

Além disso a taxa do decaimento é 6tima.
Obs: Esse trabalho ainda esta em desenvolvimento e nosso proximo desafio é encontrar a taxa de decaimento

para o caso xo # 0 e mostrar que essa taxa é étima.
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Abstract

This work tries an eigenvalue problem for the Shrédinger equation that incorporates the bi-harmonic operator.
This problem is associated with a single particle of mass m = h% moving under the influence of an electric force
field described by the potential ¢. The problem concerns to find the existence of real numbers w and real functions

u, ¢ satisfying the system

—Au+o¢u = wu in
2 2 (1)
A“p—Ap = u in ©
with the boundary and normalizing conditions
u=Ap=¢=0 on 02 and /u2:1. (2)
Q

1 Introduction

By the classic inspection the function ¢ requires necessarily belong to H := H? () N H} (). H is a Hilbert space

with the equivalent norm induced by the inner product
(u,v)y = / (AuAv + VuVv) dz.
Q

Also, it is not difficult to see that the Euler-Lagrange equations of the functional

F(u,¢) = */ |VU|2 dx + */ pulde — f/ |Aqi>|2 dx — f/ |V¢|2dx, (3)
on the manifold
M= {(u, ) € Hy () x H; |[ul| 20y = 1}7

give the solutions of (1). Moreover F' is a strongly indefinite functional, this means F' is neither bounded from
above nor from below. Then, the usual methods of the critical points theory can not be directly used. To deal with
this difficulty we shall reduce the functional (3) to suitable functional J of the single variable u, as that was done

by Benci and Fortunato in [1], to which we will apply the genus theory, [2].

2 Main Result

Theorem 2.1. Let 2 be a bounded set in R3. Then there is a sequence (wn, Un, n), with {wntpen CR, Wy = 0

and u,, wy, are real functions, solving from (1) to (3).
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Abstract

In this paper, we consider the following magnetic nonlinear Choquard equation

~( - ia@)Pu Vi = A bl Yl ek (e ) R

|| ||

where 2}, = 2]]\,\]:2" is the critical exponent in the sense of the Hardy-Littlewood-Sobolev inequality, A > 0, N > 3,

QNT_a <p<2hfor0<a<N,A:RY =R isan C', ZV-periodic vector potential and V is a continuous scalar

potential given as a perturbation of a periodic potential. Using variational methods, we prove the existence of

a ground state solution for this problem if p belongs to some intervals depending on N and .

1 Introduction

In this article we consider, the problem

—(V+id@)u+V(z)u= A < * |up> |ulP~2u + (1 * |u|2’&) lu|?a =2y, (1)

|| ||

where V +iA(x) is the covariant derivative with respect to the C', Z¥-periodic vector potential A: RY — RY i.e,

Alx+y)=Ax), Ve eRY, vy ez, (2)
The exponent 2}, = 2]1\\,[:2‘" is critical, in the sense of the Hardy-Littlewood-Sobolev inequality, A > 0, N > 3,
LVN*O‘ <p<2:,0<a<NandV:RY — R is a continuous scalar potential. Inspired by the papers [2, 5], we

assume that there is a continuous potential Vp : RY — R, also Z"-periodic, constants Vo, Wy > 0 and W € L% (RM)
with W (z) > 0 such that

(V1) Vp(z) > Vo, VaxeRY;
(Va) V(z) = Vp(z) = W(z) > Wy, VzeRY,

where the last inequality is strict on a subset of positive measure in R¥.
Under these assumptions, we will show the existence of a ground state solution to problem (1).

Initially, we consider the periodic version of (1), that is, we consider the problem

—(V +iA(x)%u + Vp(z)u = <1 * u|p)) |u|P~2u + <1 * |u22)> u|?~2u, (3)

|| ||

where we maintain the notation introduce before and suppose that (V4) is valid.
As in Gao and Yang in [3], the key step to proof the existence of a ground state solution of problem (3) is the
use of cut-off techniques on the extreme function that attains the best constant Sy ; naturally attached to the
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problem. This allows us to estimate the mountain pass value cy associated to the energy functional J4 v, related
with (3) in terms of the Sobolev constant Sy 1. In a demanding proof, this lead us to consider different cases for p,
if it belongs to some intervals depending on N and A, as in the seminal work of BrA@zis and Nirenberg [4]. After
that, the proof is completed by showing the mountain pass geometry, introducing the Nehari manifold associated
with (3) and applying concentration-compactness arguments.

In the sequel, we consider the general case and so we prove that (1) has one nontrivial solution.

2 Main Results

Theorem 2.1. Under the hypotheses already stated on A and «, suppose that (V1) is valid. Then problem (3) has

at least one ground state solution if either

(i) 252 < p <28, N=3,4 and X > 0;

(i) 2NN ¢ <p< N;\;Ega, N = 3,4 and ) sufficiently large;

(i1i) =2 < p <25 N >5 and A > 0;

(iv) 2NN ¢ <p< 2N SR 2 N >5 and X sufficiently large.

Theorem 2.2. Under the hypotheses already stated on A, V and «, problem (1) has at least one ground state

solution if either

(i) M2 < p <2t N=3,4 and A > 0;

(i) QNN_O‘ <p< NR}%}“, N = 3,4 and X sufficiently large;

(i) 2M=2=2 < p< 2%, N >5 and A > 0;

(iv) 2N ¢ <p< 2N %5 2 N >5 and \ sufficiently large.
Problems (3) and (1) are then related by showing that the minimax value dy of the latter satisfies dy < cy.

Once more, concentration-compactness arguments are applied to show the existence of a ground state solution.
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Abstract

Neste trabalho provamos o principio da comparacao para certos operadores do tipo elipticos, dentre eles

temos o p-laplaciano e o operador curvatura média.

1 Introducao

Seja M uma variedade rimanniana completa e  C M um dominio limitado de classe C%>®. Consideremos o
problema de dirichlet

Q) =—F(xz,u) em

u=g em 0N

(P.D) = {

onde g € C*%(Q), Q(u) = div (MVU), a:[0,4+00) — R é tal que a € C([0,+o0)) N C*((0,+00)), a >0 e
e

[Vul
a’ >0 em (0,400) e a(0) = 0. Para garantir a elipticidade é exigido conforme [1] que

min {A(s), 1+ SA/<S)} >0

0<s5<sp A(S)

para todo sop > 0, onde escrevemos a(s) = sA(s).
Além disso supomos que F : Q x R — R é ndo-crescente em t € R.

Dizemos que u € C%1(Q) é solugao fraca do (P.D) se

/Q < G(VVJ)V%V@ > dx = /Qf(x,u)gadx Vo e C¥N Q) tal que >0 em Q e =0 em OQ.
Dizemos que u € C%1(Q) é sub-solugéo fraca do (P.D) se na igualdade acima tivermos menor ou igual. Analogamente
defini-se super-solucao fraca do (P.D).

Ao investigarmos existéncia de solugao para um problema do tipo acima é fundamental termos em maos o principio
da comparacao, sendo ele o passo inicial na busca de tal existéncia.

Notemos que quando a(s) = sP~!, p > 1, temos que Q(u) = div (|Vu[P"2Vu) que é o operador do p-laplaciano.

No caso particular em que p = 2 temos que @Q(u) = Au. Se a(s) = \/117 entdo Q(u) = div <\/1+VUW> que é o
operador curvatura média.

O problema de dirichlet acima é uma generalizacdo do caso em que F=0. Os autores em [1] estudam esse caso
particular. Muitos resultados se estendem para o caso acima. Dentre eles, temos o principio da comparagao.

2 Resultados Principais

Teorema 2.1. Sejam u e v sub e supersolugdes respectivamente, do problema de dirichlet

(P.D) :{ Q(u) = —F(z,u) em
u=g em 0N
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onde g € C*%(Q), Q(u) = div (a(“vvuull)Vu), a:[0,400) = R € tal que a € C([0,+0)) N C1((0,4+0)), a > 0 e
a' >0 em (0,+00) e a(0) = 0. Além disso supomos que F : Q x R — R ¢ ndo-crescente em t € R.

Supoe que u < v em O entdo u < v em S.

Prova: Defina o= méx {u — v—e, 0}. Por hipétese, u < v em 99, dai u — v—e < 0 em 9. Logo,
méx {u—v—¢, 0} = 0 em 9. Além disto vale que ¢ € C%1(2). Deste modo podemos tomar ¢ como fungao teste.
Defina

A. = {z € Qu(z) —v(z) > e}

Com esta notagao temos que
Vu—Vv em A
Vo = { :

0 caso contrario

Como u e v sao respectivamente sub e supersolugoes fraca, temos por definicao que

/ < a(|Vu|)vu’ Vo > dxr < / flz,u)pdx
o  [Vul Q

/ < a(|vv|)Vv,V<p> dx > / flz,v)pdx
Q Vvl Q

Dai,

a(Vul) o, all Vo), i e N
/Q< o vu— SV v > d S/Q(f( ) — f(z,0))pd

Como fora de A, temos ¢ = 0, a desigualdade acima se reduz a

a(Vu) o, a( Vo) )
/A <Al ST v > < /A (fla) = Fa )

Mas em A, temos u > v e sendo f(z,t) ndo-crescente em ¢, temos que f(z,u) < f(x,v) em A.. Diante disto e da

desigualdade acima tém-se que

a(Vu)) o, a(|Vol)
< Vu — Vo,V > dx <0.
/AE IVl Vo] 4

Apés algumas manipulagoes algébricas conclui-se que u —v — & < 0 em £, Ve > 0. Segue dai que u <vem Q.
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Abstract

Initial-boundary value problem for the modified Zakharov-Kuznetsov equation posed on a bounded rectangle
is considered. Critical power in nonlinearity is studied. The results on existence, uniqueness and asymptotic

behavior of solution are presented.

1 Introduction

We are concerned with initial-boundary value problems (IBVPs) posed on bounded rectangles for the modified

Zakharov-Kuznetsov (mZK) equation [5]
Up + Uy + WUy + Ugpy + Ugyy = 0. (1)

This equation is a generalization [4] of the classical Zakharov-Kuznetsov (ZK) equation [7] which is a two-dimensional
analog of the well-known modified Korteweg-de Vries (mKdV) equation [1]. The main difficult here is a critical
growth in nonlinear term [2, 3]. Note that both ZK and mZK possess real plasma physics applications [6, 7].

Let L, B, T be finite positive numbers. Define 2 and Q7 to be spatial and time-spatial domains Q = {(z,y) €
R?: z€(0,L), y€ (—=B,B)}, Qr = Q x (0,T). In Q7 we consider the following IBVP:

U + Uy + WUy + Uppy + Ugyy = 0, in Qr;

u(z,—B,t) =u(z,B,t) =0, z€(0,L), t>0;

w(0,y,t) = u(L,y,t) = u(L,y,t) =0, y € (—B,B), t>0;
u(z,y,0) = uo(x,y), (z,y) €,

where ug : 2 — R is a given function.

2 Main Results

Theorem 2.1. Let B,L > 0 and ug(z,y) be such that

A2

~1>0 and |uol? < ———o— .
272 (£z + 152)

272 w2 [ 3
L2 2

RN A= 2 -
>0, LA 432}

Suppose ug € L*() with ug, + Aug, € L*(Q) satisfies (3),(4) and I3 = ||uoe + Aoy + uduge||* < oo. If

272
2

2(1+ L)?
1= 2[|uolf?

63(41)2(1 + L)®

12 2)2
A= 2wy o+ Il ] <

ool (23 + ol | [ 4+ -1 )
then for all T > 0 there exists a unique solution u to problem (2)-(5) from the following classes:

uwe L>®(0,T; Hy(Q)), ug, Vuy, € L (0,T; L*Q)) , s, Vug € L (0,75 L*()) ,
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Moreover, there exist constants C' > 0 and v > 0 such that

lull ) (1) + [IVug [2(8) + [luel|*(t) < Ce™, vt =0 (2)

and, in addition,

uz(0,9,1), Usy(0,y,t), usa(L,y,t) € L®(0,T;L*(—B,B)),
Uz (0,9,t) € L? (0,T; L*(—B, B)) .

Proof We apply the fixed point arguments to prove the local existence and uniqueness of solutions. Then global

a priori estimates have been obtained to show the results.
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Abstract

Neste trabalho, estuda-se a existéncia de solugoes brandas, para tempos grandes, para as equagoes de Navier-
Stokes-Coriolis com dados iniciais espacialmente quase periédicos. A forga de Coriolis aparece em varios modelos
de meteorologia, oceanografia e geofisica, pois estes consideram fendmenos em larga escala e a influéncia do
movimento de rotacdo da terra. Para mostrar a existéncia de solugbes brandas para tempos grandes, usa-se a
norma £* de amplitudes e considera-se o caso de velocidades de rotagio grandes (i.e., forca de Coriolis grande).
A existéncia de solugdes é provada por meio de técnicas de limites oscilantes singulares rdpidos e usando um
argumento de bootstrapping. Mais precisamente, primeiro obtem-se estimativas para o semigrupo associado a
parte linear do sistema e para o termo bilinear em um espago de fungbes quase periddicas. Posteriormente,
de posse destas estimativas, aplica-se os métodos acima para obter os resultados desejados. Esta dissertagao é

baseada no artigo [3] de T. Yoneda.

1 Introducao

Neste trabalho, considera-se o problema de valor inicial para as equagoes de Navier-Stokes com a forca de Coriolis,
o qual tem a seguinte forma

Ou+ (u-V)u+Qez xu—Au=—-Vp em R3x (0,00)
V-ou=0 em R?x (0,00) , (1)

ult—0 = ug em R3

onde u = u(x,t) = (u1(x,t),us(x,t),us(z,t)) e p = p(z,t) denotam as incégnitas o campo velocidade e a pressao
escalar do fluido no ponto z = (21,72, 73) € R? do espaco e tempo ¢ > 0, respectivamente, enquanto uy = ug(z)
denota o campo velocidade inicial, satisfazendo a condi¢do de compatibilidade V - u = 0. Além disso, 2 € R é o
parametro de Coriolis que representa a velocidade angular de rotagao do fluido em torno do vetor vertical unitario
es = (0,0,1); o coeficiente de viscosidade cinemdtica é normalizado por 1. Estuda-se principalmente o artigo [3]
que mostra a existéncia de solugoes de (1) para tempos grandes em um espacgo de fungdes quase periédicas, fazendo
uso do resultado de existéncia local, em R?, obtido por Giga et al. [1] e do resultado de existéncia, em R?, devido
a Giga et al. [2]. Para um dado inicial uy quase periddico e tempo de existéncia T, ambos arbitrrios, obtem-se
solugoes brandas para o pardametro de Coriolis €2 tendo médulo suficientemente grande.

O método utilizado aqui segue ideias de Babin, Mahalov e Nicolaenko [1] e [2], no entanto, precisa-se introduzir
uma classe de espacos funcionais que seja adequada para o contexto quase periédico. Uma aplicacao direta da
desigualdade de energia é dificil (se ndo impossivel) no caso de dados e solugdes quase periddicos. A fim de superar

essa dificuldade, utiliza-se a norma ¢! em um conjunto de frequéncias com soma fechada.

2 Resultados Principais

Inicialmente, precisa-se de dois resultados que descrevemos a seguir. O primeiro é um resultado de existéncia e
unicidade local de solugoes brandas em R?, obtido por Giga et al. [1].
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Teorema 2.1. Assuma que ug € FMqy com divug = 0. Entao, eziste Ty > c¢/||uol|%n > 0 independente do
parametro de Coriolis Q, e uma dnica solugdo branda u = u(t) € C ([0, Tp]; FMo) de (1), onde ¢ > 0 € uma dada
constante.

O segundo trata-se de um resultado de existéncia e unicidade de solugoes globais brandas para a equagao

bi-dimensional de Navier-Stokes, proposto por Giga et al. em [2].

Teorema 2.2. Sejaug =),z A e™® € FMo(R?) com ag =0 e x € R2. Entdo, a tinica solugdo branda global
u(z,t) para a equagdo (1), com dado inicial ug(x), pode ser expressa como u(x,t) =3, cz2\ (0} A (1)e™ . Além

(oo}

disso, a solucdo u estd em Ljy,

(10,00) : FMo(R?)) seug € real. Mais precisamente supg<, <7 |[ull 7 (t) < C, onde
C > 0 depende apenas de T > 0 e ||ug||Fm-

De posse dos Teoremas 2.1 e 2.2, pode-se provar o resultado principal desta dissertacao, o qual enunciamos a

seguir.

Teorema 2.3. Sejam a(0) = {a,(0)}nea € (*(A), com (an(0)-n) = 0 para n € A, e ap(0) = 0. Entdo, para
qualquer T > 0 existe Qo > 0 dependendo apenas de a(0) e T tal que se |Q| > Qq, existe uma solugdo branda a(t)
de (1) (isto é, de (2)), tal que a(t) = {an(t)}nea € C([0,T] : £*(A)), com ag(t) =0 e (an(t)-n) =0,V n € A.

Aqui, a,(t) sdo os coeficiente do seguinte sistema equivalente a (1):

Oran(t) + [n|?an (t) + Qes x a,(t) +iP, Z (ar(t) -m)am(t) =0, (n-a,(t))=0, an(0)=agn 2)
n=k+m

Ideia da demonstracdo: Teorema 2.3 - Primeiro, aplica-se a projecao de Helmholtz no sistema (2) para

eliminarmos a parte da pressao, obtendo assim um novo sistema. Em seguida, a ideia é “filtrar” solugoes desse novo

—tQS

- °* pelo método dos limites oscilantes singulares rapidos. Para tal, utiliza-se

sistema usando o semigrupo auxiliar e
a transformacdo de Van Der Pol, a,(t) := e;*¥¢,(t), no novo sistema, obtendo um outro sistema equivalente.
Depois, dividi-se o sistema obtido em outros dois. Em seguida, prova-se a existéncia e unicidade de solucoes de um
dos sistemas e garante-se que o outro admita solugao local. Finalmente, usando um argumento de bootstrapping,

consegue-se estender o tempo de exiténcia de solugao, concluindo a demonstragao. Para mais detalhes, veja [3].
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Abstract

This work develop the study of a thermo-induced diffuse-interface model in dimension two. This model
describe the motion of a mixture of two viscous incompressible fluids with viscosity, thermal conductivity and
the interfacial thickness being temperature dependent. In previous works, the authors studied this model in
two cases: where the viscosity is temperature dependent and the case where the viscosity and the thermal
conductivity are temperature dependents. In the last case, a dissipative energy inequality is obtained only for a
smallness condition on the initial temperature. The model consists of a modified Navier-Stokes equation coupled
with a phase-field equation given by the a convective Allen-Cahn equation and with a temperature equation. It

is investigated the existence of local weak solution for the problem.

1 Introduction

In this work we study a general non-isothermal diffuse-interface model when the viscosity, thermal conductivity
and the interfacial thickness are temperature dependent. We assume that the fluids have matched densities and
the same viscosity and thermal conductivity. More precisely, we want to study the existence of weak solution of

the following problem:

wtu-Vu—V-(u(@)Du)+Vp = A (—v (e(0)V) + é:(lo)F’(qS)) Vo — aAOV, (1)
V-u = 0, (2)
bt uVo = (T COF9) - 5 F)) 3)
O +u-VO = V-(kO)V0), (4)
with the following initial and boundary conditions:
u(z,0) :ass()(x)’ ¥a,0) = dn(e), 0(z,0) =bo(e), w € 5
u=0, G0 =0 =0, (x.)€02x(0,)

Here, u, p and 6 denote the mean velocity of the fluid mixture, the pressure and the temperature, the phase-
field variable ¢ represents the volume fraction of the two components. Du = % (Vu + (Vu)T) corresponds to
the symmetric part of the velocity gradient. v > vy > 0 is the viscosity of the mixture, A > 0 is the surface
tension, € > €y > 0 is a small parameter related to the interfacial thickness, @ > 0 is associated to the interfacial
thickness, F'(¢) is the potential energy density, v is the relaxation time of the interface and k > kg > 0 the thermal
conductivity. Here v, € and k are temperature dependent.

We observe that we do not have an energy inequality for this model. So it is not possible to show the existence
of global weak solution, only local in time. In previous works ([4], [5]), we studied the same problems in two cases:

when the viscosity is temperature dependent and the case when the viscosity and the thermal conductivity are
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temperature dependents. In the first case, the existence of global weak solution for dimension 2 and 3, existence
and uniqueness of global strong solution for dimension 2, and local strong solution for dimension 3 have been proved.
We observe that we do not need to suppose any restriction on the size of the initial data. For the second case, we
prove the existence of a global weak solution, the existence and uniqueness of global strong solution in dimension
2, when the initial temperature is suitably small, and the existence and uniqueness of local strong solution in
dimensions 2 and 3 for any initial data.

As far as we know, there is no studies about the phase-field equation with interfacial thickness that develop
with temperature. A closer study about a variational interfacial thickness is the sharp interface limit and the
free boundary problems for phase-field models. In those cases, the thickness of the diffuse interface tends to zero.
About the Allen-Cahn equation we can mention [6], for the Stokes-Allen-Cahn system we can mention [2], for the

Cahn-Hilliard equation we can mention [3], and for the Navier-Stokes-Cahn-Hilliard system we can mention [1].

2 Mais Result

Now we state our main result about the existence of local weak solution for dimension two.

Theorem 2.1. Given ug € H N L*,¢,00 € H' N L, with ||¢o||r= < 1, then the problem (1)-(4) with initial and
boundary conditions (5), has at least one local weak solution that satisfies

u€ L0, T*; H)NL*(0,T*; V),

$,0 € L0, T*; H' N L>®) N L*(0,T*; H?), |p| < 1, |0] < ||6o]|z~ a.e. Q x (0,T),

for some T* € (0, 00).
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Abstract

Expoe-se dois axiomas de completude, equivalentes entre si, que, no sistema de niimeros reais, i.e., num corpo
ordenado completo, tornam as demonstragoes de teoremas classicos da Anéalise Matematica, diga-se, mais simples.
Além disso, os classicos axiomas de completude na literatura, Axioma do Supremo, Completude de Dedekind,
Propriedade de Arquimedes etc., podem ser deduzidos diretamente deles. Esses axiomas fundamentam-se no
principio local-global e sdo descritos como segue: LG (Local-Global) Qualquer propriedade local e aditiva
é global, GL (Global-Limite) Qualquer propriedade global e subtrativa tem um ponto limite. O objetivo é
mostrar a relevancia desses axiomas ao comparar a demonstragao do Teorema do Valor Médio, presente em
livros classicos de Andlise Matematica, com aquela obtida com base em LG-GL. Estima-se também analisar as

implicagbes desse principio na caracterizagao de medidas de informacao.

1 Introducao

As origens do principio local-global, tais como apresentadas nesse artigo, devem-se ao prof. Olivier Rioul'. O
artigo [1] expoe os principais resultados com base na relagao entre Propriedades P e Intervalos Fechados Limitados
[u,v] de tal forma que [u,v] € P se [u,v] satisfaz P. Uma propriedade P é aditiva se, para quaisquer u < v < w,
[u,v] € PA[v,w] € P = [u,w] € P, e é subtrativa se, para quaisquer 4 < v < w, [u,w] € P = [u,v] € PV[v,w] € P.
Uma propriedade é local em z se existe uma vizinhanga V(x) tal que V[u,v] C V(x),[u,v] € P, e tem um ponto

limite x se para toda vizinhanga V(x), existe [u,v] C V(z) com [u,v] € P. Os axiomas de completude
LG (Local-Global) Qualquer propriedade local e aditiva em [a,b] é global, isto é, satisfeita para [a, b],
GL (Global-Limite) Qualquer propriedade que é global e subtrativa tem um ponto limite em [a, b],

foram observados em artigos académicos, como por exemplo em [2], e com a referéncia mais antiga sendo o livro
franceés [3], conforme explicado em [1]. Uma das ideias principais é a de que com os axiomas de completude LG-GL
as demonstragoes, ao menos dos teoremas classicos de Anélise, fiquem mais simples. Como exemplo, observa-se a

demonstracao da equivaléncia entre o axioma conhecido como Completude de Dedekind e os axiomas LG-GL.

Definicao 1.1. Um corte de Dedekind é um par (A, B) em que o conjunto A e seu conjunto complemento B em
[a,b] sdo tais que A < B, isto é, u < v para qualquer u € A ev € B, ([1], p.225).

Teorema 1.1 (Completude de Dedekind). Qualquer corte (A, B) define um dnico ponto x tal que A <z < B.

Proof. Assume-se por hipétese que A e B sdo conjuntos nao vazios. A propriedade [u,v] € P com u € Aev € B
é global e também subtrativa. Pelo axioma GL, P tem um ponto limite x: qualquer vizinhanga V(z) contém
u<x<wvtal queu € Aewv € B. Com base nisso pode-se deduzir que nenhum ponto 2’ € B é menor do que z,
caso contrério poderfamos encontrar u € A tal que ' < u < x, o qual contradiz a hipétese A < B. Similarmente

nenhum ponto em A é maior do que z. Portanto A <z < B, ([1], p.225). O

ITélécom ParisTech - LTCI CNRS, https://perso.telecom-paristech.fr/rioul/.
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Proposigao 1.1. O azioma LG € equivalente ao teorema de completude de Dedekind.

Proof. E suficiente demonstrar o axioma GL a partir do teorema de completude de Dedekind. Seja P uma

propriedade global e subtrativa em [a,b] e seja B o conjunto de todos os pontos v para os quais [a,v'] € P

para todo v’ > v. Claramente a ¢ B (uma vez que [a, a] é um intervalo degenerado) e b € B. J4 que v € B implica

que todos os v > v estdo em B, tem-se entdo que A < B, (A, B) é um corte e existe x tal que A <z < B. Em

cada vizinhanga V(x) pode-se encontrar [u,v] contendo z tal que [a,v] € P mas [a,u] € P. J4 que P é subtrativa

tem-se que [u,v] € P e dai P tem um ponto limite z. ([1], p.225). O

2 Resultados Principais

1. O Teorema do Valor Médio, conforme a demonstragao cldssica exposta em [4], pdgina 62, leva em conta

para sua demonstracao 16 teoremas mais o axioma do supremo. Nesta abordagem, em que consideram-se os

axiomas LG-GL, tem-se a seguinte justificativa do referido teorema.

Teorema 2.1. Para toda fungdo real f continua em [a,b] e derivdvel em |a,b[, existe um x €]a,b[ tal que

oy = 1O =S

Justifcativa: Considera-se que A\ = w. Se f' # X em ]a, b[, tem-se, com base no teorema de Darboux
([1], p-239), que, ou f' > X ou f’ < A. Tem-se entao que % > A ou w < A, absurdo. O objetivo,
tal como em [4], é indicar a estrutura dessa demonstracdo, via LG-GL, com vistas a justificar a relevancia

operacional desse conjunto de axiomas.

Apés Claude E. Shannon ter langado as bases para a Teoria da Informagao, no artigo A mathematical theory

n

of communication, em 1948, e exposto a férmula H(X) = — E p; log p; para representar uma medida de
i=1

informacgdo, muitos desenvolvimentos matematicos se sucederam com o intuito de caracterizar a medida de

informacao H(X) via sistemas axiomdticos de equagoes funcionais [2, 5]. O objetivo é trabalhar numa ca-
racterizacao axiomatica da férmula H(X), conforme a proposta do artigo [2], fundamentada nas propriedades
local-global de

h(p) = —plogp — (1 —p)log(1 - p)

no intervalo (0,1), ao invés da exigéncia, [5], de h(p) ser mensurdvel em (0, 1).
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Abstract
In this work (in final progress), we present a Riemannian intrinsic version of a Sobolev type inequality for

Riemannian varifolds, using a natural extension of the concept of varifold defined in a Riemannian manifold in

an intrisic way. We follow the ideas of Simon and Michael in [1] and [5].

1 Introduction

The ordinary Sobolev inequality has been known for many years and its value in the theory of partial differential
equations is well known. In [2] Miranda obtained a Sobolev inequality for minimal graphs. A refined version of this
new inequality was used by Bombieri, De Giorgi and Miranda to derive gradient bounds for solutions to the minimal
surface equation (see [3]). In [1], a general Sobolev type inequality was presented. That inequality is obtained on
what might be termed a generalized manifold and as special cases, results in the ordinary Sobolev inequality,
a Sobolev inequality on graphs of weak solutions to the mean curvature equation, and a Sobolev inequality on
arbitrary C? submanifolds of R™ (of arbitrary co-dimension).

On the other hand, in [4] Allard proves a Sobolev type inequality in a varifold context from a Isoperimetrical
inequality for varifolds, for functions with compact support on a varifold V' whose first variation dV lies in an
appropriate Lebesgue space with respect to ||6V]|.

We present an intrinsic Riemannian analogue to the Allard result, considering a k-dimensional varifold V' defined
in an n-dimensional Riemannian manifold (M™, g) defined intrinsically. This is done by recovering a monotonicity
inequality (instead of a monotonicity equality) in this context, which encloses the geometry of M, following the
ideas of Simon and Michael in [1] and [5]. The Sobolev type inequality is then obtained by a standard covering

argument.
2 Main Results
Definition: Let (M™,g) a n-dimensional Riemannian manifold, we define an abstract varifold as a Radon measure

on Gi(M), where
Gr(M) == ] {a} x Gr(k, T M),

reM
Let V(M) the space of all k-dimensional varifolds, endowed with the weak topology induced by CY(G(M)).
We say that the nonnegative Radon measure on M™, [|V]|, is the weight of V if ||V|| = mx(V). Here, 7

indicates the natural fiber bundle projection, i.e., for every A C G,,(M), v € M"™, S € G(T,M"™), we have
IV][(A) = V(7= (A4)).

Definition: Let (M",g) be a n-dimensional Riemannian manifold with Levi-Civita connection V, X!(M) the
set of differentiable vector fields on M and V € V(M) a k-dimensional varifold (2 < k < n). We define the first

variation of V along the vector field X € X1(M) as

oV (X) ::/G o divg X (x)dV (z, S).
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Let (M", g)a Riemannian manifold such that Sec, < b, for some b € R, and V' € V(M). We say that V satisfy
AC if, for given X € X} (M) such that spt ||V C By(&, p), for given £ € M and p < inj,g)(€),

p—1

V(X)) < C (/ X|55 d||v>
Bg(E’P)

For a Riemannian manifold (M™, g), we say that M™ satisfy GC if, for £ € M:
(i) Secg < b for some b € R.
(ii) There exists 7o such that 0 < rg < injas,4)(§) and reb < 7.

Theorem (Fundamental Weighted Monotonicity Inequality): If (M, g) is a complete Riemannian manifold
satisfying GC and V € V(M) is a varifold satisfying AC, then for all 0 < s < g we have in distributional sense:

2
d 1/ )|V ) > d/ W s gy 4 L / (Vh + hH, (uVu)),d|[ V)
— - y y > — ,U u
ds \ s* Jp, (.9 ds Jp,es)  TE s\ U, (e.) J

Lk
veg [ i)
By(&:9)

where

TO\/Bcot <\/5r0) —1 1
,ifb>0 and ¢ :=—ifb<0

ko Lk ) :—
c ¢ (TOa ) o o

Theorem (Sobolev Type Inequality): Let (M™,g) be a complete manifold satisfying GC and V € V(M)
satisfying AC. Assume that for £ € M Nspt ||V given, ©F (x, |[V|) > 1 for a.e. @ € By(&,10). If h € CH(B,(&,10))

is nonnegative, then there exists C' > 0 such that

(/M h_) a < O/M (\thyg +h <|H|g - ck)) V.

Proof: The proof follows from the Fundamental Weighted Monotonicity Inequality and a standard covering

argument, see [6].
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Abstract
O objetivo deste trabalho é provar duas propriedades fundamentais do produto tensorial projetivo de espagos
de Banach, a saber: (i) o produto tensorial projetivo completado de um niimero finito de espagos de Banach é
associativo, (ii) o produto tensorial projetivo (ndo completado) de um ndmero finito de espagos de Banach, com

pelo menos dois deles de dimens&o infinita, ndo é completo.

1 Introducao

Dados espagos vetoriais X1,..., X, Z sobre o corpo K = {R ou C}, denotamos por L(X7,...,X,;Z) o espago dos
operadores n-lineares de X1 x --- x X,, em Z. Para todos =1 € X1,...,z, € X,, o operador
1@ Qan: L(X1, ., X)) 2 K, (018 ®@,)(A) = Az, .., 20),
é um funcional linear, isto é, 1 ® - - - ® &, € L(Xy,...,X,)*. Define-se o produto tensorial de X7,..., X, por
X1® - @X,=span{z1 ® - @, ; 1 € X1,...,2, € X, }.

Os elementos de X1 ® --- ® X,, sdo chamados de tensores.
Quando X7,...,X, forem espacos normados, podemos considerar a norma projetiva m no produto tensorial
X1 ®---® X, definida por:

m m
7(u) = inf Z||a:{||||a:jl|| :mENeu:Zm{®-~-®x{L
j=1 j=1
O espago normado resultante é denotado por X1 ®; - - - ®, X,,, e seu completamento é denotado por X; R+ RrXn
e chamado de produto tensorial projetivo de Xy,...,X,,.
Neste trabalho provaremos dois resultados. O primeiro diz que o produto tensorial projetivo X &y - - - @ X, é

associativo no sentido de que é isomorfo isometricamente a
(X1®7T e ®7TX711)®7T(X711+1®7T e ®7an2)®7r o ®W(Xng+1®ﬂ' e ®7an)

para todos 1 < nj; < ng < - < ng <n. O segundo diz que o espaco normado X; ®, -+ - @, X,, é incompleto se
pelo menos dois dos espacos envolvidos tém dimensao infinita.
Para a teoria b]\]sica de espagos de Banach nos referimos a [3], para produtos tensoriais nos referimos a [4] e

[2], e para a teoria dos operadores multilineares continuos nos referimos a [4].

2 Resultados Principais

Usaremos em nossas demonstragoes a propriedade universal do produto tensorial projetivo, descrita no teorema a
seguir. E fécil ver que
On: X1 X xXp— 2, op(x1,...,2,) =21 @ - @ &,

é um operador n-linear contAnuo.
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Teorema 2.1. Sejam Xi,...,X,,Z espagos normados, Z espago de Banach e A: X1 x -+ x X, — Z um
operador n-linear contAnuo. Entio existe um tinico operador linear contAnuo A X1@n - 8, X, — Z tal que

z

A=Ay ooy, isto €, o diagrama abaizo € comutativo:

Xix-xX,—24 -7

|

Xl@ﬂ' o @)‘n'Xn
Mais ainda, a correspondéncia A <+— Ap € um isomorfismo isométrico entre o espagco de Banach
L(X1,...,Xn;Z) dos operadores n-linares continuos e o espa¢o de Banach C(X1®7r o @ X Z) dos operadores

lineares contAnuos.

Para a demonstragao, veja [4] ou [2].
O operador n-linear Ay, é chamado de lineariza¢do do operador n-linear A.

Enunciamos agora os dois resultados a serem demonstrados neste trabalho.

Teorema 2.2. Sejam X1,...,X, espacos normados e ny,...,ns € N tais que 1 <nj <ng < --- < ny < n. Entao

existe um isomorfismo isométrico

T: X1®7r T ®7an — (X1®7r T ®7TXn1)®7r(Xn1+l®7r e ®7an2>®7r T ®7r(Xnt+l®7r e ®7FXTL)

tal que
T(m1®~-~®xn) :(-fl®"'®xn1)®<$n1+1®"'®xn2)®"'®(33nt+1®"'®xn>
para todos T1 € Xq,...,x, € X,.
Teorema 2.3. Sejam Xi,...,X, espacos de Banach, com pelo menos dois deles de dimensdo infinita. FEntao o

espaco normado X1 @ - Qr X, € incompleto.

Destacamos que, apesar de serem largamente utilizados, as demonstragoes desses dois resultados nao sao
facilmente encontradas na literatura. Na verdade ndo encontramos nenhuma referéncia com as demonstragoes

completas. Por isso nos preocupamos em dar demonstracoes detalhadas dos dois resultados.
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Abstract

Introduzimos neste trabalho a classe dos operadores multilineares hiper-o(p)-nucleares entre espagos de
Banach e provamos alguns resultados que justificam o estudo desta classe. Em particular, mostramos que

essa nova classe é um hiper-ideal p-Banach de operadores multilineares.

1 Introducao

Com o sucesso da teoria de ideais de operadores lineares sistematizada por Pietsch [4], uma consequéncia natural
é sua extensao para o caso nao-linear. O proéprio Pietsch, em 1983, esquematizou a teoria de ideais de operadores
multilineares (multi-ideais) [5]. A partir disso, vérios métodos de criar multi-ideais foram desenvolvidos, dentre
eles, o mais natural é o de adaptar ideais de operadores lineares ja estudados para o caso multilinear. Este método
foi empregado (veja [1, 3]) para o ideal dos operadores lineares o(p)-nucleares e a classe resultante, chamada de

operadores multilineares o (p)-nucleares, é definida por:

Definigao 1.1. Para 1 < p < oo, com p’ o seu conjugado, ¢ E1,...,E, e F espacgos de Banach, diz-se que um

operador n-linear A: Fy x -+ x E,, — F é o(p)-nuclear se existem sequéncias (\;)52; € £y, (pij)32; € E} para

oo
i=1,...,n,e (y;)52, € Ftaisque A= Y \jp1; @ @ pnj @Yy,
j=1

P

o <§'%<1’1>'“wxn)y%yﬁl”)p<ooe sup (imu(m-~-sanj<xn>y'<yj>|p) "5,

z,;€BEg,;,y'€Bp/ z,€Bg,,y'€Bp/

o0
Neste caso dizemos que A = Y~ Xjp1; ® -+ ® @, @ y; é uma representacao o(p)-nuclear de A, definimos
j=1

141l ::inf{nuj);inp/. sup (Zgoma:l)---%(xn)y'(yj)p) }
=1

z,€BE,,y'€Bp/
onde o infimo é tomado sobre todas as representacdes o(p)-nucleares de A, e escrevemos A € L, (E1, ..., Ey; F).

Nosso objeto de estudo é a nova classe de operadores multilineares associada & classe dos operadores o(p)-
nucleares que surge naturalmente no ambito da teoria de hiper-ideais de operadores multilineares desenvolvida em
[6, 2], a qual definimos da forma que segue. Por L(Ej,...,F,;K) denotamos o espaco de Banach das formas

n-lineares continuas de E; X --- x E}, no corpo dos escalares K.

Definigdo 1.2. Para 1 < p < oo, com p’ seu conjugado, e Fi,...,E, e F espacos de Banach, dizemos
que um operador n-linear A: Ey X --- X E, — F é hiper-o(p)-nuclear se existem sequéncias ()\j)‘;';l € Ly,
(o]

(Bj)2y € L(Ey, ..., En;K) e (y;)32, € F tais que A= Y \;B; ®yj,
j=1
1 1
P p

sup ( |Bj<x1,...7xn>y’<yj>|f°) <oo e lim  sup (ZlBj<m1,...,xn>y’<yj>|p) 0.
Jj=1 j=m

z,€BE,,y'€Bp/ M= z,€Bp,,y €Bps
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[ee]
Neste caso, dizemos que A = ) \;B; ® y; é uma representacao hiper-o(p)-nuclear de A, definimos
j=1

e’} 1

P

Moty = o { IOl s (S IBsGorm )
z,€BE,,y'€Bp/ =1

onde o infimo é tomado sobre todas as representagdes hiper-o(p)-nucleares de A, e denotamos por

L) (E1, ..., En; F) o espaco dos operadores multilineares hiper-o(p)-nucleares de Ey x --- x E,, em F.

2 Resultados Principais

Neste primeiro trabalho sobre essa nova classe, provamos os seguintes resultados, que: (i) relacionam a nova classe
com a anterior, (ii) mostram que a nova classe ndo é nem muito pequena e nem muito grande, (iii) a nova classe
satisfaz uma propriedade de ideal mais forte que a classe anterior. A nosso ver, essas propriedades justificam o
estudo dos operadores hiper-o(p)-nucleares.

Teorema 2.1. Sejam 1 < p < oo, E1,...,E, e F espagos de Banach. Entdo:
(a) 'Co(p)(Elv s aEn7F) C C'HG(p)(Ela v 7En; F) €, em geml, 'CU(p)(Elv cee 7En7F) 7é ‘C”HG(p)(Ela s aEn;F)'

(b) Denotando por Lx a classe dos operadores multilineares de posto finito, temos

E}‘(El,...,En;F) Q ,CHU(p)(Eh...,En;F) Q [,]:(El,,En7F)

(c) A classe (Lyop)s |l - 1)) dos operadores multilineares hiper-o(p)-nucleares é um hiper-ideal p-Banach de

operadores multilineares.
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Abstract

Neste trabalho considera-se um modelo matematico ndo linear de crescimento tumoral descrito por quatro
equagoes diferenciais que representam a evolugdo da densidade de células cancerigenas, densidade da matriz
extracelular (MEC), concentracdo das metaloproteinases da matriz (MMP) e concentracdo dos inibidores
teciduais de metaloproteinases (TIMP). Para fins de simulagées numéricas, utiliza-se a técnica de diferencas
finitas com a finalidade de discretizar o modelo. Os termos temporais das equagoes sao discretizados utilizando
método multiestdgio de segunda ordem, introduzindo um nivel de tempo intermedidrio entre os niveis k e
k + 1. Quanto aos termos espaciais utiliza- se diferencas finitas centrais. Como uma alternativa para evitar a
necessidade da resolucdo de um sistema nao linear em cada passo de tempo, aplica-se a expansao da série de

Taylor linearizando os termos quadréticos do modelo. Por fim, apresenta-se um estudo de convergéncia para o

esquema numérico proposto utilizando solugdes analiticas conhecidas.

1 Introducao

Para compreender o crescimento desordenado das células, muitos pesquisadores usam a modelagem matematica, que

por meio das simulagoes do modelo descrito por equacoes diferenciais torna-se possivel obter resultados que possam

representar as alteragoes que o tumor pode causar. Neste contexto, este trabalho expoe um modelo de equagoes

diferenciais parciais bidimensionais que descreve a invasao e crescimento do tumor, considerando a evolugao do

espago (z,y) e do tempo ¢, dado em Kolev e Zubik-Kowal (2011) [3].

O modelo é apresentado pelas varidveis n(z,y,t), f(x,y,t), m(z,y,t) e u(z,y,t), que representam, densidade das

células cancerigenas, MEC, MMP e TIMP, respectivamente. Para o estudo de convergéncia com solucao analitica

conhecida [2], considera-se os termos fy, ff, fm € fu, no modelo, resultando em

(%TZ—dnATH—VV(an)—Mm(l—”—f):fn
%Jrnmf_mf(l—n—f):ff
%?_dmAm—an—i-Hum—Fﬂm:fm
%_duAu—gf—o—Gum—Fpu:fua

onde, d,, d,, e d, sao as constantes de difusao da densidade das células cancerigenas, de MMP e de TIMP,

respectivamente. As constantes pp e po representam as taxas de proliferacao das células tumorais e de crescimento

do MEC, enquanto que v, 1, a, 8, 8 e p sdo constantes positivas.

Os termos fn, ff, fm € fu s@o obtidos de forma que as equagdes (1)-(4) satisfacam as solucées analiticas,

n=m=u=e'sin(2rx)sin (2ry) e f = e 'sin (27z) sin (27y).
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2 Resultados Principais

O método de diferencgas finitas é empregado para discretizar os termos das equagoes do modelo. No termo temporal
das equagoes (1)-(4), utiliza-se o método multiestdgio [1], resultando nos estigios explicito e implicito. O termo
espacial de primeira e segunda ordem discretiza-se utilizando diferengas finitas centrais.

Considerando as discretizagoes no nivel de tempo k em um ponto (4, j), tem-se o estdgio explicito, descrito por

ol B (duanll, a9 (af 91+ gl (“”‘Z‘f‘fﬂ')) ?

P = 1+ 28 (ol 1+ a0l 112)) (6)
m|k+§_m’k At(

ij - ij
k+5 u|k At (

"
] ]

n|

d Am’ +an‘ —9u| | —Bm|fj) (7)

dutsul}, + £ |5 = oulml} — pull)) 8)

Agora, considerando o nivel de tempo k + 1 em um ponto (4, ), tem-se o estdgio implicito do método com os
termos linearizados por expansao da série de Taylor [4], dado por

a7 =l 20 (danl S V@l o (n5 - 1 2l S ) )
f!ff1=f|’““+§t( ml i e (5 =l 2SR ) (o)

ml 7 = 55 20 (a5 a5 ol ) )

u|ff1:u|fj§+g(d Aulp e = oul S - ) (2)

As simulagoes sdo realizadas no dominio do quadrado unitdrio Q = [0, 1] x [0, 1], usando malha com tamanho
Ay = Ay = 0,05, em diferentes intervalos de tempo At. O esquema numérico é implementado em GNU Octave
(versao 5.1.0) e o sistema de equagdes algébricas é resolvido em Maple 18. As computagoes sdo realizadas usando
a CPU Intel (R) Core (TM) i7-7500U com 3.5 GHZ e 8 GB de RAM.

Através de uma andlise da norma L2 [2], considerando uma malha fixa com M, = M, = 20 e variando
M, = 2" x 20, n =0,1,2,3,4, obteve-se erros de ordem entre 1072 e 107°. Verificando que o esquema linearizado,

quando comparado com solugoes analiticas e andlise de erros, mostra-se satisfatorio.

References

[1] DONEA, J., ROIG, B. AND HUERTA, A. - High-order accurate time-stepping schemes for convection-diffusion
problems. Computer methods in applied mechanics and engineering, v. 182, n. 3-4, p. 249-275, 2000.

[2] GANESAN, S. AND LINGESHWARAN, S. - Galerkin finite element method for cancer invasion mathematical model.
Computers & Mathematics with Applications, v. 73, n. 12, p. 2603-2617, 2017.

[3] KOLEV, M. AND ZUBIK-KOWAL, B. - Numerical solutions for a model of tissue invasion and migration of tumour
cells. Computational and mathematical methods in medicine, v. 2011, 2011.

[4] SHEU, T. W. H AND LIN, R. K. - Newton linearization of the incompressible Navier-Stokes equations.
International Journal for Numerical Methods in Fluids, v. 44, n. 3, p. 297-312, 2004.

[5] MATSUBARA JR, T. - Esquema de linearizag¢do para resolucdo de equagies diferenciais parciais bidimensionais.
Dissertagao (Mestrado em matematica aplicada e Computacional) - Universidade Estadual de Londrina, CCE,
2017.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
UFSC - Universidade Federal de Santa Catarina
XIITI ENAMA - Novembro 2019 197-198
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Abstract

In [3], the author presents results of the existence of periodic solutions to ordinary differential equations, in
which the functions involved are continuous. In this work we define periodicity of solutions of generalized ordinary
differential equations that assume values in R and in a Banach space any. We present conditions necessary and
sufficient for a solution to be periodic. We deal with the integral forms of the differential equations using the
Kurzweil integral. Thus the functions involved can have many discontinuities and be of unbounded variation

and yet we obtain good results which encompass those in the literature.

1 Introduction

In order to generalize certain results in the continuous dependence of the solution of ordinary differential equations
(ODES) in relation to the initial data, J. Kurzweil introduced in 1957 the notion of generalized ordinary differential
equations for functions that take values in Euclidian Banach spaces. We refer to these equations as generalized
EDOs or simply EDOGs. See [5, 6, 7]. This concept proved to be useful for dealing with differential equations in
measure, equations with impulses, among others.

This generalization of the notion of ODE includes the notion of Perron integral generalized or integral of Kurzweil
as it is called nowadays. This integral is much more general than the Riemann and Lebesgue integrals, for example.

Let X be a Banach space. Denote by L(X) the Banach space of linear and bounded operators in X. In this
work, we demonstrate the existence of periodic solutions of the following generalized ODE

dx

— = DI[A(¢ 4 1
& DA+ (0], )
where A : [0,00) = L(X) and ¢ : [0,00) — L(X) are functions of locally bounded variation and periodic.

In addition to the result of the existence of a periodic solution of equation (1), we present the Floquet’s Theorem,

so well known for the case of EDOs, for generalized EDOs.

2 Main Results

The main results to be proved in this work are based on those presented in [3] and are described below.

Theorem 2.1. Let A and g be T-periodic. Suppose that g is Perron integrable. Then the equation (1) has a
T-periodic solution x(t) if and only if x(0) = x(T).

Consider the linear generalized ODE

dx

where A : [0,00] — L(R™) is Kurzweil integrable and T-periodic, that is, exists T' > 0 such that A(t +7T) = A(¢),
for all ¢ € [0, 00). Under these conditions, it is possible to prove the following result.
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Theorem 2.2. (Floquet’s theorem generalized) Every fundamental matriz X (t) of (2) has the form

where P(t) and B are matrices n X n, with P(t+T) = P(t), t € [0,0).

Theorem 2.3. If the number one is not a characteristic multiplier of the generalized ODE T-periodic (2), then (1)

has at least one T-periodic solution.
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Abstract

In this work, we consider a nonlinear fractional evolution equation, we study the critical exponent, prove

global existence of small data solutions to the Cauchy problem and also study the stability of this problem.

1 Introduction

We prove global existence (in time) of small data solutions to the Cauchy problem

Ut + (—A)‘Sutt + (_A)au + (_A)Gut = \ut|p7 t>0,x € Rn,

1
(u7 ut)(oax) = (’U’Oaul)('r)a ( )

with p > p. (p. the critical exponent), 20 < « and § € (0, «]. Here we denote the fractional Laplacian operator by
(AN f = 3_1(\§|2bf), with b > 0, , where § is the Fourier transform with respect to the space variable, and f =3f.

The term (—A)%u; represents a damping term. The assumption 26 < o means that the damping is effective,
according to the classification introduced in [5]. In particular, when the damping is effective, we may derive
low-frequencies estimates to the linear problem

Ut + (—A)°up + (—A)*u + (=A)u; =0, t>0,2 € R,

2
(u, ut)(0, %) = (uo, ur)(x), ?

which are proved to be sharp, thanks to the diffusion phenomenon. This latter means that the asymptotic profile
of the solution to (2) may be described by the solution to an anomalous diffusion problem [7].

If 6 < 0, the presence of the structural damping generates a strong smoothing effect on the solution to (2), and
it guarantees the exponential decay in time of the high-frequencies part of the solution to (2). Therefore, the decay
rate for (2) is only determined by the low-frequencies part of the solution to (2), which behaves like the solution
to the corresponding anomalous diffusion problem [3, 4]. However, if 6 > 6, the rotational inertia term (—A)ouy
([8]) creates a structure of regularity-loss type decay in the linear problem. In the case of the plate equation with
exterior damping (o = 2, § = 0 and § = 1), we address the reader to [1] for a detailed investigation of properties
like existence, uniqueness, energy estimates for the solution to (2), and a global existence (in time) of small data
solutions to (1) for p > 2.

The energy for (2) dissipates and it is

1 9 1

E(t) = S llua(t,)lIz2 +

(=) $uat, V3 + (- 8) (e, Y
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2 Main Results

The results have different hypotesis involving n, 6, o, and 4. One of them are:

Theorem 2.1. Let 1 < n < 460 < 2a, and § € (0,). Letp > p. = 1+ %9. Then there exists a sufficiently
small € > 0 such that for any data (ug,u1) € A = HFO(R™) x H2(R™), ||(uo,u1)||a < &, there exits a global (in
time) energy solution u € C([0,00), H* N L>®) N C*([0,00), L2 N L>®) to (1). Also, the solution to (1) satisfies the
estimates

. i a—26 .
IDFedutt, e S (14 ) F O EE0) [ (ug, w)|a, - G+ =0,1. (1)

We define the space Y (T) = C([0,T), H* N L>) N C([0,T], L?> N L*°), equipped with the norm

a—260 n
ey = sup {007l + 0+ OFZH DI ze + (005 e, o
telo,T

e lze + 0+ 0B (e, o )

By Duhamel’s principle, a function v € Y(T') is a solution to (1) if, and only if, it satisfies the equality
u(t,z) = ulin(t, z) + fg Ei(t — s,) #(z) flue(s,@))dsin Y(T), with f(ui(s,z)) = |w|P and v = Ko(t,z) ()
ug(w) + K1 (t,x) *(4) u1(x), is the solution to the linear Cauchy problem (2). The proof of our global existence
results is based on the following scheme. Thanks to estimates for the linear problem (2) obteined in [2], we have

u'™ € Y(T) and it satisfies [[u"™|ly (1) < C|(uo,u1)]|.4. We define the operator F' such that, for any u € Y/(T'), by
Fu(t,z) = fot E(t—s,z) * f(us(s,2)) ds, then we prove the estimates

1Fullyry < Clully gy, I1Fu—Follyry < Cllu = vlly ey (lully gy + 1015 1)) - (2)
By standard arguments, it follows that F + u! maps balls of Y (T) into balls of Y(T'), for small data in A, and

that estimates (2) lead to the existence of a unique solution u = u"™® + Fu.
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Abstract
In this work we study the porous elastic system with two viscoelastic dissipative mechanism od Kelvin-Voigt
type. We prove that the model is analytical if and only if the viscoelastic damping is present in both equations, of
the displacement of the solid elastic material and the volume fraction. Otherwise, the corresponding semigroup
is not exponentially stable independently of any relationship between the coefficients of wave propagation speed,
that is , we show that the resolvent operator is not limited uniformly along the imaginary axis. However, it
decays polynomially with optimal rate.

1 Introduction

In this work we present a porous elastic system with two dissipative mechanisms is considered. Thus, the system
of equations considered here is

PULt — HUgy — b(bar -N (uw + (b):rt =0 in (OvL) X (Oa OO),
¢tt - 6¢a:$ + bua: + f(b + +71 (uw + ¢)t - 72(1)11:75 - 0 il’l (07 L) X (07 OO)

We added to system (1) the initial conditions given by
(U(l’, O)a ¢(.’E, 0)) = (UO(‘r)a ¢0($)) in (07 L)7

(ut(x70)7¢t(x70)) = (U1($)7¢1($)) in (O7L)7
and Dirichlet-Neumann boundary conditions given by
w(0,t) = u(L,t) = ¢, (0,t) = ¢ (L, t) =0 V¢ > 0. (3)

We considered two dampings, with viscoelasticity Kelvin-Voigt type, each acting in one of two equations of our
model (1)-(3). As coupling is considered, b must be different from 0, but its sign does not matter in the analysis.
It is worth noting that 71,2 are nonnegative, 71 > 0and 2 > 0, we say that the system (1)-(3) is fully viscoelastic
and in case y; > 0, 72 = 0 or 7; = 0, 72 > 0, that the system is partial viscoelastic.

The constitutive coefficients, in one-dimensional case (see [2, 6]), satisfy

£€>0,6>0, u>0, p>0, J>0, and pé > b°. (4)

Let us consider the Hilbert space and inner product given by

H o= M= HL0,L) x L3(0, L) x HX(0,L) x L*(0, L), (5)
L
UV)n = / (pp® + pugTy + JYU 4 6,C, + EGC + b(uxC +T29) ) do, (6)
0
with U = (u, p, ¢,1)" € D(A), where the operator A is given by
(o " b,om S0y b &, m _r
A(U, QD? ¢7 dj) - (907 puzx + p¢x + o (Uz + ¢)xt7¢7 J(b:vz Ju:r J J (ua? + ¢)t J (b:vzt) )
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2 Main Results

Theorem 2.1. The operator A is the infinitesimal generater of a Cy semigroup of contraction S(t) = et over H.

Theorem 2.2. Let S(t) = et the Co-semigroup of contraction on Hilbert space H associated with the system
(1)-(3) . Then, case y1 > 0 and v2 =0, or y1 = 0 and 2 > 0, S(t) is not exponentially stable, independently of
any relationship between the coefficients u, p,d e J.

Lemma 2.1. For the system (1)-(3), we have iR = {iX : X € R} C p(A) provided one of the coefficients v1, 72, is

positive.

Theorem 2.3. Under the conditions of Theorem 3.1 (see [3]), the corresponding semigroup S(t) = et of the
system (1)-(3) is analytic and exponentially stable Co-semigroup on H, if and only if, v1 > 0 and 5 > 0.

Theorem 2.4. The semigroup S(t) = et associated with the system (1)-(3), satisfies
C
150l < ZlUollp(a), Yo € D(A).

Moreover, this rate is optimal.

The above results were obtained using multiplicative techniques and the well-known Theorem due to A. Gearhart-
Herbst-Priss-Huang for dissipative systems, from semigroup theory (see [2, 4]), as Borichev and Y. Tomilov (see
[1], Theorem 2.4)
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Abstract

Estudamos o problema de Cauchy para as equacoes de um fluido magneto-micropolar incompreensivel em
todo o espaco R3. Primeiramente, baseado em estimativas de energia, mostramos a existéncia e unicidade de
solugdo local forte para o problema em questdo. Apds isso, impondo uma condigdo de pequenez nos dados

iniciais, demonstramos a unicidade da solugao global forte.

1 Introducao
Consideramos o problema de valor inicial (PVI)

w4 (u-V)u— (p+x)Au+V (p+ 3[b>) = xrotw + (b- V)b,

divu = divb = 0,

bi+ (u-V)b—vAb=(b-V)u, (1)
wy + (u- V)w — yAw — sV (divw) + 2xyw = yrot u,

u(x,0) = up(x), b(x,0)="bo(x), w(x,0)=wy(x),

em R3 x (0,T), onde ug, by e wy sdo funcdes dadas e 0 < T < oo.

O sistema acima descreve o fluxo de um fluido magneto-micropolar incompressivel (veja [2]). Aqui, as incégnitas
sao as fungoes u(x,t) € R3, p(x,t) € R, b(x,t) € R? e w(x,t) € R3, as quais representam, respectivamente, o
campo de velocidade incompressivel, a pressao hidrostatica, o campo magnético e a velocidade micro-rotacional do
fluido em um ponto & € R? no tempo ¢ > 0. As constantes positivas u, X, v, ¥ e & estdo associadas a propriedades
especificas do fluido. Vale ressaltar que o sistema (1) inclui, como caso particular, as cldssicas equagoes de Navier-
Stokes (b =w =0 e x = 0), as equagdbes MHD (w = 0 e x = 0) e as equagdes micropolares (b = 0).

2 Resultados Principais

Os resultados que demonstramos sdo andlogos ao de F. W. Cruz para as equagoes micropolares 3D (veja [1]) e
ao de X. Zhong para as equagoes de Navier-Stokes com amortecimento (veja [3]). Por simplicidade, assumimos
p=x=1/2ev=y=r=1.

Antes de enunciarmos o principal resultado obtido, apresentaremos a definicao de solucao forte para o PVI (1).

Definigao 2.1. Suponha que (ug,bg,wo) € HY(R3) x H*(R?) x H'(R3) com divug = divby = 0. Por uma
solucao forte do problema (1), entendemos fungoes

u, b, we L™ (0,T; H'(R*)) N L? (0,T; H*(R?)),
com (u,b,w) satisfazendo as equacoes (1)1, (1), (1)3, (1)4 ¢.5. em R3 x (0,T), e as condi¢oes iniciais (1)5 em

H'(R®) x H'(R?) x H'(R?).
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Teorema 2.1. Suponha que os dados iniciais (ug, by, wp) satisfazem
(uo, by, wo) € H'(R?) x H*(R?) x H'(R?), divuy = divby = 0.
Entao, existe uma constante g > 0, independente de ug, by e wy tal que se
(ol -+ l1Bol|? -+ llawoll?) (| Vaoll? + [ Vo]l* + [ Voo |?) < <o,

o problema de Cauchy (1) possui uma tdnica solugao global forte.
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Abstract
Neste trabalho estudamos a existéncia de solugdes fracas para uma Equagdo Diferencial Parcial de quarta
ordem nao linear envolvendo o operador p(x)-Laplaciano sobre um dominio limitado. Para demonstrar a
existéncia de solugbes fracas utilizamos o método de Faedo-Galerkin acoplado com resultados de Anélise
Funcional, espagos de Lebesgue e Sobolev com expoente varidvel que podem ser encontrados [1] e [2]. Utilizamos
uma técnica introduzida por Nakao em [3] e obtivemos o decaimento exponencial e polinomial das solugoes. Estd
em fase de conclusdo a andlise numérica e simulagdo da solucdo. Ressaltamos que a unicidade da solugéo fraca

é um problema em aberto, entretanto estamos trabalhando para solucionar a aludida conjectura.

1 Introducao

Estudamos o seguinte problema

0%u ou ou

el p(x)—2 A" g

22 + A (|Au| Au) Aat +f (x,t, 815) g (z,t) em Qr,

u=Au=0em IQ x (0,T), (1)
u(xz,0) = up(x), w = uy(z) em Q.

Onde 2 C RN, N > 3, é um dominio limitado com fronteira 9 suave, 0 < T < oo, Q7 = 2 x (0,T) e as fungoes
p, f, g, up e uy satisfazem as seguintes hipdteses:

(H.1) p: Q — (1,00) é log-Holder continua, isto é, existe uma constante ¢ > 0 tal que

Ip(z) — p(y)|loglz —y| <c Vaz,yeQ (2)
e satisfaz
N
2

1<p = 1Efp(x) < p+ = supp(l‘) < Ve (3)
9 !

Q
onde  denota o fecho de ;
(H.2) f(x,t,s) € C (2 x[0,00) x R) e existem constantes positivas c1, c2 e c3 tais que

Flat,s)s> e |s|™ — e
f (@ ts)] < e (151707 4 1)

para todo (z,t,5) € Q x [0,00) x R, onde ¢ : Q2 — (1,00) é log-Holder continua satisfazendo

Np(x)

1 <q¢” =infq(z) < g(z) <
Q

(H.3) up € W2P@) (Q) N W32 (Q), uy € L2(Q) e g € LY@ (Qr) onde
1 1 _
———=1 Q.
@ e TTE ©
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2 Resultados Principais
Teorema 2.1. Sob as hipdteses (H.1), (H.2) e (H.3) o Problema (1) tem solu¢do fraca.
(H.4) f(x,t,s) € C(Q x[0,00) x R) e existem constantes c7 e cg tais que

{ f(z,t,8)s>cq |s|q<$)

If (2., )| < eg |57

para todo (z,t,s) € Q x [0,00) x R.

2N
Teorema 2.2. Sejam (H.1), (H.3), (H.4), p~ > max {1, N—|—2} e g(z,t) =0. Entao existem constantes C > 0
e > 0 tais que as solugdes fracas satisfazem:
Se q— > 2, entao
ou(z,t)|? . Ce, VE>0, sept =2,
/ U ) A, )P d < Lt (2)
al Ot Ct+1) »m=2, Vt>0, sept > 2.

Sel<q™ <2, entdo

J

pt(a— -1
+ [ Au(z, )P@ de < { Clt+1) »T-a VE>0, sep™ <q~, (3)
Ce ™, YVt >0, sept >q.

u(z, t)|?

ot
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Abstract

We present necessary and sufficient conditions to have global analytic hypoellipticity for a class of first-order
operators defined on T! x S2. In the case of real-valued coefficients, we prove that the operator is conjugated to
a constant coefficient operator that satisfies a Diophantine condition, and that such conjugation preserves the
global analytic hypoellipticity. If the imaginary part of the coefficients is nonzero, we show that the operator is
globally analytic hypoelliptic if the Nirenberg-Treves condition (P) holds in addition to a Diophantine condition.

1 Introduction

Since the 70’s the property called Global Hypoellipticity is being studied for a great variety of (pseudo)differential
operators acting on many different manifolds. One of the pioneering works in the area is [2], which related the
concept of Global Hypoellipticity (GH) of an operator on a torus with the kind of growth of the symbol of this
operator at infinity. In particular, when the operator is a vector field with constant coefficients on a 2-torus, the
condition (GH) translates into a Diophantine condition, that is, the global hypoellipticity becomes a problem about
approximation of real number using rational numbers.

This lead to one of the major problems in this area, the Greenfield-Wallach conjecture, which claims the following:
if a vector field defined on a closed connected orientable manifold is (GH), then the manifold is diffeomorphic to a
torus and the vector field is conjugated to a Diophantine constant vector field. There are positive partial answers
for this conjecture, for example, it is true in dimensions 2 and 3.

Then, a lot of different directions are natural to consider. The direction we are interested here is to ask the
similar questions about global analytic hypoellipticity for a class of operators defined on compact Lie Groups.
This is natural since the standard approach used since Greenfield and Wallach was the analysis of Fourier, and on
compact Lie Groups there is a very well established Fourier theory, see [4].

In this work we present results about global analytic hypoellipticity of a class of operators defined on T' x S3.
This is joint work with Alexandre Kirilov (UFPR) and Wagner A. A de Moraes (UFPR).

2 Main Results

A continuous linear operator P : D'(T! x S3) — D'(T* x S?) is called globally analytic hypoelliptic (GAH) if the

following condition is true:
u € D'(T" x §*) and P(u) € C*(T! x S*) = u € C¥(T* x §%).
In this work we are interested in the following class of operators
L =8 + c(t)8y + A\, x),

where ¢ = a +ib € C¥(T!), A € C¥(T! x S3), and 9 the neutral operator on S3.
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In the study of the global analytic hypoellipticity of L we are lead to study the same property of the constant
coefficient operator
LO = at + 0080 + )\0.

where ¢ = ag + ibg,

ag = (27r)_1/ a(t)dt, by = (27r)_1/ b(t)dt and \g = (277)_2/ / A(t, z)dtdz.
T1 T1 s3 JT1
Theorem 2.1. Ifb=0 then L is (GAH) if and only if Lo is (GAH).

The study of global analytic hypoellipcity for constant coeflicients operators is done following the Greenfield’s

and Wallach’s ideas for the torus.

Theorem 2.2. Assume that b Z 0 and does not change sign; that Lo is (GAH); and that Ao satisfies any of the

conditions following conditions

C1) Re(Ag) =0 and Im(Ng) ¢ Z;

i)%e()\o)
bo

C2) Re(Ng) #0 and ¢1z;

Re(Ao)
bo
then L is (GAH).

c3) € 17 but D%(AO)ZO +Im(\o) ¢ Z.

bo
Theorem 2.3. If b changes sign, then Ly is not (GAH) for all X € C“(T* x S3).
The proof of the first theorem is done by constructing a conjugation, and the proofs of the second and third

theorems are adaptations of the ideias implemented on [1, 3].
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Abstract

In this work we present a “smoothing” effect for initial-boundary value problems of the 2D Navier-Stokes

equations posed on Lipschitz and smooth bounded and unbounded domains.

1 Introduction

In [1], Kato has observed ”smoothing” effect for the initial value problem of the KdV equation. This means that
solutions of the KdV equations are more regular for ¢ > 0 than the initial data. In this work, we establish this
effect for solutions of initial-boundary value problems for the 2D Navier-Stokes system.

In Q C R2, consider the initial-boundary value problem for the two-dimensional Navier-Stokes equations.

us + (u-V)u=vAu— Vp in Q x (0,t), (1)
V-ou=0in Q, ulsq =0, u(z,0) = up(x), == (z1,22). (2)

The problem of the energy decay for weak solutions had been stated by J. Leray [3]. Regularity and
exponential decay of solutions to (1.1),(1.2) when initial data ug € V N H?(Q2), where V is the closure of
YV = {v € C§°(Q); V-u = 0}, for various bounded and unbounded Lipschitz and smooth domains have been
considered in [2].

2 Main Results

Theorem 2.1. Consider a rectangle Q = {(x1,22) € R%;0 < 21 < L1, 0 <9 < La}. Given ug € H*(Q) NV, the
unique regular solution (u,p) of the problem (1)-(2)

u € L™=(0,00; H*(Q)), up € L>=(0,00; L*(Q2)) N L*(0, 00; V) (1)
is such that
u € L*(0, 00; H*(Q)), Vp € L*(0,00; H (Q)). (2)
for any subdomain Qo C Q such that dist(0Qp, Q) > § > 0.

Theorem 2.2. Consider the half-strip Q = {(z1,72) € R%0 < 21,0 < 29 < Lo}. Given ug € H?(Q) NV, the

unique strong solution (u,p) of the problem (1)-(2) with the condition limg, o |u(x1,z2,t)] =0,
u € L*(0,00; V), uy € L°°(0, 00; L*(92)) N L*(0, 00; V) (3)
is such that
u € L>(0,00; Hi,,o(2)) N L*(0, 00; H? (), Vp € L*(0,00; Hj,o () N L2(0,00; H' (). (4)

where Qg is a bounded subdomain of Q such that dist(0,2) > 6 > 0.
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Theorem 2.3. Let Q C R? be a bounded domain of class C3. The unique regular solution of the problem (1)-(2)
is such that

u € L>®(0,00; H*(Q)) N L*(0, 00; H3(Q)), Vp € L>(0, 00; L*(Q)) N L*(0, 00; H' (Q)). (5)

For the next result consider the half-strip D = {(z1,22) € R%0 < 21;0 < 29 < Lo}, where Ly > 0 is the
minimal value since € C D.

Theorem 2.4. Let Q C D C R3 be an unbounded domain of class C3. The unique strong solution (u,p) of the
problem (1)-(2), with the condition limg, o0 |u(z1,x2,t)| = 0, is such that

u € L*(0, 003 Hip(2)) N L*(0, 00, Hype (), (6)
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Abstract

In this work we study the existence and uniqueness of solutions to a second order semilinear evolution equation
with fractional damping term which includes some partial differential equations as plate equation under effects

of rotational inertia and Boussinesq type equations that model hydrodynamics problems.

1 Introduction

In this work we consider the Cauchy problem o a generalized second order evolution equation in R™ given by

O2u 4+ (—A)°0%u 4+ b(—A)u + a(=A)u + (=A)0u = w (—A)Y uP,
(1)
u(0, z) = up(z), (0, ) = ui(x),

where u = u(t, ) with (¢, ) €10, co[xR", n > 1, b, a > 0, w € R constants, p > 1 an integer and ug, u; are the
initial data. The exponents 8, 3, «, 6 and « of the Laplacian operator are such that 0 <4 <2, > a, 0 < a < 2,
0<60<(246)/2 and max{0, /2 —n/4} <~ < (a+4)/2.

2 Existence and Uniqueness: Linear Problem

In this section using the well known theory of semigroups we show existence and uniqueness of solutions to the

linear Cauchy problem associated to the system (1) given by

OFu+ (—A)°02u + (—A)Pu+a(—A)*u + (-A)9u =0
(1)
u(0, ) = ug(x), OGu(0, ) = u(x),

where u = u(t, z), with (¢, ) € ]0, co[xR™, n > 1, a > 0 is a constant. The exponents of Laplacian ¢, 53, a, 6 are
such that 0 <9 <2, a<f,0<a<2and 0<6<(2+9)/2.
Taking formally the inner product in L?(R™) of the differential equation in (1) by d,u we obtain that

%E(t) + 1(=2)20,u)|> =0, forall t>0, (2)

where E(t) represents the total energy of the system (1) and is given by
1 «
B(t) = 5 (19l + 1(=2)"2dpull? + |(=2)72ul2 + al| (=) 2ul]?). (3)
Then is natural consider the associated space of energy as
X = H?(R") x H’(R™) (4)

since we imposed that a < 3.
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Theorem 2.1. Letn > 1, a < 3,0<5 <2 and 0 <0 < (24 6)/2. If ug € H*O(R") e u; € HP(R™) then the

Cauchy Problem (1) have only one solution u in following class

u € C*([0, oo[; H*(R™)) N C([0, co[; HX(R™)) N C ([0, oof; H*°(R™)).

Before proving the existence and uniqueness of the solution we need the definition of two important operators

As and Ay. These operators are essential for the definition of the operator B. For the case 0 < 6 < § we use the

operator As to define B, while in the case 0 < d < # we use the two operators A, and Ay, to define the operator B.
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